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Abstract. In this study, Smarandache curves according to the asymptotic
orthonormal frame are given in null cone Q2. By using cone frame for-
mulas, some characterizations of Smarandache curves are obtained and
cone frenet invariants of these curves are calculated. Also, these curves
are illustrated with an example.
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1. INTRODUCTION

Curves arise naturally in numerous areas of the physical sciences and within areas of
pure mathematics itself. The greatest effect in the research of curves was the discovery of
the calculus. Broading speaking, the study of parametrized curves represents the beginning
of a major area of mathematics called differential geometry. In differential gometry, there
are many significant results and characteristics in the theory of the ¢ urves. Invertigaters
pursue exertions regarding the curves. In the light of the available studies, authors always
present new curves. In [2, 3], the author introduced some special Smarandache curves in
the Euclidean space and the author gave Frenet-Serret invariants of a special case and the
author defined a special case of such curves and call it Smarandache T'B 2 curves in the
Minkowski space-time, respectively. Smarandache curves are one of them. Smarandache
geometry is a geometry which has at any rate one Smarandachely disowned axiom in [4].
An axiom is said to be Smarandachely disowned, if it acts in at any rate two dissimilar
ways insided of the same space. Thus, it is said that an axiom is partially negated, or there
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is a degree of negation of an axiom. The most important contribution of Smarandache ge-
ometries was the introduction of the degree of an axiom which works somehow like the
negation in fuzzy logic or more general like the negation in neutrosophic logic. Smaran-
dache curves are the ones whose position vector is constituted by Frenet frame vectors of
the other regular curve. Smarandache curves in various ambient spaces have been classfied
in [1],[5 — 14],[15,16,19], [21 — 27], [29 — 33] and [28]. In this paper, we define spe-
cial Smarandache curves such as za, xy, ay and xay—Smarandache curves according to
asymptotic orthonormal frame in the null cone Q? and we examine the curvature and the
asymptotic orthonormal frame’s vectors of Smarandache curves. We also give an example
related to these curves.

2. NOTATIONS AND PRELIMINARIES

Some basics of the curves in the null cone are provided from, [20]. Let E3 be the
3—dimensional pseudo-Euclidean space with the

9(X,Y) = (X,Y) = z1y1 + 22y2 — 3Y3
forall X = (z1,22,23),Y = (y1,¥2,y3) € E3. E} is a flat pseudo-Riemannian manifold
of signature (2,1). Let M be a submanifold of E}. If the pseudo-Riemannian metric §
of £ induces a pseudo-Riemannian metric g(respectively, a Riemannian metric, a degen-
erate quadratic form) on M, then M is called a timelike( respectively, spacelike, degen-

erate) submanifold of E. Let ¢ be a fixed point in E3. The pseudo-Riemannian lightlike
cone(quadric cone ) is defined by
Qi(c)={z€E}:g(x—c,x—c)=0},

where the point c is called the center of Q?(c). When ¢ = 0, we merely indicate Q%(0) by
Q?2 be and call it the null cone.

Let E3 be 3—dimensional Minkowski space and Q? the lightlike cone in E3. A vector
V # 0 in E? is called spacelike, timelike or lightlike, if (V,V) > 0, (V,V) < 0 or
(V, V') = 0, respectively. The norm of a vector z € E3 is given by ||z|| = /(z, z), [20].

We suppose that curve x : [ — Q? C E? is a regular curve in Q? for t € I. Below, we
always suppose that the curve is regular.

A frame field {z, o, y} on E} is called an asymptotic orthonormal frame field, if

(z,2) = (y,y) = (z,0) = (y,a) =0, (z,y) = (a,0) = 1.
Using 2'(s) = a(s) we have that {z(s), a(s), y(s)} from an asymptotic orthonormal
frame throughout the curve z(s) and the cone frenet formulas of x(s) are written by

7'(s) = a(s)
o' (s) = k(s)x(s) — y(s) .1)
¥ (5) = —(s)a(s),

where the function £(s) is called cone curvature function of the curve x(s), [17].

Letx : I — Q? C E? be a spacelike curve in Q? with an arc length parameter s. Then
x = x(s) = (1, x2, x3) can be given as

o(s) = L2~ 128, 24 ) )
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for some non constant function f(s) and f, = f’, [18].

3. SMARANDACHE CURVES IN THE NULL CONE Q?

In this part, we describe the Smarandache curves in accordance with the asymptotic
orthonormal frame in Q2. Also, we obtain the asymptotic orthonormal frame and cone
curvature function of the Smarandache partners lying on Q? using cone frenet formulas.

Smarandache curve 7 = y(s*(s)) of the curve x is a regular unit speed curve lying fully
on Q2. Let {z,a,y} and {7, .y, y,} be the moving asymptotic orthonormal frames of =
and , respectively.

Definition 3.1. Assume that x be unit speed spacelike curve lying on Q? with the moving
asymprotic orthonormal frame {x, o, y} . Then, xa—smarandache curve of x is defined by

N c
Yeals") = $(s) + as), G.1)
where c,b € Rg‘.

Theorem 3.2. Assume that x be unit speed spacelike curve in Q? with the moving asymp-
totic orthonormal frame {x, o, y} and cone curvature k(s) and let .., be xa—smarandache
curve with asymptotic orthonormal frame {Ypo, Oze, Yza | - Then the following relations
hold:

i) The asymptotic orthonormal frame {vyo, Qra,Yza} Of the za—smarandache curve
Yra IS given as

Voo ;1 0 1|
Ogo | = '(/) %F”w _%w als (32)
Yza 01 02 03 Y
where
¢ (3.3)
N/ '
b b b? 2
Ty = E(Efi/ + R)py’ + 2l )",
b b
Ty = Eiﬂ(?// + 22’“/})7 34)
b b
Ts=—-v(= "+)
c' e
and
c C
01 = —(Tl + % (2T1T3 + Tg)) = _Tl + BK:'Y:CQ(S*)7
1
02=—(T2+35 (20175 +13)) = =T2 + iy, (5, 35

03 = —T3.

ii) The cone curvature k., (s*) of the curve vy is given by

1
Ko (87) = 3 (201Y3+13), (3.6)
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where )
s* = 3 / V2 —2b%k(s)ds.

Proof. i) We assume that the curve x is a unit speed spacelike curve with the asymptotic
orthonormal frame {z, o, y } and cone curvature «. If we differentiate the (3.1) with respect
to s and taking into account (2.1), we have

b b
ha(s) = 4 (o) + Drnls) = 2y(e) ) 6)
where
ds* 1
53 c? — 2b2%k(s), (3.8)
= ° (3.9)

V2 = 2k(s)b?

It can be readily observed that the tangent vector 7, (s*) = azq(s*) is a unit spacelike
vector.
Differentiating (3.7), we obtain equation as follows

Yoo (87) = Trz(s) + Taa(s) + Ty(s), (3.10)
where
b b b2
T = E(EK/ + k)Y’ + Cjﬁ(l//)z,
Ty = Yy 1 2 ku),
C C
b b
Ts = —EZ/J(E "+ ).

. 1
Yo (57) = Voo — 3 (Vo> Vo) Voo (3.11)

By the help of previous equation (3.11), we obtain
Yaa(s") = 012(5) + 020(s) + 03Y(s), (3.12)

where o1 = —(T1 + 55 (211 5 + 13)), 02 = —(T2 + 5 (2715 + 13)), 03 = —Ts.
ii) The curvature &, (s*) of the v, (s*) is explicity obtained by

" 1
Kyza (S ) = _5 <7£a77ga>
1
=5 (20105 + 03). (3.13)
Thus, the theorem is proved. U

Definition 3.3. Assume that x be unit speed spacelike curve lying on Q2 with the moving
asymptotic orthonormal frame {x, «,y} . Then, xy—smarandache curve of x is defined by

o1
Ye(s7) = 5 (ew(s) + by(s)), (3.14)

where ¢,b € R{ .
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Theorem 3.4. Assume that v be unit speed spacelike curve in Q2 with the moving asymp-
totic orthonormal frame {x, o, y} and cone curvature x and let v, be xy—smarandache
curve with asymptotic orthonormal frame {Yzy, Qzy, Yoy} . Then the following relations
hold:

i) The asymptotic orthonormal frame {7y, Qyy, Yuy} Of the zy—smarandache curve
Yoy IS given as
b

Vay i 0 2¢ T
Ozy | = 0 1 0 al . (3.15)
Yu br>v/2bc cv/2bc y

Y (c—bk)? 0 (c—bk)?

ii) The cone curvature k., (s*) of the curve vy, is given by

2bck(s)

s 3.16
(e~ br(s))? 310

oy (57) =

where

o1 c—br(s))ds
s_@/( bi(s)) ds. 3.17)

Proof. i) We assume that the curve x is a unit speed spacelike curve with the asymptotic
orthonormal frame {z, o, y} and cone curvature «. Differentiating the equation (3.14) with
respect to s and taking into account (2.1), we have

ds* 1

ds v 2cb

Yoy (87) (¢ — br(s)) @ (s). (3.18)

By considering (3.17), we get

Vay(57) = a(s) = 0y (3.19)
Here, it can be readily observed that the tangent vector ﬁry is a unit spacelike vector.
o ds”
Vay(5") o = ra(s) = y(s)- (3.20)

By substituting (3.17) into (3.20) and making necessary calculations, we obtain

N KV 2bc V2bc
Vi (%) = —— =0 — 7. (3.21)
(C bﬁ) (c — b/{)
By the help of equation Y, (s*) = =74, — & (V> 74y ) Yay» We write
. bv/2bc.K? cV2be
Yzy(s™) = (s). (3.22)

x(s) + Y
(¢ — bk)? (¢ — bk)?
ii) The curvature ., (s*) of the ., (s*) is explicity obtained by

1"

o (st = S y) _ 2ber(s)
2 (c— br(s))
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Definition 3.5. Assume that x be unit speed spacelike curve lying on Q2 with the moving
asymptotic orthonormal frame {x,a,y}. At that time, ay—smarandache curve of x is

defined by
. b
Yay(s7) = als) + ~y(s), (3.23)
where c,b € Rar.

Theorem 3.6. Assume that x be unit speed spacelike curve in Q? with the moving asymp-
totic orthonormal frame {x,a,y} and cone curvature k and let o, be ay—smarandache
curve with asymptotic orthonormal frame {7y, Cay, Yoy } - At the time the following rela-
tions hold:

i) The asymptotic orthonormal frame {Yay, Qay, Yoy} Of the ay—smarandache curve
Vay IS given as

b
Yay \Of b\lf \Ef x
Qay | T | F 2 V222 vk a2 | |V (3.24)
Yay w1 wo w3 Y
where
¢ = ck' c— 2Kb
L7 p2 2 oc2 2K ’
ck' c—b—-1
= 3.25
G2 b2202( 2K >’ ( )
G = ck' bk — ¢
5T 202 \ 252
and
w1 = _Cla
1
we = —(C2 + 3 (261G + ¢3)). (3.26)

b
wsy = *(C;g + 276 (2<1C3 + C22))

ii) The cone curvature k., (s*) of the curve 7, is given by

o —c? Ko (¢ —2kb) (bk — ¢) b 1)
may(s)g(bQQCQ)Q(ﬁ)< - +(c—b 1)>, (3.27)

where

s* = @/\/H(s)d& (3.28)

Proof. i) Let the curve z be a unit speed spacelike curve with the asymptotic orthonormal
frame {z, o, y} and cone curvature x. Differentiating the equation (3.23) with respect to s
and taking into account (2.1), we find

Vo5 = (s} — Zwals) — (s
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This can be written as following

ds* b
oy (57) 7 = als) = “na(s) — (s, (3.29)

where
ds* b2 — 2c2
R L NG (330)
By substituting (3.30) into (3.29), we find
. VK bvk v
oy (%) = vV 7 - VE o — v 7. (3.31)
Vb2 = 2¢2 Vb2 — 2¢2 KV D% — 2¢2
Differentiating (3.31) and using (3.30), we get
Vay(s7) = Ga(s) + Gals) + Gy(s),
ck’ c—2kb ck’ c—b— ck’ bk—c
where (1 = %57 (57) @ = ¥z (2) . G = ¥z (52°) -
. 1
By the help of equation (3.32), we obtain
Yay(s*) = wrz(s) + waa(s) + wsy(s), (3.33)
wherew; = —(1,wo = (G + 3 (2B +G)), ws = —(G+ = (206G + @)
ii) The curvature r.,, (s*) of the 74, (s*) is explicity obtained by
2 7\ 2
— 2kb) (b —
= () (0 gy
8(b2 —2¢2)" \ K K
O

Definition 3.7. Assume that x be unit speed spacelike curve lying on Q2 with the moving
asymprotic orthonormal frame {x,,y} . Then, xay—smarandache curve of x is defined
by

1

) e

where c,c*,b € Rg.

(ca(s) + ba(s) + c"y(s)) (3.34)

Theorem 3.8. Assume that x be unit speed spacelike curve in Q? with the moving asymp-
totic orthonormal frame {x, o, y} and cone curvature r and let 7o,y be xoy—smarandache
curve with asymptotic orthonormal frame {Vyay, Qzay: Yzay ;- Then the following rela-
tions hold:

i) The asymptotic orthonormal frame {Vzay, Ozay, Yzay} Of the xay—smarandache
CUTVE Yyay IS gIven as

b c*

c
Tway 2cc* +b2 V2cc* +b2 V2cc*+b2 x
Qray | = p1 p2 P3 o (3:35)
y:ray g1 02 g3 Yy
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where
n=1/(c— k() — 202(s)
br(s c—c*k(s b
PO et o C) SN 3 (3.36)
n n 7
&1 = (py + pak), &2 = ph + p1 + p3k, &3 = —p3 — p2
and

c
o1 =& — m (25153 +§§) )

b
09 =—§ — ——— (2 +&2), 3.37
C*
Oy = —&3 — ———— (26183 + €2).
\/W ( 5153 §2)
ii) The cone curvature k., (5*) of the curve Yy, is given by
c—cm (b)l c—c*k
Fryyea ( k o B
n n
1 _
L <C c “) , (3.38)
2 7
where
s* = (c—c*k — 2b2k(s)ds, b,c,c* € R 3.39
v R ) : 439

Proof. i) Differentiating the equation (3.34) with respect to s and taking into account (2.1),
we find

Yy (8 & _ (b/{ﬁ—}— (c—c'K) @—w) (3.40)

( )dS B V2cc* +b2

This can be written as follows

loay(s*) = %’%Tsﬁ + & _nc*“c@ - %@ (3.41)
Caay(57) = p1ao(s) + paa(s) — pay(s), (3.42)

ds* 1 2
— = ———1/(c—c*Kk)” — 2b%k. 3.43
ds  \2cc* + b2 \/( ) G4
Differentiating (3.42) and using (3.43), we get
’-Y;/ya(s*) = §1$(S) + SQO[(S) + §3y(5)a

where & = (o] + par) , & = ph + p1 + pak, §3 = —p5 — pa-

N 1
yzay(s ) = _’ygay - 5 <’7;:/ayv’y;clay> VYzay- (3.44)

or

where
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By the help of equation (3.44), we obtain
Yaay(s™) = 012(5) + o20(s) + 03y(s), (3.45)
where 01 = —& — 5ot (206 +8) 02 = & — s (2086 + ) 03 =

—&3 — Nﬁ (2§1f3 + 53) .
i) From k., (") = =5 (Viays Viay ) » We have

ot () o) () ) -4 ()

]
Theorem 3.9. Let x : I — Q? C E} be a spacelike curve in Q? as follows
-1

for some non constant function f(s). Then we can write the following conditions:
1) If x is a xa—smarandache curve, then the xa—smarandache curve 7., can be writ-
ten as

Yeals") = (5 = S fu)e(s) + (11, f). (3.47)

2) If v is a xy—smarandache curve, then the xy—smarandache curve v, can be written

as
1 (c—5f faa(s) + f oo (F, 1, f) )
- 8* - 2Js ss s S8 D) ) 3.48
) = o L (L0T) (348
3) If x is a ay—smarandache curve, then the oy—smarandache curve vy, can be written

as

1 b p—2¢2 br—1
)= (TR (PRI ).

4) If x is a xay—smarandache curve, then the xoy—smarandache curve 7., can be

written as
Neay(s") V2ecr + b2 < + b+ f ) (F1, f) — fo (1.0,1) ) 830

where ¢, b, c* € RS’.
Proof. Tt is obvious from (3.1), (3.14), (3.23), (3.34) and (3.46). O

We can give the following example to hold special Smarandache curves in the null cone
Q2. Special za, xy, oy, and xay—smarandache curves of 2 curves are given in Figure
1 A, C, E, G, [, respectively. These figures rotated in three dimensions are also given in
Figure 1 B, D, F, H, J, respectively.

Example 3.10. The curve

2(s) = coshs_ 1 tanh s cosh s
- 2 cosh s’ T2
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is spacelike in Q? with arc length parameter s. Also, the shape of the x curve is given as
Sfollows:

Then we can write the smarandache curves of the x curve as follows:

i) xa—smarandache curve 7y, is given by

cosh s 1 sinh s tanh s
d( 2 _coshs)+ 12 " coshs?
vm(s) = dtanh s + cosh? s’
dcoshs 4 sinhs
2 2

ii) xy—smarandache curve vy is given by

mcoshs—ntanhssinhs—d(

Vay(s) = ctanh s (e - Ln;lz S) ,

tanh? s \ cosh s 1
d ( (C - 2 ) 2 " cosh s)

iii) cy— smarandache curve 7o, is given by

((coshs 1 )(1etanhs)tanhs>

lct+tanh? s
cosh s ’

cosh s

2
+sinh s (1 + dtanh s) — dcosh s
—tanh? s (1 4+ dtanh s) + dtanh s,
% — dcosh s — esinh stanh s

Vay(8) =

iv) xay—smarandache curve vyq, is given by

( msinh s — ncosh s + dsinh stanh s )

¢ _ bsinhs—c*tanh®s

cosh s cos

28
m+ ntanhs + k tanh?s + [ tanh? s,
mcosh s + dsinh s + ctanh ssinh s,

Yray(s) =

where m,n,d,c, k,l,e € ]R(T.
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