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1. INTRODUCTION

We should mention tha@f is an interval and/° is the interior of4 wherever they appear
in this paper.
The following definitions are well known in the literature.

Definition 1.1. [21] A functionry; : U C R — R is called convex function (in the classical
sense) if the inequality

(A + (1 —a)p) <ay (A)+ (1 —a)y(r
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holds for all\, 4 € & anda € [0, 1].

Definition 1.2. [21] A functiony; : 4 C R — R is called quasi convex function, if the
inequality

7 (@A + (1 —a)p) <max{y (A),7 (1)}
holds for all\, 1 € & anda € [0, 1].

It should be noted that a convex function must be a quasi-convex function but not con-
versely. The past few decades have witnessed remarkable research on inequalities, in-
cluding a large number of papers and many fertile applications. The subject has evoked
considerable interest from many mathematicians, and an extensive number of new results
have been studied in the literature. Itis recognized that in general some specific inequalities
provide a useful and essential contrivance in the growth of various branches of mathemat-
ics. A number of interesting results have been proved by using the concept of classical
convexity,s-convexity and harmonically-convex functions, see for instance [1]-[28] and
the references therein. Here we recall some of the results for convex and quasi-convex
functions which are closely related to the research of our paper.

Dragomir and Agarwal [4] proved the subsequent result for differentiable convex map-

pings.

Theorem 1.3. [4] Let~, : U° € R — R be a differentiable mapping a1® and 6,,
6, € U° with 6; < 6,. If |v{| is convex orfé, 02], then

02
nlin) L [ ova < 2 e+ el @

2 0y — 64 8
01

Hwang [6] obtained the given results which contains the result of Theorem 1.3 as a
special case.

Theorem 1.4. [6] Let~; : U € R — R be a differentiable mapping ai° and - :
[61,02] — [0,00) be a continuous and symmetric mapping with respeétg2, where
01, 02 € U° with 6, < 0,.

(1) If 44 € L4 ([01,62]) and|v}| is convex ondy, -], then

02

1(60) Jﬂl (62) / /72 (A) 71 (A) dx

S(a)

1
< (92;91) |:|71 91 |+|’71 92 ]/ Yo ()\)d)\da. (1_ 2)
0

T(a)
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(2) If v; € £1([01,02]) and|v;|? is convex ondy, 0s] for q > 1, then

02 02
1(601) +71 92/ / 2 (A) v (A) dA
0y — 00) [1h (019 + |7, (6)/ 1% [
S(Q; 1) [|W1( 1)] ;|’Y1(2)| } //vz(k)dkday (1. 3)
0 T(a)

(3) Ifv1 € L1 ([01,062]) and|v}| is quasi-convex offy, -], then

92 92

OB ) [ an— [ 0 o an

01 01
< @20 g o0 (252}
1 5(a)
—|—max{ 7 (91 +02)‘ |1 (02)] H / vo (A) dAda. (1. 4)
0 T{a)

(4) If v € L1 ([01,0-]) and|v;|? is quasi-convex oft;, 6] for q >1, then

(91)4-71(92)/ N d— /72 i

2
§<0246ﬁ>l(max{fﬁ<&>q,

q}>;

, 01+ 62
M 9

1 1 S(a)
0 + 62\ | a
+Qm%v(122>7mwmﬁ)1//dﬂMwm.@&
0 T(a)
where
1 1-— 1— 1
T(a) = ;a91+ %0, ands(a) = 0, + ;aeg.

The subsequent results are due to Hua et al. [7].

Theorem 1.5. [7] Let~; : U € R — R be a differentiable mapping ati° and -, :
[61,62] — [0,00) be a continuous and symmetric mapping with respeé'%gﬁl, where
01, 05 € U° with 6, < 0,.
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(1) If v € £1([01,02]) and|v;|? is convex onéy, 6s] for q > 1, then

92 02

‘M/w()\)dA/’Yz(A)’Yl (A) dA

2
01 91
1 1 V(o)
_ / q / d7 q 4
0 M(a)

(2) If vy € £1([01,02]) and|v}|? is convex ondy, 6] for q > 1, then

(91)4-71(92)/ N d— /72 e

2

SRCETN {<3m @1 + It @)l‘*)q N (m (@)1 +3 13 <92>|‘*)3}
4 4 4
o[ s o] ()]
X 5 9
i ) T(a) 72 “ J M(@) i “
(1. 7)
where
M(@) = aby +(1—a) 2 ;—92,1/(04) —aby+(1—a) 91;92

andT'(«) and.S(«) are defined as in Theorem 1.4
Motivated by the results mentioned above the main objective of this paper is prove new
results of F&gr and Hermite-Hadamard type by using the convexity and quasi-convexity

based new family identities for a positive integar The results proved in this paper may

have some relation with those proved earlier for some specific values of
2. NEW RESULTS

An important lemma to prove the results is given as follows
U C R — R be a differentiable mapping dd° and~s : [61, 03] —
2

Lemma?2.l. Lety, : U C
[0, 00) be a continuous and symmetric mapping with respeét{& wherefy, 65 € U°

with 8, < 0y. If v, € £y ([61, 62]), then the equality

A)dA — /w Yy (

G2(a,m)

71 (01) + 71 (62)
2

(b2 — 0,
B 2m

\Q

=7 (G (a,m))]da|  (2.8)

72 (A)dA | [71 (G2 (o, m))

O\N\E >

¢1(o,m)
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holds, Wherql (a,m) = %92 + (mn:a) 01, <2 (a,m) =& 01 + (

sup |72 ()| andm is a positive integer.
a€glfy,02)

)92. ||’Y2||

Proof. Using integration by parts, we have

S [ ¢2(a,m)

th=[| [ 22dr |4 @m)da
0

¢1(a,m)
1 C2(,m)
m
- [ ] o] don @ em)
0y — 01
0 ¢1(a,m)
¢2(a,m) 2
m
Y2 (A) dA | 71 (G (o, m))
0y — 01
¢1(a,m) 0

n / 2 (G (e m)) + 72 (€1 (0, m))] 7 (G (@, m)) dov
0

Sincey, is symmetric with respect t8-52, we have

72 (G2 (04 m)) =72 (Cl (aa m)),

and hence

0, El
U = —9211191 (/72 (A) d)\) 7 (01) + 2/72 (€1 (@, m)) 7 (G (@, m)) dav.

O, 0
Setting(; (o, m) = A, we have

61+62o

2> =
2
U = —9211191 (ﬁ/ 72 (A) dA) 7))+ o inel / v (M) (A)dr.  (2.9)
1 01
Similarly,
C2(a,m)
= / / A)dX | 71 (G2 (o, m)) dov (2. 10)
0 ¢1(a,m)
02 2 02
= 92T91 (/w (N) dA) 1 (0) -5 inel / Y (N (A dr. (2.12)

Subtracting (2. 9) from ( 2. 10 ) and multiplying the resulting equalit)ﬂgyf—l, we get (
2.8). O
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Remark 2.2. If m = 2 in Lemma 2.1, the following identity

(91)+71(92)/ A dA — /72 Yo (

2
9 9 1 C2(a,2)
- (=77 NA | b (G (@02) 2 (G (@2)]da| (2. 12)
[\~
holds, where(; (o,2) = §6> + (352) 61, G2 (,2) = §61 + (352) 02, |72l
es[gpe } |72 ()]

Remark 2.3. If 75 (\) = ﬁ for all A € [0, 65] in Lemma 2.1, we get the equality

02

7 (61) ;r% (62) 7 iel /71 (A) dA

(6t
“\ 2m?

where¢; (o, m), (> (o, m) are defined as in Lemma 2.1 and > 1 is positive integer.

1

(m — 20 [y1 (G2 (@, m)) =71 (G (@, m))] dar, (2. 13)

o\”\i <

Remark 2.4. If v5 (A\) = ﬁ forall A € [61,02] in Lemma 2.1 anan = 2, we get the
equality

STCTESHOS R S Sy

_ (92 — 91) /(1 — o) [V (Ca (@, 2)) — A, (G (@, 2))] de, (2. 14)

where(; («, 2), (2 (o, 2) are defined as in Remark 2.2.

Theorem 2.5.Letv; : Y C R — R be a differentiable mapping dd° and~s : [61, 02] —
[0,00) be a continuous and symmetric mapping with respeét{&, wheref, 05 € U°
with 6 < 65. If v} € L1 ([61,62]) and |4 |? is convex orié,, 6] for q > 1, then

(91);%(92)/ N d— /72 "

3 ¢2(a,m)

S(ez—@)[fyi(el)‘uwueglqr/ / () drda, (2. 15)

m'~a 4

0 ¢1(a,m)

wherem is a positive integer.
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Proof. From ( 2. 8 ) and the power-mean integral inequality, we get

02
71 (61) + 7 (82) [*
[ VQ(A)dA—Jvz(A)vl(A)dA

S ¢2(a,m)

< (922;191> / / ¥ (A) dAdox

1—1

Q

0 ¢1(a,m)
2 (5(am) 2 a
X / / A) dAda / (G2 (o, m)) [T de
0 ¢i(a,m) 0

Z C2(a,m) =
+ / / dAd/ (¢1 (@, m))[% da
0

0 ¢ (a,m)

(2. 16)

Using the discrete power-mean inequality + 8" < 2!="(a + 3)" fora > 0,8 > 0,
0 < r < 1 and the convexity ofy;|* on [6;, 62] for q > 1, we get

= ¢2(a,m) a

d)\da/ (¢2 (o, m))|* da
0 ¢i(a,m) 0

Q=

T C2(a,m)

+ / / 72 (\) dAda /m 7, (G (e, m))[* da
0

0 ¢1(a,m)
1 1
7 a [ 5 ¢2(a,m) a
_1
<24 | [ @am)P+ pi G empfda| | [ [ s20dxda
0 0 ¢1(a,m)
1
. S ¢2(a,m) a

Q=

=273 ()" (M1 1% + 71 (62)1%) 72 (A dAdoc | (2.17)

0 ¢1(a,m)

Combining (2. 17 ) and ( 2. 16 ), we obtain ( 2. 15). O
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Corollary 2.6. Under the conditions of Theorem 2.5nif = 2 then

6 b2
M/w (A)d)x*/% (N7 (A) dX
A 01
/ a ) q é 1 C2(a,2)
S<e2291>{m<91>| ;m(w] [ [ w1
0 ¢i(a,2)

where¢, (a,2) = §$02 + (352) 01, G2 (@, 2) = 501 + (252) 02.

Corollary 2.7. Suppose that the assumptions of Theorem 2.5 are fulfillagl=f1, then
the inequality

02

L (67) +71 (62) / /272 (M) 7 (A) dA

(92—91) P’Yl (61) |+|’Y1 (62)] } e A) dAda, (2. 19)
I

¢1(a,m)

holds, wheran is a positive integer ang; («, m) and({, (o, m) are defined as in Lemma
2.1.

Corollary 2.8. If the assumptions of Theorem 2.5 are satisfied ard=# 1, m = 2, the
inequality

22} 02

L (0) +71 (02) / /VQ(A)% () dA
0 — 0 IV, (61)] + [, (6))] /1 <27,2)
(2— 1) [vl D]+ 1 (62 } o (\) dMda, (2. 20)
2 7
0 ¢i(a,2)

holds, where(; (a,2) = 262 + (352) 01, (2 (a,2) = 261 + (352) 65.
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Corollary 2.9. If we combine (1. 3),(1.6)and (2. 18), we get

6o 02
1(61) (62)
O (0 / /mmmdA
1
< (020 171 (00)[% + |71 (62)7 @
- 2 2
1 G2(aym) S(a) V(a)
X min / / Yo (A) dAda // d)\da // d)\da
A T() I((’)
¢1(a,m)

2. 21)

Theorem 2.10.Lety; : U € R — R be a differentiable mapping o&/° and ~; :
[01,02] — [0,00) be a continuous and symmetric mapping with respeé’@{&, where
01, 02 € U° with 6, < . If 1 € L1 ([01,02]) and |y} |? is convex orif;, 6] for q > 1,
then

92 02

OB ) [ yan— [ (0 o an

2
01 61

(2| [ ewa|
2m " @

0 ¢1(o,m)

. {(M (01 + 31 <92>|‘*)3+ (:sm (01 + It <92>">3}7 @ 22

8 8
wherem is a positive integer.

Proof. Using ( 2. 8) and l8lder integral inequality, we get

Y1 (61) + 71 (62) / ) dA — /72 o (

2
= 2(a,m) % 17%
< (92 — 91) / / NdA | da
0 \¢i(a,m)

Q=

1
a

/ (G (m)Pda | + /|%(C1(a,m))|qda @ 23)
0

0
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Using the convexity ofy;|® on[6;, 65] for g > 1, we get

1
q q

/ 7, (Go (o, m)) T der |+ / 7 (Gr (e, m))[Y dos
0 0

Q=

[ o m-—« |
i 601" &+ (%) b 001 o

INA
O\»”\E

Q=

+

[ a m-—q |
O+ () bl o

O\M\B

_ <m|% (91)|q23m R4 (92)|‘*>q N <3mlvi (ol)l“;mlvi (ez)l“)“' 2. 24)

Combining (2. 24 ) and ( 2. 23 ), we obtain ( 2. 22).

Corollary 2.11. Suppose that the assumptions of Theorem 2.10 are satisfiecthan,
then

02 02
M/w ) dA—/vz (N) 71 (M) dA
01 01
1 [ C2(a,2) & 1_5
(2| [ wwar|
0 \Gi(a2)
» {(m O + 3 <92>|‘*)3 (A b <92>°‘>‘1‘}, (2. 25)

where(; (o, 2) = $05 + (352) 01, (2 (0, 2) = $01 + (352) 0s.
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11

Corollary 2.12. Combining (1. 7) and ( 2. 25), we have

6: 02
M/W () d/\f/w (M) (A) dA
01 o1

(02— 01) [ (3174 00+ 17 (0)[9\F | (14 (9)] + 3|7 (62)]7 =
< (0 f (BRI ERE T T (D3 G

a 1-1
=T q _1
1 [ ¢2(a,m) a-t 1

« min / / wNA | da] [/1 (/Ti? s (V) d)\>“31da] q7
0

0 ¢1(a,m)

[ L/ v a1 a
/ ( / o (A)dA) da . (2. 26)
2 M ()

Theorem 2.13. Suppose that the assumptions of Theorem 2.5 are satisfiddaiglquasi-
convex orf., 03], then the inequality holds:

92 92

M/W ()\)d)\—/vz()\)% (A) dA

01 91
/ 92 + 91
24! 9

0, — 0
< (2522 [max{ i .
3 C2(a,m

" (91;92>m0/ (/’))'yg()\)d)\doz, 2. 27)

¢ (a,m
where(; (o, m), (2 (o, m) are defined as in Lemma 2.1 and > 1 is an integer.

+max{|71 (62)),

Proof. From the identity ( 2. 8), we have

P b2

7 (01) + 71 (02) v (A) dX — / Y2 (M) 71 (A) dA

vl S’\m

2
01
0 0 G2(a,m)
(") S| ] o] mi e tomi+ b G @m)da

0 \i(e,m)

(2. 28)
By the quasi-convexity ofy;| on[6;, 62], we have
6>+ 0

24 o)) < maax o 0o ot (252 )} @.29)




12 M. A. Latif, S. S. Dragomir, S. Obeidat

G
foralla € [0, 2].

Combining the inequalities in ( 2. 28), (2. 29) and ( 2. 30 ), we obtain the inequality ( 2.
27). O

and

74 (Ca (v, m))]| < max{m o)1, b

Remark 2.14. If |+1| is non-decreasing in Theorem 2.13, then

L (61) +71 (62) 7 dA/2 2 (A) 71 (A) dA

< (%) |(mieor+ ]y

and if |y1| is non-increasing in Theorem 2.13, then

3 C2(a,m)

(92;91)‘”0/ / 72 (A) dAder (2. 31)

¢1(co,m)

02 b2
M/W ()\)d)\—/w()\)% (A)dA

61 01
0y + 0 7 e
<2 1>D]0/ / N dMda. (2. 32)

0, — 0
< (%) [ (mreor+ |y
10(1’11)

Theorem 2.15. Suppose that the assumptions of Theorem 2.5 are satisfiethgifdis
quasi-convex off, 8] for g > 1, then the inequality holds:

02 02

w0 0 / / 2 ()71 (V) dr

(92 —01) < ) Kmax{% 001,
+ (max{hi (92)|q’ % <91;92>

where(; (o, m), (> (o, m) are defined as in Lemma 2.1 and > 1 is an integer.

1
, 02+ 601\ [T @
7 9
Z ¢2(a,m)

}) ] 0/ / 72 (\) dAda, (2. 33)

1(a,m)
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Proof. Using the identity ( 2. 8 ) and the power-mean integral inequality, we get

05 05
ul)* o 0:) / dA—/%(Am () dA
01

 (2(a,m)

3(922;191> / / Yo (A) dAda

0 ¢1(e,m)

1
-3

Q=

3 ¢2(a,m)
X / / d/\da/ (G2 (a, m))|* de

0 ¢i(a,m) 0

Q=

% C2(a,m)
+ / / A) dAda

0 ¢i(a,m)

1 (¢ (@, m))|%da . (2. 34)

o\ ol

By the quasi-convexity ofy; | on [y, 6] for q > 1, we have

(e es

L (01 + 02\ |1
A\
foralla € [0, 2].

Combining the inequalities (2. 34), (2. 35) and (2. 36 ), we obtain the inequality ( 2. 33
)- O

74 (G (0 m))|® < max {m )"

and

74 (Ca (v, m))[* < max {m 02)]°, } (2. 36)

Remark 2.16. If |} | is non-decreasing in Theorem 2.15, then

(91);%(92)/ N — /72 e

<<z:zl><;ﬁ<mw+

S ¢2(a,m)

(5] T

0 ¢1(a,m)
(2. 37)
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and if |y1| is non-increasing in Theorem 2.15, then

02 02

1 (60) +% (62) / /72 (A) 71 () dx

§<z:zl><;>“[<w»+

Remark 2.17. A number of interesting results can be obtained from our resultaifos 2.

Z (2(a,m)

T

0 ¢ (@m)
(2. 38)

3. APPLICATIONS TOSPECIAL MEANS

For positive numberg, > 0 andf, > 0, define

01 + 02

A(61,02) = 5

G (01,02) = /0102
and

ortt o7+t G
|:(7’+1)(92701):| y T 7é _1707

0>—0 o
L, (91792) = mv r=-—1,

6o —6
l ng 2 ! T = 0
e 9?1 ’ .

A(61,02), G (01,02) andL, (61,0>) are called the arithmetic, geometric mean and gener-
alized logarithmic means respectivelygfandé..

Let
g\t
A) = forA>0,q>1. 3.39
71 (M) q+1 q ( )
Then, obviously
v (V)%= A
is convex ondy, 65].
Moreover, the function
2
o (N) = <>\ _h ;92) , (3. 40)

whered;,0, > 0 andX € [61,05], is @ symmetric mapping with respect f&£%2 on
[61, 62].

Considering the functions ( 3. 39 ) and ( 3. 40 ), we have the following inequalities of
special meansl (01, 6,), G (61, 63) andL,. (61, 602) using Theorem 2.5 and Theorem 2.10.
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Theorem 3.1. If 85 > 0, > 0 andq > 1, then

1+1 1+
(1(92—91)214(91 e, 0, q) q (4q? +3q+1) (91,92)

6(q+1) - (q+1)(2q+1)(3q+1)

-
qG? (61,02) L 1+1 (91,92) qG* (61,602) L _| (01,62)

* (3q+1)  2(q+1)(2q+1)

1—1
a

3
< [("‘9) A% (61,0,) (3. 41)

48

and ifq > 1, then

1+1 141
q(92—91)2A(91 “,0, ) q(4q* +3q +1) 5+1(61,92)

6(q+1)  2(q+1)(29+1)(3q+1)

|
qG® (91,92)L1+1 (61,02)  qG* (61,02) LT | (61,62)
(3a+1) © 2(a+D)(2a+1)

b—a)® [ q—1\""9 [ (01 +302\5 (361 +0,\7
< . .
= 24 \4q-1 8 + 8 (3. 42)

Corollary 3.2. If the hypotheses of Theorem 3.1 are satisfied and=f1, then

+

(02— 61)" A (63,63)  Li(61,62)
12 6

G2 (01,602) L2 (61,05)  G*(61,6-)
+ 4 B 12

< A(61,62) (3.43)

4. CONCLUSIONS

In this paper, the results are based on a new family of identities for a positive imteger
We have established new family of Eejand Hermite-Hadamard type inequalities for the
functions whose derivatives satisfy assumptions of convexity and quasi-convexity based on
the new family of identities for a positive integet. The ideas and methods to acquire the
studies are expected to inspire the interested readers. We suspect that our findings can be
extended to obtain various results in convex analysis, special functions, theories related to
optimization, mathematical inequalities and can invigorate further research work in various
fields of pure and applied sciences.
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