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Abstract.: In this article, the translation hypersurfaces in Euclidean4-
space are defined as the sum of three curves with distinct parameters with
unit speed, and non-planar. These curves are called the generator curves of
the hypersurface. Utilizing the hypersurface theory in Euclidean4-space,
unit normal vector field, shape (Weingarten) operator matrix, fundamental
forms, Gaussian curvature and mean curvature have been expressed for the
translation hypersurfaces. Finally, the computational example is stated to
efficiency of the theoretical results.

AMS (MOS) Subject Classification Codes: 53A35
Key Words: Translation hypersurface, Euclidean 4-space, shape operator, fundamental

form, Gaussian curvature.

1. INTRODUCTION

The theory of surfaces is the most attractive branch of differential geometry dealing
with certain characteristic properties of surfaces. In the literature, much attention has been
given to several types of surfaces, such as canal surface, ruled surface, rotation surface etc.
to determine their internal or exterior features. Translation surfaces (Scherk surfaces) has
become the focus of this attention in recent years. Translation surfaces in Euclidean3-space
were first introduced by Heinrich Ferdinand Scherk in 1835, [17]. Translation surfaces in
E3 are defined by the following immersion

φ : E2 → E3 : (u, v) → φ (u, v) = α (u) + β (v) ,
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whereα (u) andβ (v) are unit speed, non-planar curves. The idea of investigating the
translation surfaces by considering them from various perspectives in different dimen-
sional spaces is a remarkable area for the geometers, [21, 7]. First of all, the translation
surfaces in3-dimensional Euclidean space were discussed [10, 5, 1], then these studies
were generalized and carried up to4-dimensional andn-dimensional [7, 19, 20]. In ad-
dition, there are many studies in non-Euclidean Geometry (especially Lorentz-Minkowski
and Galilean spaces) [25, 24, 3, 2, 4]. We highlight some papers that make an important
contribution to the study of translation surfaces, more precisely, on minimal translation sur-
faces [13, 6, 16, 15], affine translation surfaces [18, 14, 12], Weingarten translation surfaces
[8, 23] and constant curvature translation surfaces [2, 11]. Nowadays, translation surfaces
are generally used for design purposes in the architectural field. One of the best examples
of this is the design of the glass ceiling of the bank named DZ Bank in Berlin, Germany.
In addition, cylinder, elliptical paraboloid, egg box surface and helicoid surface are some
examples of translation surfaces.

Is it possible to define translation hypersurfaces as the sum of three curves with distinct
parameters with unit speed, and non-planar? The answer to this question is given in this
study. With this purpose, the paper is organized as 3 main sections and conclusions section.
Section 2 is devoted to the general information about hypersurfaces in Euclidean4-space
and its associated objects such as the unit normal vector field, shape operator matrix, fun-
damental forms, Gaussian curvature and mean curvature. In Section 3, the original concept
and its theoretical results are stated. The efficiency of the theoretical results is supported
by a computational example.

2. PRELIMINARIES

In this section, we recall some basic notations and the related results in [26].

Let x =
4∑

i=1

xiei, y =
4∑

i=1

yiei, z =
4∑

i=1

ziei be vectors inR4, equipped with the

standard inner product given by〈x, y〉 = x1y1+x2y2+x3y3+x4y4, where{e1, e2, e3, e4}
is the standard basis ofR4. The norm of a vectorx ∈ R4 is given by‖x‖ =

√
〈x, x〉. The

vector product (or the ternary product or cross product) of the vectorsx, y, z ∈ R4 is
defined by

x⊗ y ⊗ z =

∣∣∣∣∣∣∣∣

e1 e2 e3 e4

x1 x2 x3 x4

y1 y2 y3 y4

z1 z2 z3 z4

∣∣∣∣∣∣∣∣
. (2. 1)

(see details in [22]).
Let M3 be a hypersurface in Euclidean4-space whose parametrization is given by

φ : U ⊂ R3 → E4

(u, v, w) → φ (u, v, w) = (φ1 (u, v, w) , φ2 (u, v, w) , φ3 (u, v, w) , φ4 (u, v, w)) ,

where φi, 1 ≤ i ≤ 4 are differentiable real valued functions defined onU ⊂ R3.
φ (U) = M3 ⊂ E4 is a hypersurface if and only if system{φu, φv, φw} is linearly in-
dependent, where the partial derivativesφu, φv andφw can be expressed asφu = ∂φ

∂u ,
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φv = ∂φ
∂v andφw = ∂φ

∂w . The unit normal vector fieldN of the hypersurfaceM3 given by
the parametric equation is expressed by

N(u, v, w) =
φu ⊗ φv ⊗ φw

‖φu ⊗ φv ⊗ φw‖. (2. 2)

The first fundamental formI on the space of vector fieldsχ(M3) is defined by the function

I : χ(M3)× χ(M3) → C∞(M3,R)

(X, Y ) 7→ I(X, Y ) = 〈X, Y 〉
and also referred to as

I = φ11du2 + φ22dv2 + φ33dw2 + 2 (φ12dudv + φ13dudw + φ23dvdw) , (2. 3)

whereφij , 1 ≤ i, j ≤ 3 are the coefficients of the first fundamental form. Hence, the
matrix I corresponding to the first fundamental form coefficients of the hypersurfaceM3

is expressed as

I =




φ11 φ12 φ13

φ12 φ22 φ23

φ13 φ23 φ33


 . (2. 4)

The shape operator of the hypersurfaceM3 is defined by

S : χ
(
M3

) →χ
(
M3

)

X 7→S (X) = DXN,

whereD is the Riemannian connection inE4 andN is the unit normal ofM3. By using
the definition of the shape operator, the below equalities can be written





S (φu) = DφuN = Nu,
S (φv) = DφvN = Nv,
S (φw) = DφwN = Nw.

For any curveα on the hypersurfaceM3, we can write〈α′′, N〉 = −〈S (α′) , α′〉 with the
help of these equalities.

The second fundamental formII of the hypersurfaceM3 is expressed as follows:

II : χ(M3)× χ(M3) → C∞(M3,R)

(X, Y ) 7→ II(X, Y ) = 〈S(X), Y 〉 ,
and also referred to as

II = ϕ11du2 + ϕ22dv2 + ϕ33dw2 + 2 (ϕ12dudv + ϕ13dudw + ϕ23dvdw) , (2. 5)

whereϕij , 1 ≤ i, j ≤ 3 are the coefficients of the second fundamental form. Similar with
the matrixI, the matrixII corresponding to the second fundamental form coefficients of
the hypersurfaceM3 is calculated as

II =




ϕ11 ϕ12 ϕ13

ϕ12 ϕ22 ϕ23

ϕ13 ϕ23 ϕ33


 . (2. 6)
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Taking into account all of these, the shape operator matrixS of the hypersurfaceM3 can
be presented asS = I−1II using equations (2. 4 ) and (2. 6 ).

The Gaussian curvatureK of hypersurfaceM3 is given by

K : M3 → R (2. 7)

P 7→ K (P ) = detS (P )

and can be calculated asK = detS =
detII
detI

using equations (2. 4 ) and (2. 6 ).

The mean curvatureH of hypersurfaceM3 is defined by

H : M3 → R

P 7→ H (P ) =
1
3

Tr S (P ) .
(2. 8)

For a tangent vector~0 6= XP , if 〈S (XP ) , XP 〉 = 0, then the directionXP is called the
asymptotic direction of the hypersurfaceM3 at the pointP .

A curve, whose tangent vector at each point is asymptotic, is called an asymptotic line
on the hypersurfaceM3. A curveα on the hypersurfaceM3 is an asymptotic line if and
only if

〈α′′, N〉 = 0. (2. 9)

If the mean curvatureH of the hypersurfaceM3 is equal to zero,H = 0, then the
hypersurfaceM3 is called minimal hypersurface.

3. TRANSLATION HYPERSURFACESGENERATED BY UNIT SPEED, NON-PLANAR

CURVES IN EUCLIDEAN 4-SPACE

In this original section, the definition of the3-parametric translation surface in Euclidean
4-space is given, and the definitions of unit normal vector field, shape operator matrix,
fundamental forms, Gaussian curvature and mean curvature are mentioned.

Definition 3.1. A hypersurfaceM3 produced by non-planar curves with unit speed




α (u) = (α1 (u) , α2 (u) , α3 (u) , α4 (u))
β (v) = (β1 (v) , β2 (v) , β3 (v) , β4 (v))
γ (w) = (γ1 (w) , γ2 (w) , γ3 (w) , γ4 (w))

is called a translation hypersurface in Euclidean4-space. Thus, a translation hypersurface
is given by an immersion

φ : E3 → E4

(u, v, w) 7→ φ (u, v, w) = α (u) + β (v) + γ (w)

= (α1 (u) + β1 (v) + γ1 (w) , α2 (u) + β2 (v) + γ2 (w) ,

α3 (u) + β3 (v) + γ3 (w) , α4 (u) + β4 (v) + γ4 (w))

= (φ1 (u, v, w) , φ2 (u, v, w) , φ3 (u, v, w) , φ4 (u, v, w)) .
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By taking into account the basic recallments given in previous section let us examine
the properties for the translation hypersurface given by above immersion.

The tangent space of hypersurfaceM3 is spanned by the vector fields

φu = α
′
(u) = Tα, φv = β

′
(v) = Tβ , φw = γ

′
(w) = Tγ . (3. 10)

The unit normal vector field of hypersurfaceM3 using equalities (3. 10 ) and (2. 2 ) is
obtained as

N =
Tα ⊗ Tβ ⊗ Tγ

‖Tα ⊗ Tβ ⊗ Tγ‖.

By means of the properties of the vector product inE4, the square of the denominator is
calculated as follows:

∆ = ‖Tα ⊗ Tβ ⊗ Tγ‖2

=

∣∣∣∣∣∣

〈Tα, Tα〉 〈Tα, Tβ〉 〈Tα, Tγ〉
〈Tβ , Tα〉 〈Tβ , Tβ〉 〈Tβ , Tγ〉
〈Tγ , Tα〉 〈Tγ , Tβ〉 〈Tγ , Tγ〉

∣∣∣∣∣∣
=

∣∣∣∣∣∣

1 cos σαβ cos σαγ

cosσαβ 1 cos σβγ

cosσαγ cosσβγ 1

∣∣∣∣∣∣
= 1− cos2 σαβ − cos2 σαγ − cos2 σβγ + 2 cos σαβ cosσαγ cos σβγ ,

whereσαβ is the angle betweenTα andTβ , σαγ is the angle betweenTα andTγ andσβγ

is the angle betweenTβ andTγ . Hence, the unit normal vector field of hypersurfaceM3 is

N =
1√
∆

(Tα ⊗ Tβ ⊗ Tγ) .

The coefficients of the first fundamental form of the hypersurfaceM3 are obtained as

φ11 = 〈φu, φu〉 = 〈Tα, Tα〉 = 1,

φ22 = 〈φv, φv〉 =


Tβ , Tβ

�
= 1,

φ33 = 〈φw, φw〉 = 〈Tγ , Tγ〉 = 1,

φ12 = 〈φu, φv〉 = 〈φv, φu〉 = φ21 =


Tα, Tβ

�
=
Tα

 Tβ

 cos σαβ = cos σαβ ,

φ13 = 〈φu, φw〉 = 〈φw, φu〉 = φ31 = 〈Tα, Tγ〉 =
Tα

 ‖Tγ‖ cos σαγ = cos σαγ ,

φ23 = 〈φv, φw〉 = 〈φw, φv〉 = φ32 =


Tβ , Tγ

�
=
Tβ

 ‖Tγ‖ cos σβγ = cos σβγ .

(3. 11)

Then if the equalities (3. 11 ) are substituted in the equation (2. 3 ),

I = du2 + dv2 + dw2 + 2 (cos σαβdudv + cos σαγdudw + cos σβγdvdw)

is found.
The coefficients of the second fundamental form of the hypersurfaceM3 are given by

ϕ11 = −〈N,φuu〉 = −〈N, k1αNα〉 = −k1α 〈N,Nα〉 = −k1α cos θα,

ϕ22 = −〈N,φvv〉 = −〈N, k1βNβ〉 = −k1β 〈N,Nβ〉 = −k1β cos θβ ,

ϕ33 = −〈N,φww〉 = −〈N, k1γNγ〉 = −k1γ 〈N, Nγ〉 = −k1γ cos θγ ,

ϕ12 = −〈N,φuv〉 = −〈N, 0〉 = 0,

ϕ13 = −〈N,φuw〉 = −〈N, 0〉 = 0,

ϕ23 = −〈N,φvw〉 = −〈N, 0〉 = 0,

(3. 12)
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whereθα is the angle betweenN andNα, θβ is the angle betweenN andNβ andθγ is
the angle betweenN andNγ . Then if the equalities (3. 12 ) are substituted in the equation
(2. 5 ), we obtain

II = −k1α cos θαdu2 − k1β cos θβdv2 − k1γ cos θγdw2.

The matrixI corresponding to the second fundamental form coefficients of the hypersurface
M3 using equation (2. 4 ) is obtained as

I =




1 cosσαβ cosσαγ

cos σαβ 1 cos σβγ

cos σαγ cos σβγ 1


 .

The inverse of the matrixI is given by

I−1 =
1

∆0
B@

sin2 σβγ − cos σαβ + cos σαγ cos σβγ − cos σαγ + cos σαβ cos σβγ

− cos σαβ + cos σαγ cos σβγ sin2 σαγ − cos σβγ + cos σαβ cos σαγ

− cos σαγ + cos σαβ cos σβγ − cos σβγ + cos σαβ cos σαγ sin2 σαβ

1
CA .

By utilizing equation (2. 6 ), the matrixII, which corresponds to the second fundamen-
tal form coefficients, is computed as

II =



−k1α cos θα 0 0

0 −k1β cos θβ 0
0 0 −k1γ cos θγ


 .

As a consequence, using the matrixII and the inverse of matrixI, the shape operatorS
of the hypersurfaceM3 is written as

S =
1

∆

0
B@
−k1α cos θα sin2 σβγ k1β cos θβA −k1γ cos θγB

k1α cos θαA −k1β cos θβ sin2 σαγ k1γ cos θγC

−k1α cos θαB k1β cos θβC −k1γ cos θγ sin2 σαβ

1
CA ,

where




A = cos σαβ − cosσαγ cos σβγ ,
B = cos σαβ cosσβγ − cos σαγ ,
C = cos σβγ − cos σαγ cosσαβ .

The Gaussian curvatureK of the hypersurfaceM3 is calculated as

K =
1

∆3

∣∣∣∣∣∣

−k1α cos θα sin2 σβγ k1β cos θβA −k1γ cos θγB
k1α cos θαA −k1β cos θβ sin2 σαγ k1γ cos θγC
−k1α cos θαB k1β cos θβC −k1γ cos θγ sin2 σαβ

∣∣∣∣∣∣

=
1

∆3

[
k1α cos θαk1β cos θβk1γ cos θγ(A2 sin2 σαβ + B2 sin2 σαγ

+ C2 sin2 σβγ − 2ABC − sin2 σαβ sin2 σαγ sin2 σβγ)
]
,
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by using equation (2. 7 ). Additionally, by using the equation (2. 8 ), the mean curvature
H is calculated as follows:

H = − 1

3∆

h
k1α cos θα sin2 σβγ + k1β cos θβ sin2 σαγ + k1γ cos θγ sin2 σαβ

i
. (3. 13)

In the light of the above calculations, the following theorem can be given.

Theorem 3.2. Let M3 be a translation hypersurface inE4. Let any two of the generator
curvesα, β andγ be asymptotic lines , the first curvatures of these curves be non-zero and
the tangents of the generator curves do not be in the same direction. Moreover, take the
angle betweenTα andTβ for k = 0, 1, 2, ... beσαβ 6= kπ. Under these circumstances, the
necessary and sufficient condition for the translation hypersurface to be minimal is that the
third generator curve is also an asymptotic line.

Proof. (⇒) : Let α, β be asymptotic lines andM3 be minimal translation hypersurface.
Let’s prove that curveγ is also an asymptotic line:
SinceM3 is a minimal translation hypersurface, one can see that

H = − 1
3∆

[
k1α cos θα sin2 σβγ + k1β cos θβ sin2 σαγ + k1γ cos θγ sin2 σαβ

]
= 0.

Hence,

k1α cos θα sin2 σβγ + k1β cos θβ sin2 σαγ + k1γ cos θγ sin2 σαβ = 0 (3. 14)

is concluded. Since the first curvatures of the generator curves are non-zero, andα andβ
are asymptotic lines, we obtain that

k1α 6= 0, k1β 6= 0, k1γ 6= 0.

According to equation (2. 9 ), we have that〈α′′, N〉 = 0 and〈β′′, N〉 = 0. Therewith,


α′′, N

�
=
D
T
′
α, N

E
= 〈k1αNα, N〉 = k1α 〈Nα, N〉 = k1α ‖Nα‖ ‖N‖ cos θα = k1α cos θα = 0

is obtained. Ask1α 6= 0, it is clear thatcos θα = 0. If the same process is applied for the
curveβ, thencos θβ = 0 is calculated. If the found values are replaced in equation (3. 14 ),
k1γ cos θγ sin2 σαβ = 0 is obtained. Sincek1γ 6= 0 and the angle betweenTα andTβ is
σαβ 6= kπ for k = 0, 1, 2, ..., cos θγ = 0, that is〈γ′′, N〉 = 0 is obtained. Therefore,
according to equation (2. 9 ), the curveγ is asymptotic line on the hypersurfaceM3.

(⇐) : Let α, β andγ be asymptotic lines. Let’s prove that the hypersurfaceM3 is
minimal translation hypersurface:
Sinceα, β andγ are asymptotic lines according to equation (2. 9 ) the followings can be
written

〈α′′, N〉 = cos θα = 0, 〈β′′, N〉 = cos θβ = 0, 〈γ′′, N〉 = cos θγ = 0.

If the calculated values are replaced in equation (3. 13 ), then

H = − 1
3∆

[
k1α cos θα sin2 σβγ + k1β cos θβ sin2 σαγ + k1γ cos θγ sin2 σαβ

]
= 0

is obtained. As a result, the hypersurfaceM3 is minimal translation hypersurface. ¤

The following computational example demonstrates the above results.
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Example 3.3. Consider the generator curves given by




α (u) =
(√

6u
3 − 1,

√
2u
3 , cos u

3 , sin u
3

)
,

β (v) =
(
cos v

2 , sin v
2 ,
√

2v
2 + 1, v

2

)
,

γ (w) =
(
cos w√

2
, sin w√

2
+ 1, w

2 , w−1
2

)
,

and the translation hypersurface

φ (u, v, w) = α (u) + β (v) + γ (w) (3. 15)

in Euclidean4-space. The generator curvesα, β and γ have unit speed and are non-
planar, since the second curvatures ( see in[9] ) k2α = 2

√
2

9 , k2β = 3
4
√

3
andk2γ = 1

2

of these curves are non-zero, respectively. Note that the curves are not asymptotic due to
〈α′′, N〉 6= 0, 〈β′′, N〉 6= 0 and〈γ′′, N〉 6= 0. The tangent vectors of the hypersurfaceM3

are obtained as




φu = α′ (u) = Tα =
(√

6
3 ,

√
2

3 ,− 1
3 sin u

3 , 1
3 cos u

3

)
,

φv = β′ (v) = Tβ =
(
− 1

2 sin v
2 , 1

2 cos v
2 ,
√

2
2 , 1

2

)
,

φw = γ′ (w) = Tγ =
(
− 1√

2
sin w√

2
, 1√

2
cos w√

2
, 1

2 , 1
2

)
,

(3. 16)

and at pointP = φ
(

9π
2 , π, 0

)
using the equalities(3. 16 )are found as





α′
(

9π
2

)
= Tα

∣∣
P

=
(√

6
3 ,

√
2

3 , 1
3 , 0

)
,

β′ (π) = Tβ

∣∣
P

=
(
− 1

2 , 0,
√

2
2 , 1

2

)
,

γ′ (0) = Tγ

∣∣
P

=
(
0, 1√

2
, 1

2 , 1
2

)
.

The unit normal vector field of hypersurfaceM3 using equation(2. 2 ) is

N
∣∣
P

=
1√

61− 12
√

2 + 4
√

3− 6
√

6

(
2,−1− 2

√
3 +

√
6,
√

2− 2
√

3, 2
√

6
)

.

The first and the second fundamental forms of hypersurfaceM3 are given as follows:

I
∣∣
P

= du2 + dv2 + dw2 +
√

2−√6
3

dudv + dudw +
1 +

√
2

2
dvdw,

II
∣∣
P

=
2
√

6
9λ

du2 +
−1− 2

√
3 +

√
6

4λ
dv2 +

1
λ

dw2,

whereλ =
√

61− 12
√

2 + 4
√

3− 6
√

6. The matrix corresponding to the coefficients of
the first fundamental form of M is calculated as

I
∣∣
P

=




1
√

2−√6
6

1
2√

2−√6
6 1 1+

√
2

4
1
2

1+
√

2
4 1


 .
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Furthermore, the inverse of the matrixI is obtained as

I−1
∣∣
P

=




9(2
√

2−13)
−λ2

6(
√

2−4
√

6−3)
−λ2

12(5+
√

3+
√

2−√3)

−λ2

6(
√

2−4
√

6−3)
−λ2

108
λ2

12(3+2
√

2+
√

6)
λ2

12(5+
√

3+
√

2−√3)

−λ2
12(3+2

√
2+
√

6)
λ2

16(7+
√

3)
λ2




.

The shape operator of the hypersurfaceM3 using equationS = I−1II is found as

S
��
P

=

0
BBBBBBBBBBBBBB@

26
√

6− 8
√

3

λ3

3
�
21− 23

√
2− 8

√
3 +

√
6
�

2λ3
−

12
�
5 +

√
3 +

p
2−√2

�

λ3

32− 8√
3

+ 4
√

6

λ3

27(−1− 2
√

3 +
√

6)

λ3
−

12
�
3 + 2

√
2 +

√
6
�

λ3

8
√

2(5 +
√

3 +
p

2−√2)
√

3λ3

3
�
8
√

2 + 2
√

3 + 2
√

6− 3
�

λ3

16
�
7 +

√
3
�

λ3

1
CCCCCCCCCCCCCCA

.

The Gaussian curvature of the hypersurfaceM3 using equation(2. 7 ) is obtained as

K
��
P

=
8
�
47058− 35814

√
2 + 14292

√
3− 11557

√
6 + 12

p
2−√2

�−492 + 396
√

2− 210
√

3 + 175
√

6
��

λ9
.

The mean curvature of the hypersurfaceM3 using equation(2. 8 ) is found

H
∣∣
P

=
85− 46

√
3 + 53

√
6

λ3
.

4. CONCLUSIONS

The main point of this paper is to develop the theory of the translation hypersurfaces in
Euclidean4-space. Namely, with this approach, the existence of3-parametric translation
surfaces as the sum of three unit speed non-planar space curves with distinct parameters
bring to light along with their characteristic features. The unit normal vector field, the fun-
damental forms, the shape operator matrix, the Gaussian curvature and the mean curvature
are discussed for these new translation hypersurfaces. The calculations were supported
with the numerical example.
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