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1. INTRODUCTION

In 1984, Cao introduced the idea of incline algebra and explored certain properties of
this notion [4]. Incline algebra characterized the bolean and fuzzy algebras and it is a spe-
cialized category of semi-rings. Many researcher discussed this structure and provided new
results in the theory of incline algebra [1, 2, 3, 4, 7, 10, 11, 14]. In 2010, after the idea of
derivation in incline algebras started by Alshehry, several researchers added very useful re-
sults to this theory by utilizing derivations such as symmetric bi-derivations and permuting
tri-derivations [7, 10, 11]. Recently in 2015, the notion of set valued derivations on lattices
and symmetric bi-multiderivation on incline algebras is proposed by Rezapour and Sami
[13, 14]. In this paper, we have generalized the idea of symmetric bi-multiderivation and
investigated related properties.

2. PRELIMINARIES

Definition 2.1. [14] LetJ is a nonempty set then(J,∨,∧) is said to be an incline algebra
if following conditions are satisfied:
J1 : (ζ ∨ ξ) ∨ρ = ζ ∨ (ξ ∨ ρ)
J2 : ζ∧ (ξ ∨ ρ) = (ζ ∧ ξ) ∨ (ζ ∧ ρ)
J3 : (ξ ∨ ρ)∧ζ = (ξ ∧ ζ) ∨ (ρ ∧ ζ)
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J4 : (ζ ∧ ξ) ∨ ρ = (ζ ∨ ρ) ∧ (ξ ∨ ρ)
J5 : ζ ∧ (ζ ∨ ξ) = ζ
J6 : ζ ∨ (ζ ∧ ξ) = ζ
J7 : ζ∧ (ζ ∨ ξ) = ζ
J8 : (ζ ∧ ζ) = ζ,
J9 : ζ ∨ (ξ ∨ ρ) = (ζ ∨ ξ) ∨ ρ
J10 : ζ ∧ (ξ ∧ ρ) = (ζ ∧ ξ) ∧ ρ
J11 : ζ ∨ ξ = ξ ∨ ζ for all ζ, ξ, ρ ∈ J .

Definition 2.2. [14] Let (J,∨,∧) is an incline algebra then it is said to be commutative if
ζ ∧ ξ = ξ ∧ ζ for all ζ, ξ ∈ J .

Definition 2.3. [14] Let ℘ 6= 0 and℘ ⊂ J , then℘ is called a subincline algebra if℘ is
closed under∨ and∧.

Definition 2.4. [14] A subincline algebra on an incline algebra is said to be an Ideal ifζ
∈ ℘ andζ ≤ ξ impliesξ ∈ ℘.

Definition 2.5. [14] A nonzero element 1 inJ is said to be multiplicative Identity ifζ∧1 =
ζ ∀ ζ ∈ J .

Definition 2.6. [14] An element0 ∈ J is said to be a zero element ofJ if 0∧ ζ = ζ ∧0 = 0
∀ζ ∈ J .

Definition 2.7. [14] Let J is incline algebra andζ 6= 0, an element ofJ is called a left
or right zero divisor if there exist a nonzero elementξ 6= 0 in J such thatζ ∧ ξ = 0 or
respectivelyξ ∧ ζ = 0.

3. PERMUTING TRI-MULTIDERIVATION ON INCLINE ALGEBRA

In this section, we proved some results by using the notion of permuting tri multi-
derivation on Incline Algebra.

Definition 3.1. Let(J,∧,∨) be an incline algebra. A permuting map= : J×J×J −→ 2J

is called a permuting tri-multimap. If
=(ζ ∧ ı, ξ, ρ) = [=(ζ, ξ, ρ) ∧ ı] ∨ [ζ ∧ =(ı, ξ, ρ)], for all ζ, ξ, ı, ρ ∈ J . Then= is called a
permuting tri-multiderivation onJ . Here=(ζ, ξ, ρ) ∧ ı means=(ζ, ξ, ρ)∧ {ı}.

Example 3.2. Let (J,∧,∨) be a commutative incline algebra and℘ a subincline algebra
of J . Let= : J × J × J −→ 2J be a set valued map defined by=(ζ, ξ, ρ)= ζ ∧ ξ ∧ ρ ∧ ℘,
for all ζξ, ρ ∈ J . Then= is an isotone permuting tri-multiderivation onJ .

Example 3.3. Let J be a set of non-negative real numbers,ζ ∧ ξ is the greatest lower
bound ofζ andξ andζ ∨ ξ is the least upper bound ofζ andξ. Let= : J × J × J −→ 2J

be a set valued map defined by=(ζ, ξ, ρ)= γ ∈ J : γ ≤ ζ ∧ (ξ ∧ ρ) = (ζ ∧ ξ) ∧ ρ , for all
ζξ, ρ ∈ J . Then= is called permuting tri-multiderivation onJ .

Proposition 3.4. Let(J,∨,∧) is an incline algebra and= be a permuting tri-multiderivation
onJ . Then following axioms hold:
(i) =(ζ ∧ ı, ξ, ρ) ¹ =(ζ, ξ, ρ) ∨ =(ı, ξ, ρ).
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(ii) =(ζ ∧ ı, ξ, ρ) ¹ ı wheneverζ ≤ ı and=(ı, ξ, ρ) ≤ =(ζ, ξ, ρ).
(iii) Moreover=(ζ, ξ, ρ) ¹ ζ, =(ζ, ξ, ρ) ¹ ξ, =(ζ, ξ, ρ) ¹ ρ.
(iv) =(ζ, ξ, ρ) ∧ =(ı, ξ, ρ) ¹ =(ζ ∧ ı, ξ, ρ).

Proof. Let ζ, ξ, ρ ∈ J then,
(i) Since=(ζ, ξ, ρ) ∧ ı ¹ =(ζ, ξ, ρ). Also ζ ∧ =(ı, ξ, ρ) ¹ =(ı, ξ, ρ). This implies
(=(ζ, ξ, ρ) ∧ ı) ∨ (ζ ∧ =(ı, ξ, ρ)) ¹ =(ζ, ξ, ρ) ∨ =(ı, ξ, ρ). This gives=(ζ ∧ ı, ξ, ρ) ¹
=(ζ, ξ, ρ) ∨ =(ı, ξ, ρ).
(ii) Let ζ ≤ ı then,
ζ ∧ =(ı, ξ, ρ) ¹ ı ∧ =(ζ, ξ, ρ) ¹ ı. Also=(ζ, ξ, ρ) ∧ ı ¹ ı. This implies=(ζ ∧ ı, ξ, ρ) =
(=(ζ, ξ, ρ) ∧ ı) ∨ (ζ ∧ =(ı, ξ, ρ)) ¹ ı ∨ ı. This gives=(ζ ∧ ı, ξ, ρ) ¹ ı.
(iii) Let J is a lattice and= be a permuting tri-multiderivation onJ , then
=(ζ, ξ, ρ) = =(ζ ∧ ζ, ξ, ρ)=[=(ζ, ξ, ρ) ∧ ζ] ∧ [ζ ∧ =(ζ, ξ, ρ)]. Also =(ζ, ξ, ρ) ∨ ζ =
[=(ζ, ξ, ρ) ∧ ζ] ∨ [ζ ∧ =(ζ, ξ, ρ)] ∨ ζ=(=(ζ, ξ, ρ) ∧ ζ) ∨ ζ ∨ (ζ ∧ =(ζ, ξ, ρ))=ζ. This
implies=(ζ, ξ, ρ) ¹ ζ.
(iv) Let J be a lattice andı, ξ, ρ ∈ J , then
=(ζ, ξ, ρ)∧=(ı, ξ, ρ)⊂ [=(ζ, ξ, ρ)∧=(ı, ξ, ρ)] ∨ [=(ζ, ξ, ρ)∧=(ı, ξ, ρ)]¹ (=(ζ, ξ, ρ)∧ ı)
∨ ζ ∧ =(ı, ξ, ρ)==(ζ ∧ ı, ξ, ρ). Which implies=(ζ, ξ, ρ) ∧ =(ı, ξ, ρ) ⊂ =(ζ ∧ ı, ξ, ρ). ¤
Proposition 3.5. Let (J,∧,∨) be an incline algebra with a zero element and= be a per-
muting tri-multiderivation onJ with trace~. Then~(0) = 0.

Proof. Since~(0) ==(0, 0, 0)==(ζ ∧ 0, 0, 0)=(=(ζ, 0, 0)∧ 0) ∨ (ζ ∧=(0, 0, 0))= 0 ∨(ζ ∧
=(0, 0, 0))= (ζ ∧ =(0, 0, 0)). Takingζ = 0 we get,~(0) = 0. ¤
Proposition 3.6. LetJ be an incline algebra with multiplicative identity 1 and~ be a trace
of=, Then following hold:
(i) ζ ∧ =(1, ξ, ρ) ¹ =(ζ, ξ, ρ).
(ii) If ~(1) = 1 thenζ ¹ =(ζ, 1, 1).
(iii) Moreover=(1, ξ, ξ) ¹ =(ζ, ξ, ξ) whenever=(1, ξ, ξ) ¹ ζ.
(iv) If ζ ¹ =(1, ξ, ξ) thenζ ∈ =(ζ, ξ, ξ).

Proof. (i) Since=(ζ, ξ, ξ)==(ζ ∧ 1, ξ, ξ)=(=(ζ, ξ, ξ)∧ 1) ∨ (ζ ∧=(1, ξ, ξ))==(ζ, ξ, ξ) ∨
(ζ ∧ =(1, ξ, ξ)). This implies(ζ ∧ =(1, ξ, ξ)) ¹ t(ζ, ξ, ξ).
(ii) let ~(1) = 1 then by usingξ = 1 in above result we have,ζ ∧ =(1, 1, 1) ¹ =(ζ, 1, 1).
Which impliesζ ∧ ~(1) ¹ =(ζ, 1, 1). Henceζ ¹ =(ζ, 1, 1).
(iii) Now =(1, ξ, ξ) ¹ =(ζ, ξ, ξ) when=(1, ξ, ξ) ¹ p. As we knowζ ∧ =(1, ξ, ξ) ¹
=(ζ, ξ, ξ). This implies=(1, ξ, ξ) ¹ =(ζ, ξ, ξ) therefore by given condition
(iv) Let ζ ¹ =(1, ξ, ξ). Then we have,ζ ¹ r for somer ∈ =(1, ξ, ξ). Thereforeζ =
=(ζ, ξ, ξ) ∨ p forall ζ, ξ ∈ J therefore by2.5(iii) we have,= =(ζ, ξ, ξ) ∨ (ζ ∧ r) ∈
=(ζ, ξ, ξ) ∨ (ζ∧=(1, ξ, ξ)) = (=(ζ, ξ, ξ)∧1) ∨ (ζ∧=(1, ξ, ξ)). =(ζ∧1, ξ, ξ) = =(ζ, ξ, ξ).
This givesζ ∈ =(ζ, ξ, ξ). ¤
Proposition 3.7. Let(J,∨,∧) be an integral incline algebra,= be permuting tri-multideviation
onJ × J × J . If α, ζ, ξ ∈ J andα ∧ =(ζ, ξ, ρ) = 0. Then eitherα = 0 or = = 0.

Proof. Let ı ∈ J andα ∧=(ζ, ξ, ρ) = 0. Replacingζ by ζ∧ı, we have0 = α ∧=(ζ∧ı, ξ, ρ)
= α ∧ (=(ζ, ξ, ρ) ∧ ı) ∨ (ζ ∧ =(ı, ξ, ρ)) = (α ∧ =(ζ, ξ, ρ) ∧ ı) ∨ (α ∧ (ζ ∧ =(ı, ξ, ρ)))=
α ∧ (ζ ∧ =(ı, ξ, ρ)) forall ζ, ξ, ı, ρ ∈ J . By usingζ = 1 we get0 = α ∧ (1 ∧ =(ı, ξ, ρ))
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= α ∧ =(ı, ξ, ρ)
SinceJ has no zero divisor therefore eitherα = 0 or =(ı, ξ, ρ) = 0 forall ζ, ξ, ı, ρ ∈ J .
However we can getα = 0 or= = 0 where=(ζ, ξ, ρ) ∧ α = 0. ¤
Proposition 3.8. Let (J,∨,∧) be an incline algebra,= a superjoinitive permuting tri-
multiderivation onJ and~ be a trace ofJ , So we get the following:
(i) ~(ζ) ∨ ~(ξ) ¹ ~(ζ ∨ ξ).
(ii) =(ζ ∧ ξ, ξ, ξ) ¹ ~(ζ).
(iii) Also= is an isotone permuting tri-multideviation onJ .

Proof. (i) Since= is superjoinitive so we get~(ζ ∨ ξ)==(ζ ∨ ξ, ζ ∨ ξ, ζ ∨ ξ) ⊇ =(ζ, ζ ∨
ξ, ζ∨ξ) ∨ =(ξ, ζ∨ξ, ζ∨ξ)⊇=(ζ, ζ, ζ∨ξ) ∨ =(ζ, ξ, ζ∨ξ) ∨ =(ξ, ζ, ζ∨ξ) ∨ =(ξ, ξ, ζ∨ξ)
⊇ =(ζ, ζ, ζ) ∨ =(ζ, ζ, ξ) ∨ =(ζ, ξ, ζ) ∨ =(ζ, ξ, ξ) ∨ =(ξ, ζ, ζ) ∨ =(ξ, ζ, ξ) ∨ =(ξ, ξ, ζ) ∨
=(ξ, ξ, ξ). Which gives~(ζ ∨ ξ) ⊇ ~(ζ) ∨ ~(ξ) ∨ =(ζ, ζ, ξ) ∨ =(ζ, ξ, ξ). Hence we get
~(ζ) ∨ ~(ξ) ¹ ~(ζ ∨ ξ) forall ζ, ξ ∈ J .
(ii) ~(ζ) = =(ζ, ζ, ζ) = =(ζ ∨ (ζ ∧ ξ), ζ, ζ) ⊇ =(ζ, ζ, ζ) ∨ =(ζ ∧ ξ, ζ, ζ) = ~(ζ) ∨
=(ζ ∧ ξ, ζ, ζ). This implies~(ζ) º =(ζ ∧ ξ, ζ, ζ).
(iii) Let (ζ, ξ, ρ)¹ (ℵ, β, γ) that isζ ≤ ℵ ξ ≤ β andρ ≤ γ. Then we get=(ℵ, β, γ)==((ℵ, β, γ)
∨ (ℵ, β, γ)) ⊇ =(ℵ, β, γ) ∨ =(ζ, ξ, ρ) ∨ =(ζ, β, γ) ∨ =(ℵ, ξ, ρ). This gives=(ζ, ξ, ρ) ¹
=(ℵ, β, γ). ¤
Definition 3.9. Let (J,∨,∧) be an incline algebra,= be a permuting tri-multideviation
on J × J × J and ~ be the trace of=. Then the set of fixed point of= is Fix=(J ×
J × J)={(ζ, ξ, ρ) ∈ J × J × J |ζ, ξ, ρ ∈ =(ζ, ξ, ρ)}. Since= is permuting(ζ, ξ, ρ) ∈
Fix=(J × J × J) iff (ρ, ξ, ζ) = (ξ, ρ, ζ) = (ξ, ζ, ρ) = (ρ, ζ, ξ) ∈ Fix=(J × J × J). The
set of fixed point of~ is denoted byFix~(J) = {ζ ∈ J, |ζ ∈ ~(ζ)}.
Remark 3.10. An Inline algebraJ is a Distributive Lattice iffζ ∧ ζ = ζ for all ζ ∈ J .

Theorem 3.11.LetJ is a Distributive Lattice,= a superjoinitive permuting tri-multideviation
on J × J × J and~ be the trace of=. Then following hold: (i)~(ζ ∧ ξ) ¹ (~(ζ) ∧ ξ) ∨
(ζ ∧ ~(ξ)).
(ii)~(ζ ∧ ξ) º (~(ζ) ∧ ξ) ∨ (ζ ∧ ~(ξ)) forall ζ, ξ ∈ J .

Proof. Let ζ, ξ ∈ J . Since~(ζ) = =(ζ, ζ, ζ) = =(ζ ∧ ζ, ζ, ζ) = (=(ζ, ζ, ζ) ∧ ζ) ∨
(ζ ∧ =(ζ, ζ, ζ)) = (~(ζ) ∧ ζ) ∨ (ζ ∧ ~(ζ)) ¹ ζ. Also ~(ζ ∧ ξ) = =(ζ ∧ ξ, ζ ∧ ξ, ζ ∧ ξ)
= (=(ζ, ζ ∧ ξ, ζ ∧ ξ) ∧ ξ) ∨ (ζ ∧ =(ξ, ζ ∧ ξ, ζ ∧ ξ) ∧ ξ). So by using proposition 3.8 we
get~(ζ ∧ ξ) ¹ (~(ζ) ∧ ξ) ∨ (ζ ∧ ~(ξ)).
(ii) On the other hand~(ζ∧ξ) ==(ζ∧ξ, ζ∧ξ, ζ∧ξ) = (=(ζ, ζ∧ξ, ζ∧ξ)∧ξ)∨(ζ∧=(ξ, ζ∧
ξ, ζ ∧ ξ)) = {(=(ζ, ζ, ζ ∧ ξ) ∧ ξ) ∨ (ζ ∧ =(ζ, ξ, ζ ∧ ξ) ∧ ξ)} ∨ {(ζ ∧ (=(ξ, ζ, ζ ∧ ξ) ∧ ξ)
∨ (ζ ∧=(ξ, ξ, ζ ∧ ξ)))}. SinceJ be a distributive lattice so we have= (=(ζ, ζ, ζ ∧ ξ)∧ ξ)
∨ =(ζ, ξ, ζ ∧ ξ) ∨ (=(ξ, ζ, ζ ∧ ξ)) ∨ ζ ∧ =(ξ, ξ, ζ ∧ ξ).
= [{(=(ζ, ζ, ζ) ∧ ξ) ∨ (ζ ∧=(ζ, ζ, ξ))} ∧ ξ] ∨ [(ζ ∧=(ζ, ξ, ξ)) ∨ (=(ζ, ξ, ζ) ∧ ξ)] ∨ [(ζ ∧
=(ξ, ζ, ξ)) ∨ (=(ξ, ζ, ζ) ∧ ξ)] ∨ [(ζ ∧ {=(ξ, ξ, ζ) ∧ ξ) ∨ (ζ ∧ =(ξ, ξ, ξ)}]. SinceJ be a
distributive lattice and= is permuting so we get= (~(ζ) ∧ ξ) ∨ (ζ ∧ ~(ξ)) ∨ =(ζ, ζ, ξ) ∨
=(ζ, ξ, ξ). This implies(~(ζ) ∧ ξ) ∨ (ζ ∧ ~(ξ)) ¹ ~(ζ ∧ ξ). ¤
Theorem 3.12.LetJ is a Distributive Lattice,= a superjoinitive permuting tri-multideviation
onJ × J × J and~ be the trace of=. If ξ ≤ ζ andζ ∈ ~(ζ) thenξ ∈ ~(ξ).
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Proof. Let ξ ≤ ζ andζ ∈ ~(ζ) then by using theorem 3.11(i) we have~(ξ) ¹ ξ ≤ ζ.
Also ~(ξ) ∨ (ξ ∧ ~(ζ)) = (~(ξ) ∧ ζ) ∨ (ξ ∧ ~(ζ)). Also by using theorem 3.11(ii) we
get¹ h(ζ ∧ ξ) = h(ξ) and~(ξ) ¹ (~(ξ) ∧ ζ) ∨ (ξ ∧ ~(ζ)) = ~(ξ) ∨ (ξ ∧ ~(ζ). Thus
ξ ∧ ~(ζ) ¹ ~(ξ) ≤ ξ. On the other handξ = ξ ∧ ζ ∈ ξ ∧ ~(ζ) ¹ ~(ξ). Hence we get
ξ ∈ ~(ξ). ¤

Corollary 3.13. LetJ be the distributive lattice with a greatest element1, = a superjoini-
tive permuting tri multiderivative onJ × J × J and~ be a trace of=. Then1 ∈ ~(1) iff
Fix~(J) = J .

Proof. Suppose that1 ∈ ~(1). Sinceζ ≤ 1 forall ζ ∈ J . So by using theorem 3.12 we get
p ∈ h(p) for all p ∈ J . This givesFix~(J) = J . ¤

Definition 3.14. Let(J,∨,∧) be an integral incline algebra ,= be a permuting tri-multideviation
onJ × J × J and~ be the trace of=. Then we define~2(ζ) = ~(~(ζ)) =

⊔
ξ∈~2(ζ) ~(ξ).

Theorem 3.15.LetJ be a distributive lattice and= a superjoinitive permuting tri-multideviation
onJ × J × J and~ be the trace of=. ThenFix~(J) is an Ideal ofJ .

Proof. Let ζ, ξ ∈ Fix~(J). Then

ζ ∨ ξ ∈ ~(ζ) ∨ ~(ξ) (3. 1)

By using proposition 3.8 we getJ is an Isotone permuting tri-multiderivation onJ×J×J .
Hence we have~(ζ) ¹ ~(ζ ∨ ξ) and~(ξ) ¹ ~(ζ ∨ ξ). This implies

~(ζ) ∨ ~(ξ) ¹ ~(ζ ∨ ξ) (3. 2)

By combining equation 3. 1 and 3. 2 we haveζ ∨ ξ ∈ ~(ζ)∨~(ξ) ¹ ~(ζ ∨ ξ). This gives
ζ ∨ ξ ∈ ~(ζ ∨ ξ). This Impliesζ ∨ ξ ∈ Fix~(J). Moreoverζ ∨ ξ = (ζ ∨ ξ) ∨ (ζ ∨ ξ) ∈
(~(ζ)∧ ξ) ∨ (ζ ∧ ~(ξ)) ¹ ζ ∧ ξ. Hence,ζ ∧ ξ ∈ Fix~(J). Now supposeζ ∈ Fix~(J) and
ξ ∈ J such thatξ ≤ ζ. Then by using theorem 3.12 we haveFix~(J) is an ideal ofJ . ¤

Theorem 3.16. Let (J,∨,∧) be an integral incline algebra. Suppose there exist joinitive
permuting tri-multiderivations=1 and=2 such that=1(~2(ζ), ζ, ζ) = 0 forall ζ ∈ J . Then
either0 ∈ ~1(ζ) or 0 ∈ ~2(ζ).

Proof. Since~2(ζ) ⊂ ~2(ζ) ∨ (~2(ζ) ∧ ζ). Then0 = =1(~2(ζ), ζ, ζ) ⊂ =1(~2(ζ) ∨
(~2(ζ) ∧ ζ), ζ, ζ) = =1(~2(ζ), ζ, ζ) ∨ =1(~2(ζ) ∧ ζ), ζ, ζ) = 0∨ =1(~2(ζ) ∧ ζ), ζ, ζ) =
=1((~2(ζ), ζ, ζ)) ∧ ζ ∨ (~2(ζ) ∧ =1(ζ, ζ, ζ)) = 0 ∨ (~2(ζ) ∨ ~1(ζ))= ~2(ζ) ∨ ~1(ζ).
Hence there existℵ ∈ ~2(ζ) andα ∈ ~1(ζ) such that0= ℵ ∧ α. SinceJ is integral Incline
Algebra so eitherℵ = 0 or α = 0. Therefore either0 ∈ ~1(ζ) or 0 ∈ ~2(ζ). ¤

Conclusion: Keeping in view the importance of genralization of derivations which are
appearing more useful and convenient tool in the field of abstract algebra, we have general-
ized symmetric bi-multderivation on incline algebra with permuting tri-multiderivation on
incline algebra. By using this notion we have proved some useful results.
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