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1. INTRODUCTION

In 1960, Opial [10] presented an interesting inequality which is called Opial’s inequality
afterwards. Opial-type inequalities have importance in applications in the theory of ordi-
nary differential equations and boundary value problems. A large number of papers have
appeared in literature, for example, ([5], [8], [11]).

In 1968, D. Willett [11], considered the Opial-type inequality which involves a higher
order derivative. Later on Das [4], found a more general result but in the last twenty years
a large number of papers have been appeared in the literature which deals with the sim-
ple proves. In [12], Yang has established some interesting generalization of the Opial’s
inequality by using the Mallows method [9]. Agarwal, Alzer and Pang ([1]-[3]) studied
the variety of Opial-type inequalities including ordinary derivatives and their application in
differential equation and difference equation. Most of the writers dealt with them in diverse
directions and for numerous cases, and still it halt a most active area of research. Opial’s
inequality has been generalized to frequent dissimilar situations and setting. Recently Iqbal
et al [7], gave a variety of Opial-type inequalities but particularly our interest is to give the
results for Riemann-Liouville radial fractional derivative operator, Caputo radial fractional
derivative operators.

The Opial’s inequality is stated in next theorem.

Theorem 1.1. Let a > 0,Φ ∈ C1[0, a] with Φ(a) = Φ(0) = 0 andΦ(ξ) > 0 on (0, a),
then

a∫

0

|Φ(ξ)Φ′(ξ)|dξ ≤ a

4

a∫

0

(Φ′(ξ))2dξ.

the constanta4 is the best possible.

The space of all functions on[a, b] which have continuous derivatives up to ordern
is denoted byCn[a, b], and the space of all absolutely continuous functions on[a, b] is
denoted byAC[a, b]. By ACn[a, b] we denote the space of all functionsΦ ∈ Cn−1[a, b]
with Φ(n−1) ∈ AC[a, b].

The space of all Lebesgue measurable functionsΦ for which |Φp| is Lebesgue integrable
on [a, b] is denoted byLp[a, b], 1 ≤ p < ∞, and the set of all measurable and essentially
bounded functions on[a, b] denoted byL∞[a, b]. Clearly,L∞[a, b] ⊂ Lp[a, b] for all p ≥ 1.

We say that a functionΨ : [a, b] → R belong to the classU(Φ, k) if it admits the
representation

|Ψ(ξ)| ≤
ξ∫

a

k(ξ, η)|Φ(η)|dη, (1. 1)

where Φ is a continuous function andk is an arbitrary non-negative kernel such that
Φ(ξ) > 0 implies Ψ(η) > 0 for everyξ ∈ [a, b]. We also suppose that all integrals un-
der considerations exist and that they are finite.

We start with the definition of Riemann-Liouville in short R-L radial fractional deriva-
tive, given in [6].
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Definition 1.2. Assume thatBX stand for the Borel class on spaceX and define the mea-
sureRN on ((0,∞), B(0,∞)) by

RN (Γ) =
∫

Γ

ξN−1dξ, Γ ∈ B(0,∞). (1. 2)

Now supposeΦ ∈ L1(A) = L1([R1, R2]× SN−1). For a fixω ∈ SN−1, we define

Ψω(ξ) := Φ(ξω) = Φ(x), (1. 3)

hence

x ∈ A := B(0, R2)−B(0, R1),

0 < R1 ≤ ξ ≤ R2, ξ = |x|, ω =
x

ξ
∈ SN−1. (1. 4)

The above bears to the following definition of R-L radial fractional derivative detail is
given in[6]. Assumeβ > 0,m := [β] + 1, Φ ∈ L1(A), alsoA is spherical shell. Then

∂β
R1

Φ(x)
∂ξβ

= Dβ
R1

Φ(ξω) =





1
Γ(m−β) (

∂
∂ξ )m

ξ∫
R1

(ξ − η)m−β−1Φ(ηω)dη, ω ∈ SN−1 −K(Φ),

0, ω ∈ K(Φ).

Here

x = ξω ∈ A, ξ ∈ [R1, R2], ω ∈ SN−1,

K(Φ) =: {ω ∈ SN−1 : Φ(.ω) 6∈ L1([R1, R2], B[R1,R2], RN )}.
If β = 0, we obtain

∂β
R1

Φ(x)
∂ξβ

:= Φ(x).

∂β
R1

Φ(x)/∂ξβ denotes the R-L radial fractional derivative ofΦ of orderβ, see[6].

Lemma 1.3. Assume thatγ + 1 ≤ ν, 0 ≤ γ, n := dνe,Φ := A → R with Φ ∈ L1(A).
Suppose thatΦ(·ω) ∈ ACn([R1, R2]), for all ω ∈ SN−1, and∂ν

R1
Φ(·ω)/∂ξν is measur-

able on[R1, R2] for all ω ∈ SN−1. Also suppose that there exist∂ν
R1

Φ(ξω)/∂ξν ∈ R for
everyξ ∈ [R1, R2], and for everyω ∈ SN−1, and∂ν

R1
Φ(ω)/∂ξν is measurable onA. If

there existL > 0, ∣∣∣∣
∂ν

R1
Φ(ω)

∂ξν

∣∣∣∣ ≤ L,

for all
(ξ, ω) ∈ [R1, R2]× SN−1.

Also we assume that∂jΦ(R1ω)/∂ξj = 0, j = 0, 1, ..., n− 1 for all ω ∈ SN−1, then

Dγ
R1

Φ(ξω) =
1

Γ(ν − γ)

ξ∫

R1

(ξ − η)ν−γ−1(Dν
R1

Φ)(ηω)dη, (1. 5)

is true for allx ∈ A, that is correct for allξ ∈ [R1, R2] and for allω ∈ SN−1, γ > 0.

Next we define the Caputo radial fractional derivative given in [6].
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Definition 1.4. SupposeΦ : A → R, ν ≥ 0, n := dνe, such thatΦ(·ω) ∈ ACn([R1, R2]),
for everyω ∈ SN−1, whereA = [R1, R2] × SN−1 for N ∈ N andSN−1 := {x ∈ RN :
|x| = 1}. Then the Caputo radial fractional derivative is defined by

∂ν
∗R1

Φ(x)
∂ξν

=
1

Γ(n− ν)

ξ∫

R1

(ξ − η)n−ν−1 ∂nΦ(ηω)
∂ξn

dη, (1. 6)

whencex ∈ A, that isx = ξω, ξ ∈ [R1, R2], ω ∈ SN−1. Obviously,

∂0
∗R1

Φ(x)
∂ξ0

= Φ(x),

∂ν
∗R1

Φ(x)
∂ξν

=
∂νΦ(x)

∂ξν
, if ν ∈ N, the usual radial derivative.

In the upcoming section, we give the Opial-type inequalities involving R-L radial and
Caputo radial fractional derivative operators.

2. OPIAL-TYPE INEQUALITIES FORRIEMANN -L IOUVILLE RADIAL FRACTIONAL

DERIVATIVE OPERATOR

First we shall give the results for R-L radial fractional derivative operator.

Theorem 2.1. Supposeγ ≥ 0, Dγ
R1

Ψ(ξω) be the R-L radial fractional derivative operator.
Suppose% > 0, λ ≥ 0 be measurable functions on[R1, x]. If s > 1, s > q > 0 alsop ≥ 0
and(Dν

R1
Φ1)(ξω), (Dν

R1
Ψ)(ξω) ∈ Ls[R1, R2]. Then

x∫

R1

λ(ξ)
(|Dγ

R1
Ψ(ξω)|p|(Dν

R1
Φ)(ξω)|q + |Dγ

R1
Φ(ξω)|p|(Dν

R1
Ψ)(ξω)|q) dξ

≤ 21− q
s

(
d p

q
− 2−

p
q

) q
s

(
q

p + q

) q
s




x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
(|(Dν

R1
Φ)(ηω)|s + |(Dν

R1
Ψ)(ηω)|s) dη




p+q
s

,

where

Z(ξ) =
1

[Γ(ν − γ)]p
λ(ξ)[%(ξ)]

−q
s




ξ∫

R1

(ξ − η)
s(ν−γ−1)

s−1 [%(η)]
1

1−s dη




p(s−1)
s

.

Proof. Let ξ ∈ [R1, x], using the inequality ( 1. 1 ), and the identity ( 1. 5 ) and applying
Hölder’s inequality for{ s

s−1 , s} we get
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|Dγ
R1

Ψ(ξω)|

≤ 1
Γ(ν − γ)

ξ∫

R1

(ξ − η)ν−γ−1[%(η)]
−1
s [%(η)]

1
s |Dν

R1
Ψ(ηω)|dη

≤ 1
Γ(ν − γ)




ξ∫

R1

(ξ − η)
s(ν−γ−1)

s−1 [%(η)]
1

1−s dη




s−1
s




ξ∫

R1

%(η)|Dν
R1

Ψ(ηω)|sdη




1
s

=
1

Γ(ν − γ)
[P1(ξ)]

s−1
s [L(ξ)]

1
s , (2. 7)

where

L(ξ) =

ξ∫

R1

%(η)|Dν
R1

Ψ(ηω)|sdη. (2. 8)

Let

M(ξ) =

ξ∫

R1

%(η)|Dν
R1

Φ(ηω)|sdη, (2. 9)

then

M ′(ξ) = %(ξ)|Dν
R1

Φ(ξω)|s, (2. 10)

that is

|Dν
R1

Φ(ξω)|q = [M ′(ξ)]
q
s [%(ξ)]

−q
s . (2. 11)

Now ( 2. 7 ) and ( 2. 11 ) imply that

λ(ξ)|Dγ
R1

Ψ(ξω)|p|Dν
R1

Φ(ξω)|q ≤ Z(ξ)[L(ξ)]
p
s [M ′(ξ)]

q
s , (2. 12)

where

Z(ξ) =
1

[Γ(ν − γ)]p
λ(ξ)[%(ξ)]

−q
s [P1(ξ)]

p(s−1)
s . (2. 13)

Integrating ( 2. 12 ) and applying Ḧolder’s inequality for{ s
s−q , s

q} we obtain

x∫

R1

λ(ξ)|Dγ
R1

Ψ(ξω)|p|Dν
R1

Φ(ξω)|qdξ

≤



x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[L(ξ)]
p
q M ′(ξ)dξ




q
s

. (2. 14)
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Similarly we get

x∫

R1

λ(ξ)|Dγ
R1

Φ(ξω)|p|Dν
R1

Ψ(ξω)|qdξ

≤



x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[M(ξ)]
p
q L′(ξ)dξ




q
s

. (2. 15)

Now we use inequality

cε(∆ + Θ)ε ≤ ∆ε + Θε ≤ dε(∆ + Θ)ε, (∆,Θ ≥ 0), (2. 16)

where

cε =
{

1, 0 ≤ ε ≤ 1;
21−ε, ε ≥ 1.

And

dε =
{

21−ε, 0 ≤ ε ≤ 1;
1, ε ≥ 1.

(2. 17)

Therefore from ( 2. 14 ), ( 2. 15 ) and ( 2. 16 ), withs > q we have

x∫

R1

λ(ξ)
(|Dγ

R1
Ψ(ξω)|p|Dν

R1
Φ(ξω)|qdξ + |Dγ

R1
Φ(ξω)|p|Dν

R1
Ψ(ξω)|q) dξ

≤



x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s

21− q
s




x∫

R1

(
[L(ξ)]

p
q M ′(ξ) + [M(ξ)]

p
q L′(ξ)

)
dξ




q
s

. (2. 18)

SinceL(R1) = M(R1) = 0 then with ( 2. 16 ) we have

x∫

R1

[
[L(ξ)]

p
q M ′(ξ) + [M(ξ)]

p
q L′(ξ)

]
dξ

=

x∫

R1

[
[L(ξ)]

p
q + [M(ξ)]

p
q

]
[L′(ξ) + M ′(ξ)]dξ −

x∫

R1

[
[L(ξ)]

p
q L′(ξ) + [M(ξ)]

p
q M ′(ξ)

]
dξ

≤ d p
q

x∫

R1

[L(ξ) + M(ξ)]
p
q [L(ξ) + M(ξ)]′dξ − q

p + q

[
L(x)

p
q +1 + M(x)

p
q +1

]

=
q

p + q
d p

q
[L(x) + M(x)]

p
q +1 − q

p + q

[
L(x)

p
q +1 + M(x)

p
q +1

]

≤ q

p + q
(d p

q
− 2

−p
q )[L(x) + M(x)]

p
q +1. (2. 19)
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From ( 2. 18 ) and ( 2. 19 ) we conclude

x∫

R1

λ(ξ)
(|Dγ

R1
Ψ(ξω)|p|Dν

R1
Φ(ξω)|q + |Dγ

R1
Φ(ξω)|p|Dν

R1
Ψ(ξω)|q) dξ

≤ 21− q
s

(
q

p + q

) q
s (

d p
q
− 2

−p
q

) q
s




x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
(|Dν

R1
Φ(ηω)|s + |Dν

R1
Ψ(ηω)|s) dη




p+q
s

.

This complete the proof. ¤

If we takeν = 1 andγ = 0 in the above theorem we get the next corollary.

Corollary 2.2. Assume thatγ ≥ 0, and let% > 0, λ ≥ 0 be measurable functions on
[R1, x]. If s > 1, s > q > 0 andp ≥ 0 andΦ′(ξω),Ψ′(ξω) ∈ Ls[R1, R2]. Then

x∫

R1

λ(ξ) (|Ψ(ξω)|p|Φ′(ξω)|q + |Φ(ξω)|p|Ψ′(ξω)|q) dξ

≤ 21− q
s

(
d p

q
− 2−

p
q

) q
s

(
q

p + q

) q
s




x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η) (|Φ′(ηω)|s + |Ψ′(ηω)|s) dη




p+q
s

, (2. 20)

whereZ andd p
q

are define in ( 2. 13 ), ( 2. 17 ) respectively.

Example 2.3. If we takeλ(ξ) = 1, %(ξ) = 1, s = 2, R1 = 0, γ = 0, in ( 2. 20 ) we obtain

Z(ξ) =
1

[Γ(1)]p




ξ∫

0

dη




p
2

= (ξ)
p
2 ,

and



x∫

0

[Z(ξ)]
2

2−q dξ




2−q
2

=




x∫

0

ξ
p

2−q dξ




2−q
2

=
x

p−q+2
2

(
p

2−q + 1
) 2−q

2

,
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where0 < q < 2 andp ≥ 0. If Φ′, Ψ′ ∈ L2[a, b], then for allx ∈ [a, b], we get

x∫

0

(|Ψ(ξω)|p|Φ′(ξω)|q + |Φ(ξω)|p|Ψ′(ξω)|q) dξ

≤ 21− q
2

(
d p

q
− 2−

p
q

) q
2

(
q

p + q

) q
2 x

p−q+2
2

(
p

2−q + 1
) 2−q

2

×



x∫

0

(|Φ′(ηω)|2 + |Ψ′(ηω)|2) dη




p+q
2

. (2. 21)

The related extreme case of Theorem 2.1 is given in next theorem.

Theorem 2.4.Assume thatν > γ1, γ2 ≥ 0 andDγ
R1

Ψ(ξω) be the R-L fractional derivative
operator. supposeλ ≥ 0 be a measurable function on[R1, x]. If p, l1, l2 ≥ 0 and suppose
Dν

R1
Φ, Dν

R1
Ψ ∈ L∞[R1, R2]. Then

x∫

R1

λ(ξ)[|Dγ1
R1

Φ(ξω)|l1 |Dγ2
R1

Ψ(ξω)|l2 |Dν
R1

Φ(ξω)|p

+ |Dγ2
R1

Φ(ξω)|l2 |Dγ1
R1

Ψ(ξω)|l1 |Dν
R1

Ψ(ξω)|p]dξ

≤ N1

[
‖Dν

R1
Φ‖2(l1+p)

∞ + ‖Dν
R1

Φ‖2l2∞ + ‖Dν
R1

Ψ‖2l2∞ + ‖Dν
R1

Ψ‖2(l1+p)
∞

]
,

where

N1 =
(x−R1)l1(ν−γ1)+l2(ν−γ2)+1‖λ‖∞

2 [Γ(ν − γ1 + 1)]l1 [Γ(ν − γ2 + 1)]l2 [l1(ν − γ1) + l2(ν − γ2) + 1]
.

Proof. Let ξ ∈ [R1, x], using identity ( 1. 5 ) the triangle inequality and Hölder’s inequality,
for i = 1, 2 we have

|Dγi

R1
Φ(ξω)|li ≤ 1

[Γ(ν − γi)]
li




ξ∫

R1

(ξ − η)ν−γi−1|Dν
R1

Φ(η)|dη




li

≤ 1

[Γ(ν − γi)]
li




ξ∫

R1

(ξ − η)ν−γi−1dη




li

‖Dν
R1

Φ‖li∞

=
(ξ −R1)li(ν−γi)

[Γ(ν − γi + 1)]li
‖Dν

R1
Φ‖li∞.

By analogy fori = 1, 2 we get

|Dγi

R1
Ψ(ξω)|li ≤ (ξ −R1)li(ν−γi)

[Γ(ν − γi + 1)]li
‖Dν

R1
Ψ‖li∞. (2. 22)
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Also

|Dν
R1

Φ(ξω)|p ≤ ‖Dν
R1

Φ‖p
∞,

and

|Dν
R1

Ψ(ξω)|p ≤ ‖Dν
R1

Ψ‖p
∞.

Hence

|Dγ1
R1

Φ(ξω)|l1 |Dγ2
R1

Ψ(ξω)|l2 |Dν
R1

Φ(ξω)|p

≤ (ξ −R1)l1(ν−γ1)+l2(ν−γ2)

[Γ(ν − γ1 + 1)]l1 [Γ(ν − γ2 + 1)]l2
‖Dν

R1
Φ‖l1+p

∞ ‖Dν
R1

Ψ‖l2∞. (2. 23)

Similarly

|Dγ2
R1

Φ(ξω)|l2 |Dγ1
R1

Ψ(ξω)|l1 |Dν
R1

Ψ(ξω)|p

≤ (ξ −R1)l2(ν−γ2)+l1(ν−γ1)

[Γ(ν − γ1 + 1)]l1 [Γ(ν − γ2 + 1)]l2
‖Dν

R1
Φ‖l2∞‖Dν

R1
Ψ‖l1+p

∞ . (2. 24)

From ( 2. 23 ) and ( 2. 24 ) follows

x∫

R1

λ(ξ)[|Dγ1
R1

Φ(ξω)|l1 |Dγ2
R1

Ψ(ξω)|l2 |Dν
R1

Φ(ξω)|p

+ |Dγ2
R1

Φ(ξω)|l2 |Dγ1
R1

Ψ(ξω)|l1 |Dν
R1

Ψ(ξω)|p]dξ

≤ (x−R1)l1(ν−γ1)+l2(ν−γ2)+1‖λ‖∞
[Γ(ν − γ1 + 1)]l1 [Γ(ν − γ2 + 1)]l2 [l1(ν − γ1) + l2(ν − γ2) + 1]

× 1
2

[
‖Dν

R1
Φ‖2(l1+p)

∞ + ‖Dν
R1

Φ‖2l2∞ + ‖Dν
R1

Ψ‖2l2∞ + ‖Dν
R1

Ψ‖2(l1+p)
∞

]

≤ N1

[
‖Dν

R1
Φ‖2(l1+p)

∞ + ‖Dν
R1

Φ‖2l2∞ + ‖Dν
R1

Ψ‖2l2∞ + ‖Dν
R1

Ψ‖2(l1+p)
∞

]
.

The proof is complete. ¤

In upcoming the counterpart of Theorem 2.1 is given.

Theorem 2.5. Assumeγ ≥ 0, Dγ
R1

Ψ(ξω) be the R-L radial fractional derivative operator.
Supposeλ ≥ 0, % > 0 be measurable functions on[R1, x]. If s < 0, q > 0 alsop ≥ 0.
If (Dν

R1
Φ), (Dν

R1
Ψ) ∈ Ls[R1, R2], each of which is of fixed sign a.e. on[R1, R2] with
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1
(Dν

R1
Φ)(ξω) ,

1
(Dν

R1
Φ)(ξω) ∈ Ls[R1, R2]. Then

x∫

R1

λ(ξ)
(|Dγ

R1
Ψ(ξω)|p|(Dν

R1
Φ)(ξω)|q + |Dγ

R1
Φ(ξω)|p|(Dν

R1
Ψ)(ξω)|q) dξ

≥ 21− q
s

(
c p

q
− 2−

p
q

) q
s

(
q

p + q

) q
s




x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
(|(Dν

R1
Φ)(ηω)|s + |(Dν

R1
Ψ)(ηω)|s) dη




p+q
s

.

Proof. Let ξ ∈ [R1, x] using the identity ( 1. 5 ) and reverse Hölder’s inequality for
{ s

s−1 , s} we get

|Dγ
R1

Ψ(ξω)|

=
1

Γ(ν − γ)

ξ∫

R1

(ξ − η)ν−γ−1[%(η)]
−1
s [%(η)]

1
s |Dν

R1
Ψ(ηω)|dη

≥ 1
Γ(ν − γ)




ξ∫

R1

(ξ − η)
s(ν−γ−1)

s−1 [%(η)]
1

1−s dη




s−1
s




ξ∫

R1

%(η)|Dν
R1

Ψ(ηω)|sdη




1
s

=
1

Γ(ν − γ)
[P1(ξ)]

s−1
s [L(ξ)]

1
s , (2. 25)

whereL(ξ) is defined by(2.8). SinceM(ξ) andM
′
(ξ) are defined by ( 2. 9 ) and ( 2. 10 )

respectively therefore we can have

|Dν
R1

Φ(ξω)|q = [M
′
(ξ)]

q
s [%(ξ)]

−q
s . (2. 26)

Now ( 2. 25 ) and ( 2. 26 ) imply that

λ(ξ)|Dγ
R1

Ψ(ξω)|p|Dν
R1

Φ(ξω)|q ≥ Z(ξ)[L(ξ)]
p
s [M

′
(ξ)]

q
s , (2. 27)

whereZ(ξ) defined by ( 2. 13 ). Integrating ( 2. 27 ) and applying reverse Hölder’s
inequality for{ s

s−q , s
q} we obtain

x∫

R1

λ(ξ)|Dγ
R1

Ψ(ξω)|p|Dν
R1

Φ(ξω)|qdξ

≥



x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[L(ξ)]
p
q M

′
(ξ)dξ




q
s

. (2. 28)



Opial-Type Inequalities Involving Radial Fractional Derivative Operators 55

Similarly we get
x∫

R1

λ(ξ)|Dγ
R1

Φ(ξω)|p|Dν
R1

Ψ(ξω)|qdξ

≥



x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[M(ξ)]
p
q L

′
(ξ)dξ




q
s

. (2. 29)

The inequality for negative power is given

∆χ + Θχ ≥ 21−χ(∆ + Θ)χ, (χ < 0;∆, Θ ≥ 0), (2. 30)

thus from ( 2. 28 ), ( 2. 29 ) and ( 2. 30 ) forχ < 0 with q
s < 0 we have

x∫

R1

λ(ξ)
[|Dγ

R1
Ψ(ξω)|p|Dν

R1
Φ(ξω)|qdξ + |Dγ

R1
Φ(ξω)|p|Dν

R1
Ψ(ξω)|q] dξ

≥



x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s

21− q
s




x∫

R1

[
[L(ξ)]

p
q M

′
(ξ) + [M(ξ)]

p
q L

′
(ξ)

]
dξ




q
s

. (2. 31)

For p
q > 0 and sinceL(R1) = M(R1) = 0 then with ( 2. 16 ) we have

x∫

R1

[
[L(ξ)]

p
q M

′
(ξ) + [M(ξ)]

p
q L

′
(ξ)

]
dξ ≥ q

p + q
(c p

q
− 2

−p
q )[L(x) + M(x)]

p
q +1.

(2. 32)

From ( 2. 31 ) and ( 2. 32 ) we conclude that
x∫

R1

λ(ξ)
[|Dγ

R1
Ψ(ξω)|p|Dν

R1
Φ(ξω)|q + |Dγ

R1
Φ(ξω)|p|Dν

R1
Ψ(ξω)|q] dξ

≥ 21− q
s

(
q

p + q

) q
s (

c p
q
− 2

−p
q

) q
s




x∫

R1

[Z(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
[|Dν

R1
Φ(ηω)|s + |Dν

R1
Ψ(ηω)|s] dη




p+q
s

.

This complete the proof. ¤

3. OPIAL-TYPE INEQUALITIES FORCAPUTO RADIAL FRACTIONAL DERIVATIVE

OPERATOR

In this section we shall give inequalities involving Caputo radial fractional derivative.
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Theorem 3.1. Let
∂ν
∗R1
∂ξν denote the Caputo radial fractional derivative operator. Suppose

% > 0, λ ≥ 0 be measurable functions on[R1, x]. If s > 1, s > q > 0 alsop ≥ 0. Suppose
∂nΨ(ξω)

∂ξn , ∂nΦ(ξω)
∂ξn ∈ Ls[R1, R2]. Then

x∫

R1

λ(ξ)
(∣∣∣∣

∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

+
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q)

dξ

≤ 21− q
s

(
d p

q
− 2−

p
q

) q
s

(
q

p + q

) q
s




x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
(∣∣∣∣

∂nΦ(ηω)
∂ξn

∣∣∣∣
s

+
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s)

dη




p+q
s

, (3. 33)

where

C(ξ) =
1

[Γ(n− ν)]p
λ(ξ)[%(ξ)]

−q
s




ξ∫

R1

(ξ − η)
s(n−ν−1)

s−1 [%(η)]
1

1−s dη




p(s−1)
s

.

Proof. Let ξ ∈ [R1, x], using the inequality ( 1. 1 ), the identity ( 1. 6 ) and Hölder’s
inequality for{ s

s−1 , s} we get.
∣∣∣∣
∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣

≤ 1
Γ(n− ν)

ξ∫

R1

(ξ − η)n−ν−1[%(η)]
−1
s [%(η)]

1
s

∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣ dη

≤ 1
Γ(n− ν)




ξ∫

R1

(ξ − η)
s(n−ν−1)

s−1 [%(η)]
1

1−s dη




s−1
s




ξ∫

R1

%(η)
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s

dη




1
s

=
1

Γ(n− ν)
[P2(ξ)]

s−1
s [A(ξ)]

1
s , (3. 34)

where

A(ξ) =

ξ∫

R1

%(η)
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s

dη,

and

B(ξ) =

ξ∫

R1

%(η)
∣∣∣∣
∂nΦ(ηω)

∂ξn

∣∣∣∣
s

dη.
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Then

B
′
(ξ) = %(ξ)

∣∣∣∣
∂nΦ(ξω)

∂ξn

∣∣∣∣
s

,

that is ∣∣∣∣
∂nΦ(ξω)

∂ξn

∣∣∣∣
q

= [B
′
(ξ)]

q
s [%(ξ)]

−q
s . (3. 35)

Now ( 3. 34 ) and ( 3. 35 ) imply that

λ(ξ)
∣∣∣∣
∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

≤ C(ξ)[A(ξ)]
p
s [B

′
(ξ)]

q
s , (3. 36)

where

C(ξ) =
1

[Γ(n− ν)]p
λ(ξ)[%(ξ)]

−q
s [P2(ξ)]

p(s−1)
s .

Integrating ( 3. 36 ) and applying Ḧolder’s inequality for{ s
s−q , s

q} we obtain

x∫

R1

λ(ξ)
∣∣∣∣
∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

dξ

≤



x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[A(ξ)]
p
q B

′
(ξ)dξ




q
s

. (3. 37)

Similarly we get
x∫

R1

λ(ξ)
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q

dξ

≤



x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[B(ξ)]
p
q A

′
(ξ)dξ




q
s

. (3. 38)

Therefore from ( 3. 37 ), ( 3. 38 ) and ( 2. 16 ) withs > q we have
x∫

R1

λ(ξ)
[∣∣∣∣

∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

+
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q]

dξ

≤



x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

21− q
s




x∫

R1

[
[A(ξ)]

p
q B

′
(ξ) + [B(ξ)]

p
q A

′
(ξ)

]
dξ




q
s

. (3. 39)

SinceA(R1) = B(R1) = 0 then with ( 2. 16 ) we have
x∫

R1

[
[A(ξ)]

p
q B

′
(ξ) + [B(ξ)]

p
q A

′
(ξ)

]
dξ ≤ q

p + q
(d p

q
− 2

−p
q )[A(x) + B(x)]

p
q +1. (3. 40)
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From( 3. 39 ) and ( 3. 40 ) we conclude

x∫

R1

λ(ξ)
[∣∣∣∣

∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

+
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q]

dξ

≤ 21− q
s

(
q

p + q

) q
s (

d p
q
− 2

−p
q

) q
s




x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
[∣∣∣∣

∂nΦ(ηω)
∂ξn

∣∣∣∣
s

+
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s]

dη




p+q
s

.

The proof is complete. ¤

Remark 3.2. If ν ∈ N, then the inequality ( 3. 33 ) takes the form:

x∫

R1

λ(ξ)
(∣∣∣∣

∂νΨ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

+
∣∣∣∣
∂νΦ(ξ)

∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q)

dξ

≤ 21− q
s

(
d p

q
− 2−

p
q

) q
s

(
q

p + q

) q
s




x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
(∣∣∣∣

∂nΦ(ηω)
∂ξn

∣∣∣∣
s

+
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s)

dη




p+q
s

.

and particularly forν = 0 we get

x∫

R1

λ(ξ) (|Ψ(ξ)|p |Φ(ξω)|q + |Φ(ξ)|p |Ψ(ξω)|q) dξ

≤ 21− q
s

(
d p

q
− 2−

p
q

) q
s

(
q

p + q

) q
s




x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η) (|Φ(ηω)|s + |Ψ(ηω)|s) dη




p+q
s

.

The next theorem is the related extreme case of the Theorem 3.1 fors = ∞

Theorem 3.3. Assumen > γ1, γ2 ≥ 0 and
∂ν
∗R1
∂ξν be the Caputo radial fractional differen-

tial operator. Letλ ≥ 0 be a measurable function on[R1, x]. Supposep, l1, l2 ≥ 0 and let



Opial-Type Inequalities Involving Radial Fractional Derivative Operators 59

∂nΦ(ξω)
∂ξn , ∂nΨ(ξω)

∂ξn ∈ L∞[R1, R2]. Then

x∫

R1

λ(ξ)

[∣∣∣∣
∂ν1
∗R1

Φ(ξ)
∂ξν1

∣∣∣∣
l1 ∣∣∣∣

∂ν2
∗R1

Ψ(ξ)
∂ξν2

∣∣∣∣
l2 ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
p

+
∣∣∣∣
∂ν2
∗R1

Φ(ξ)
∂ξν2

∣∣∣∣
l2 ∣∣∣∣

∂ν1
∗R1

Ψ(ξ)
∂ξν1

∣∣∣∣
l1 ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
p
]

dξ

≤ N2

[
‖∂nΦ

∂ξn
‖2(l1+p)
∞ + ‖∂nΦ

∂ξn
‖2l2∞ + ‖∂nΨ

∂ξn
‖2l2∞ + ‖∂nΨ

∂ξn
‖2(l1+p)
∞

]
,

where

N2 =
(x−R1)l1(n−ν1)+l2(n−ν2)+1‖λ‖∞

2 [Γ(n− ν1 + 1)]l1 [Γ(n− ν2 + 1)]l2 [l1(n− ν1) + l2(n− ν2) + 1]
.

Proof. Let ξ ∈ [R1, x], using inequality ( 1. 1 ) and the identity ( 1. 6 ) and Hölder’s
inequality, fori = 1, 2 we have

∣∣∣∣
∂νi

∗R1
Φ(ξ)

∂ξνi

∣∣∣∣
li

≤ 1

[Γ(n− νi)]
li




ξ∫

R1

(ξ − η)n−νi−1

∣∣∣∣
∂nΦ(η)

∂ξn

∣∣∣∣ dη




li

≤ 1

[Γ(n− νi)]
li




ξ∫

R1

(ξ − η)n−νi−1dη




li

‖∂nΦ
∂ξn

‖li∞

=
(ξ −R1)li(n−νi)

[Γ(n− νi + 1)]li
‖∂nΦ

∂ξn
‖li∞.

By analogy fori = 1, 2 we get
∣∣∣∣
∂νi

∗R1
Ψ(ξ)

∂ξνi

∣∣∣∣
li

≤ (ξ −R1)li(n−νi)

[Γ(n− νi + 1)]li
‖∂nΨ

∂ξn
‖li∞. (3. 41)

Also ∣∣∣∣
∂nΦ(ξω)

∂ξn

∣∣∣∣
p

≤ ‖∂nΦ
∂ξn

‖p
∞,

and ∣∣∣∣
∂nΨ(ξω)

∂ξn

∣∣∣∣
p

≤ ‖∂nΨ
∂ξn

‖p
∞.

Hence
∣∣∣∣
∂ν1
∗R1

Φ(ξ)
∂ξν1

∣∣∣∣
l1 ∣∣∣∣

∂ν2
∗R1

Ψ(ξ)
∂ξν2

∣∣∣∣
l2 ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
p

≤ (ξ −R1)l1(n−ν1)+l2(n−ν2)

[Γ(n− ν1 + 1)]l1 [Γ(n− ν2 + 1)]l2
‖∂nΦ

∂ξn
‖l1+p
∞ ‖∂nΨ

∂ξn
‖l2∞. (3. 42)
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Likewise we can write

∣∣∣∣
∂ν2
∗R1

Φ(ξ)
∂ξν2

∣∣∣∣
l2 ∣∣∣∣

∂ν1
∗R1

Ψ(ξ)
∂ξν1

∣∣∣∣
l1 ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
p

≤ (ξ −R1)l2(n−ν2)+l1(n−ν1)

[Γ(n− ν1 + 1)]l1 [Γ(n− ν2 + 1)]l2
‖∂nΦ

∂ξn
‖l2∞‖

∂nΨ
∂ξn

‖l1+p
∞ . (3. 43)

From ( 3. 42 ) and ( 3. 43 ) follows

x∫

R1

λ(ξ)

[∣∣∣∣
∂ν1
∗R1

Φ(ξ)
∂ξν1

∣∣∣∣
l1 ∣∣∣∣

∂ν2
∗R1

Ψ(ξ)
∂ξν2

∣∣∣∣
l2 ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
p

+
∣∣∣∣
∂ν2
∗R1

Φ(ξ)
∂ξν2

∣∣∣∣
l2 ∣∣∣∣

∂ν1
∗R1

Ψ(ξ)
∂ξν1

∣∣∣∣
l1 ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
p
]

dξ

≤ (x−R1)l1(v−γ1)+l2(n−ν2)+1‖λ‖∞
[Γ(n− ν1 + 1)]l1 [Γ(n− ν2 + 1)]l2 [l1(n− ν1) + l2(n− ν2) + 1]

× 1
2

[
‖∂nΦ

∂ξn
‖2(l1+p)
∞ + ‖∂nΦ

∂ξn
‖2l2∞ + ‖∂nΨ

∂ξn
‖2l2∞ + ‖∂nΨ

∂ξn
‖2(l1+p)
∞

]

≤ N2

[
‖∂nΦ

∂ξn
‖2(l1+p)
∞ + ‖∂nΦ

∂ξn
‖2l2∞ + ‖∂nΨ

∂ξn
‖2l2∞ + ‖∂nΨ

∂ξn
‖2(l1+p)
∞

]
.

This complete the proof. ¤

Now for s < 0 we give the counterpart of the Theorem 3.1.

Theorem 3.4. Let
∂ν
∗R1
∂ξν be the Caputo radial fractional derivative operator. Suppose% >

0, λ ≥ 0 be measurable functions on[R1, x]. Also suppose thats < 0, q > 0, p ≥ 0 and
∂nΨ(ξω)

∂ξn , ∂nΦ(ξω)
∂ξn ∈ Ls[R1, R2], each of which is of fixed sign a.e. on[R1, R2]. Assume

1
∂nΨ(ξω)

∂ξn

, 1
∂nΦ(ξω)

∂ξn

∈ Ls[R1, R2]. Then

x∫

R1

λ(ξ)
(∣∣∣∣

∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

+
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q)

dξ

≥ 21− q
s

(
c p

q
− 2−

p
q

) q
s

(
q

p + q

) q
s




x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
(∣∣∣∣

∂nΦ(ηω)
∂ξn

∣∣∣∣
s

+
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s)

dη




p+q
s

.
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Proof. Let ξ ∈ [R1, x], using the identity ( 1. 6 ) and the reverse Hölder’s inequality for
{ s

s−1 , s} we get.
∣∣∣∣
∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣

=
1

Γ(n− ν)

ξ∫

R1

(ξ − η)n−ν−1[%(η)]
−1
s [%(η)]

1
s

∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣ dη

≥ 1
Γ(n− ν)




ξ∫

R1

(ξ − η)
s(n−ν−1)

s−1 [%(η)]
1

1−s dη




s−1
s




ξ∫

R1

%(η)
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s

dη




1
s

=
1

Γ(n− ν)
[P2(ξ)]

s−1
s [A(ξ)]

1
s , (3. 44)

where

A(ξ) =

ξ∫

R1

%(η)
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s

dη,

and

B(ξ) =

ξ∫

R1

%(η)
∣∣∣∣
∂nΦ(ηω)

∂ξn

∣∣∣∣
s

dη.

Then

B
′
(ξ) = %(ξ)

∣∣∣∣
∂nΦ(ξω)

∂ξn

∣∣∣∣
s

,

that is ∣∣∣∣
∂nΦ(ξω)

∂ξn

∣∣∣∣
q

= [B
′
(ξ)]

q
s [%(ξ)]

−q
s . (3. 45)

Now ( 3. 44 ) and ( 3. 45 ) imply that

λ(ξ)
∣∣∣∣
∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

≥ C(ξ)[A(ξ)]
p
s [B

′
(ξ)]

q
s , (3. 46)

where

C(ξ) =
1

[Γ(n− ν)]p
λ(ξ)[%(ξ)]

−q
s [P2(ξ)]

p(s−1)
s .

Integrating ( 3. 46 ) and applying reverse Hölder’s inequality for{ s
s−q , s

q} we obtain

x∫

R1

λ(ξ)
∣∣∣∣
∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

dξ

≥



x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[A(ξ)]
p
q B

′
(ξ)dξ




q
s

. (3. 47)
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Similarly we get
x∫

R1

λ(ξ)
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂rν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q

dξ

≥



x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s




x∫

R1

[B(ξ)]
p
q A

′
(ξ)dξ




q
s

. (3. 48)

Therefore from ( 3. 47 ), ( 3. 48 ) and ( 2. 30 ), forχ < 0 with q
s < 0 we have

x∫

R1

λ(ξ)
[∣∣∣∣

∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

+
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q]

dξ

≥



x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

21− q
s




x∫

R1

[
[A(ξ)]

p
q B

′
(ξ) + [B(ξ)]

p
q A

′
(ξ)

]
dξ




q
s

. (3. 49)

For p
q > 0 andA(R1) = B(R1) = 0 then with ( 2. 16 ) we have

x∫

R1

[
[A(ξ)]

p
q B

′
(ξ) + [B(ξ)]

p
q A

′
(ξ)

]
dξ

≥
(

q

p + q

) (
c p

q
− 2

−p
q

)
[A(x) + B(x)]

p
q +1. (3. 50)

From ( 3. 49 ) and ( 3. 50 ) we conclude
x∫

R1

λ(ξ)
[∣∣∣∣

∂ν
∗R1

Ψ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΦ(ξω)
∂ξn

∣∣∣∣
q

+
∣∣∣∣
∂ν
∗R1

Φ(ξ)
∂ξν

∣∣∣∣
p ∣∣∣∣

∂nΨ(ξω)
∂ξn

∣∣∣∣
q]

dξ

≥ 21− q
s

(
q

p + q

) q
s (

c p
q
− 2

−p
q

) q
s




x∫

R1

[C(ξ)]
s

s−q dξ




s−q
s

×



x∫

R1

%(η)
[∣∣∣∣

∂nΦ(ηω)
∂ξn

∣∣∣∣
s

+
∣∣∣∣
∂nΨ(ηω)

∂ξn

∣∣∣∣
s]

dη




p+q
s

.

The proof is complete. ¤
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