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Abstract..Let G = (V(G), E(G)) be a simple connected graph with
V(G) and E(G) as the vertex and edge sets respectively. The physical
and structural properties of the graphs are discussed with different mathe-
matical tools, One of them is topological index (TI) and it can be obtained
directly from molecular structures and rapidly computed for large number
of molecules. Graph operations play an important role in the development
of various new classes of graphs.dfis a connected simple graph then
we obtained new graphs by applying various operationé&@uch asS
subdivided,R triangle parallel,) line superposition and’ total graphs
operations orGG. In this paper, we computed the hyper Zagreb coindex
of derived graphs in the form of their factor graphs. At the end, we have
analyzed our results by the numerical tables for the particular generalized
D-sum graphs.
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1. INTRODUCTION

A topological index (TI) is a functiorF' : & — R, whereX is a set of real numbers
andR is a class of molecular graphs. It assigns a humerical value to each graph unless
the graphs are isomorphic. Chemical graph theory helps in predicting a large humber of
physico-chemical and structural properties of chemical compounds using these TIs such as
volume, boiling point, melting point, freezing point, surface tension, density, solubility and
heat of formation [29], [22].

Tls are categorized in three types such as degree, distance and polynomial based but mostly
the degree based Tls are studied for details, see [14].94i7) Wiener used degree based

Tl to calculate boiling point of paraffin, see [32]. Gutman and Trin&jst®72) introduced

degree based Zagreb indicé$ (G) and M, (G) to calculate totalr-electron energy of
hydrocarbons [15]. Kleiwet al. defined a molecular Tl and investigate a close relation with
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the Wiener index [18]. Mendirattet al. and Cornwell used Wiener’s Tl to study structural
activity on antiviral5-vinylpyrimidine nucleoside analogs, see [24]. Bigeal. wrote a
novel on Tl for QSPR/QSAR study of organic compounds, see [7].

In (2013) Shirdeket al. [30] defined a new Tl known as the hyper-Zagreb ind&x7 1)

and calculated the generalized results, Ghalaedmad [28] determined extremal chemical
trees with respect téf ZI ,Menaka and Manikandan computed {{#Z1) [23], Veylaki

et al. [31] calculatedH Z-coindex of some graph operations such as the composition, sym-
metric difference, disjunction, Cartesian product and tensor product. Natataghrj25]
computed thed Z 1 of certain generalized thorn graphs. Gataal. [13] calculated sharp
bounds of thg HZ ) for trees and cyclic graphs . Elumalkti al. [10] calculated bounds

for simple connected graphs, Falahati-Nezhad and Azari computed upper and lower bounds
in terms of different molecular descriptors for thH ZI) [11]. Liu and Tang calculated

HZ1 of cacti with perfect matchings [20]. Alameri compared some TIS with the second
HZ1I by using the strong correlation coefficient acquired from the chemical graphs of oc-
tane isomers [1]. Farahani comput&dZ I of circumcoronene series of benzenoid [12].
Rezaeiet al. [27] calculatedH Z I for an infinite class of titania nanotubes. Luo computed
HZ1I of the linear phenylene, nanotubes, hypercubes, zig-zag polyhex nanotube and den-
drimer, see [21].

Graph operations play an important role in the development of various new classes of
graphs, such as union, join, Cartesian product, corona product and derived. Basavanagoud
and Patil computed? Z-coindex of some graph operations such as the union, Cartesian
product and composition of graphs, see [5]. Alshaetfal. calculated hyper-Zagreb
coindices for different operations such as disjunction, symmetric difference, tensor product
and strong product [3]. Basavanagoud and Desai computed forgotten and hyper-Zagreb Tl
of generalized transformation graphs [6].

Yan et al. [33] listed five graphd(G), whereD € {L, S, R,Q, T} such as line graph
L(H), subdivided graptt(H), line superposition grapty(H), triangle parallelR(H)
and totalT'(H) by applying various operations di and calculated the Wiener index of
these graphs, see . Eliasi and Taeri [9] calculated the Wiener indices of subdivision related
operations such as four sum-graptis, p Ho, whereD € {S, R, Q,T}, Denget al. [8]
computed Zagreb indices, Javatal. [16] determine bounds for the second Zagreb coin-
dex, Awaiset al. [4] computed forgotten index, Lt al. [19] calculated bounds on general
randic index, Javaiét al. [17] calculated the forgotten Index, Raza and Imran computed
the reverse Zagreb indices of [26], Alan&tial. [2] computing exact values for Gutman
indices of these graphs.

In this paper, we computH Z-coindex of(A,pB), whereD € {S, R,Q,T} in the form

of Zagreb indices and coindices, forgotten indices and coindices, hyper Zagreb indices and
coindices of their basic graphs. At the end, the obtained results are also illustrated using
examples for some particul&r-sum graphs. In Section 2, we defined basic definitions and
notions. In Section 3, the main results of work are explained and in Section 4, presents
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particular examples related to the main results.

2. NOTATIONS AND PRELIMINARIES

LetG = (V(G), E(G)) be a simple connected graph, théf(G)| = n is called order
of the graph andiE(G)| = m is called size of the graph. The number of edges connecting
to a vertex is called degree of that vertex. The complement of a graph G is denatéd by

and defined as two vertices) € E(G) iff uv ¢ E(G). In (1972) Gutman and Trinajsti
[15] introduced the Zagreb indices denotedMy(G) and M (G) and defined as

Mi(G) = Y [du(ey) +dule)), Ma(H) = Y [du(21)da()]

z1x2€E(H) ri1x2€E(H)

The Zagreb coindices are denoted/dy (G) and M, (G) respectively see, [16]:

My(G) = ) lda(wr) +da(a)], Ma(G) = D [da(z1)de(2s)]
z122¢ B(G) z1x2¢ E(H)

Shirdelet al. [30] introducedH Z1 that is defined as

HZ(G) = Y [de)P = > [da(r)*+da(ra)’]

reV(H) rire€E(QG)

Veylaki et al. [31] introducedH Z-coindex that is defined as

HZ= Y [do(z1)+dg(w2))? (2. 1)
z1z2¢ E(G)

Let A be a simple connected graph, Then,

e S(A) is a graph sketched by adding a new vertex in every edgg of
e R(A) is a graph sketched froti(A) by using an edge between the adjacent ver-
tices of G,
e Q(A) is a graph formed fron$(A) by adding an edge between the pairs of new
vertices which are on the adjacent edgesl pf
e T'(A) is formed by performing both operations Bf A) andQ(A) on S(A).
Suppose thatl and B are two simple connected graphs, Then thi&isum graph is denoted
by A, p B and defined with vertex sé¥' (A pB| = V(A)UE(A) x V(B) and edge set is
defined as the verticds;, x2) and(y1, y2) of A, pB whereD € {S, R, Q, T} are joined
iff
e x1 =y € V(A)andzy v~ y2 € B
o 13 =1y € V(B)andx; «~y; € F(A)
For details, see Figure 1 and Figure 2.
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FIGURE 1. (8) G = (5, (b) S(G) = S(Cs), (c) Q(G) =
R(G) =2 R(C3) and (e)T'(G) 2 T(Cs)
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(A +gB)

FIGURE2. A =2 (C3, B = Py andA,pB = Cs;pP,, whereD €
{S,R,Q,T}.

3. RESULTS

In this section, we discuss the main results of the hyper Zagreb coindeR-gam
graphs. Now, we assume some sumsfore {S, R, Q,T} that will be used our main
results.

. a:2(63+éB)

¢ o1 = > [da(r1) + dpay(r2)]?, ag = > [da(r) +
rir2 @ E(D(A)) rir2¢ E(D(A))
ri€V(A) r1€V(A)
r2€V(D(A)-V(A)) ra €V (D(A)—V (A))
dpay(r2)]
* a3 = > [da(r1) + dpay(r2)]?, aa = ) [da(ry) +
rirg€E(D(A)) rir2€E(D(A))
r €V (A) r €V (A)
ra€V(D(A)-V(A)) ro€V(D(A)—V (A))

dp(ay(ra)]
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Graph [ Order | Size |
A | ne | ea |
B | m | e |
A | na | (5)=ea
B | m |(Y)-e]

TABLE 1. Useful notations that will use in Theorems.

Theorem 3.1.Let A and B be two simple connected graphs thér-coindex of( A, s B)
is

HZ(A+SB) = 8(”261 — 71261) + 4éBM1_(A) + TLAF(B) + QnB(MQ(A) + MQ( )) +
8eaM;(B) + 2naMy(B) + np(F(A) + F(A)) +4M;(B)(ea + €a) + 8ep(Mi(A) +
Mi(A) + [(ep +ep)F(A) + ea(F(B) + F(B)) + 2((ep + ep)Ma(A) + ea(M2(B) +

M,(B)) 4+ My(A)(My(B) + Mi(B)))] + [(es + eB)F(A) + ea(F(B) + F(B)) +
2(ep + ) Ma(A) + €4 (Ma(B) + Ma(B)) + My (A)(Mi (B) + My (B)))] + npas +
ealng —2)M;(B)+4epas+np(ng — 1)as +ea(na —2)Mq(B) +4ep(ng — 1)as +

2ego -‘reA(TLA—2)]\_41(3)4—8630424-7}3(”3—1)HZ(S(A))+26AM1( )+4ep(np—

Proof. Using Equation (1), we have:

HZ(HiysH,) = Z (d(w1,y1)+d(z2,y2))°.
(z1,22)(y1,92)¢E(As B

HZ(Hi1sB)= Y | > + >+ > ]

Y1,Y2€VB z1,22€(V(S(A)—V (A)) z1,22EV4 z1,22€V(S(A))
I1€V(A)
22€V(S(A)—V (A))
(d(xla yl) + d($27 y2))2'

=34 +¥Y B +Y C (3.2
d A= > > (dl@r, ) + d(w2, y2))’

z1,22€V(S(A)—V(A)) y1,42€VB

= > > (2+2)2%

z1,52€V(S(A)-V(A)) y1,¥2€VE

Z A =8(n3ed — ngey). (3.3)

ZB=ZB1+ZBQ+ZB3+ZB4
DoBi= Y Y @ay)tday)t = Y Y (@) +d(ws, ye))*

r€VaA y1y2¢Ep 2€VA y1y2¢EB
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= Z Z [(2d())? + 2d(y1)d(ys) + 4d(x)(d(y1) + d(y2) + (d(y1)* + d(y2)?))

z€Vay1y2¢Ep

= 4éBM1(A) + nAF'(B) + 8€AM1(B) + QRAMQ(B).

SB=3 (Y + 3 @)+ dle2)?) + (2d(y))° + 2d(a1)d(zs)

YyeEVE z122€E4 ﬂc1332§EEA
+4d(y)(d(x1) + d(x2))
=np(F(A)+F(A)+4M;(B)(ea+ea)+2np(My(A)+My(A))+8ep(My(A)+M;(A).

YoBi=1 Y (> + > Nd@i,y)+daz,y2)))

z122€FA y1y2€EB  y1y2¢EB

=0 > (> + >

z1x2¢Ea v1y2€EB  y1y2¢EB
H(d(x1)? + d(22)?) + (d(y1)?
+d(y2)?) + 2(d(x1)d Wa2) + d(y1)d(y2) + (d(z1) + d(x2))(d(yr) + d(y2))].

(21
= 2[My(A)(M1(B) + Mi(B))) + (ep + &) F(A) + ea(F(B) + F(B)) + 2((ep +
ép)Ma(A) + ea(Ma(B) + Ma(B))]

DBi=[ >, (>, + > )

z1x2¢Ea V1Y2€EEE  y1y2¢FEB
H[(d(@1)? +d(w2)?) + (d(y1)* +d(y2)*) +2(d(21)d(x2) + d(y1)d(ya) + (d(z1) + d(22))

(d(y1) +d(y2))]-
:7[1\‘4 (A)(M;(B) + MlgB))) + (ep + ép)F(A) + es(F(B) + F(B)) + 2((ep +
€)My (A) + e4(Ms(B) + Ms(B))].

> B =4epM(A)+naF(B)+2naMy(B)+np(F(A)+F(A))+4M(B)(ea+
€a) +2np(Ma(A) + Ma(A)) + 8ep(M1(A) + Mi(A) + [My(A)(M1(B) + Mi(B))) +
(e +eép)F(A) +ea(F(B)+ F(B))+2((ep +ep)Ma(A) + ea(Ma(B) + M2(B))] +
[8ea My (B) + My (A)(M,(B) + M;(B)))

+(ep+ep)F(A)+ea(F(B)+ F(B)) +2((ep +ép)My(A) +ea(Ms(B) + My(B))].
(3. 4)

Y o= D C1+d Cotd) Cs
Y o= > > (w1, 51) + d(z2, 52))°

122 E(S(A)) s€VE
21 EV(A)
z2€V(S(A)=V(A))
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= Z Z [(da(z1)+dsay(#2))* +dp(y)> +2d(y) (da(z1) +dsiay(22))]
il i

22V (S(A)—V (A))
=npay +ea(na —2)My(B) + depas.

ZCQ = Z Z (d(z1,y1) + d(2,y2))*

122 E(S(A))  y1,92€VB
1€V (A)
z2EV(S(A)—V(4))

= > D [(dal@1) + ds(ay(x2))* + d(y)* +2d(y)(da(er)
122 E(S(A)) y1y2€EB
1€V (A)
z2EV(S(A)—V(A4))
+ds(a)(72))]

=ng(ng —1)ag +ea(na —2)M;(B) +4eg(np — 1)as.

Z Cs = Z Z (d(z1, 1) + d(w2,y2))°

r1x2€E(S(A))  v1,92¢VB

:Dlev(A)
22V (S(A)—V (A))
= > > [(dal@r)+dsca)(x2))*+dp (y)*+2d(y) (da(z1)+ds(a)(22))]
z122¢E(S(A))  v1y2¢EB

CElev(A)
22€V(S(A)-V(4))

= 2egaq + eA(nA — 2)M1(B) + 463(713 — 1)042.

Z Cy = Z Z (d(z1,y1) + d(w2,y2))*

z122€E(S(A))  Y1,492€VB

z1EV(A)
z2E€V(S(A)-V(4))
= > D [(dal@)+dsa)(22))*+dp(y)*+2d(y) (da (1) +ds a)(22))]
z122€E(S(A)) v1y2€EB
1€V (A)

z2€V(S(A)-V(4))
= 2es HZ(S(A)) + 2e 4 My (B) + dep(np — 1) M, (S(A)).

> G5 = > Y (dlz,y) + d(ws, )

z122€E(S(A))  v1,92¢VB

CL‘IGV(A)
22V (S(A)—V (A))
= > > [(dal@n)+dsca)(x2))*+dp(y)*+2d(y)(da(z1)+ds(a)(22))]
z122€E(S(A)) vyiy2¢EB
Zlev(A)

z2€V(S(A)=V(A))
= QEBHZ(S(A)) + 26AM1 (B) + 4éB(ﬁB - l)Ml(S(A))
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we obtained required result by substituting the values in Equation 2.

Theorem 3.2.Let A andB be two simple connected graphs thétr-coindex of(A g B)

is: HZ(A+RB) = 8(71261 ’Il261)+8éBM1(A)+HAF(B)+16§AM1(B)+27LAM2(B)+

dnp(F(A) + F(A)) + 4My(B)(ea + €a) + 8np(Ma(A) + Ma(A)) + 16es(My(A) +

My (A) + 22M, (A)(My(B) + Mi(B))) + 4(ep + e5)F(A) + ea(F(B) + F(B)) +

8((eB + €p)Ma(A) + ea(Ma(B) + M2(B))] + [2M1(A)(M:(B) + M;(B))) + 4(ep +

en)F(A) + ea(F(B) + F(B)) +8((ep + e5)Ma(A) + ea(Ms(B) + Ma(B))|npon +
ea(na —2)Mi(B)+4epas + aoy + ea(na —2)(My(B) + My (B)) +4(ep(np —1) +
ep(nip — 1))az + aas + 2e4(M1(B) + M1(B)) + 4(es + €g)(np — 1)aa.

Proof. Using Equation (1), we have:

EZ(A+RB) = Z (d(171’y1) + d(x27y2))2'
(w1,22)(y1,92)¢E(AysB)

=34 +Y B +Y C (3.5)

Using Equation 3} A = 8(n3e? — ngey).

ZB:ZB1+ZBQ+233+ZB4
YoBi= Y Y (ay)Hdmy) = D D (@, y)+d(@, y))”

€V y1y2¢EB r€VA y1y2¢EB
= > > [2d@)? + (dy)* + d(y2)*) + 2d(y1)d(y2) + dd(2)(d(y1) + d(y2))
€V y1y2¢EB
=8 M;(A) + naF(B) + 16e4 My (B) + 2naMs(B).

NoB=Y (Y + 3 @A) + 2d(xy)d(x) + Ad(y)(d(x) + d(z2)

yeEVB x122€EA  z172¢E4
+(d(x1)? + d(22)?))
= dnp(F(A)+F(A)+4M(B)(ea+ea)+8np(Mz(A)+Mz(A))+16ep (M (A)+M; (A).

DoBs=[ D> (> + D d,m)+dws,ys))?

T122€EA yv1y2€EB  y1y2¢Ep

=0 (X + >

z122¢Ea Y1y2€EB  y1y2¢Ep
H[(d(x1)? +d(w2)) + (d(y1)? +d(y2)?) +2(d(z1)d(w2) +d(y1)d(y2) + (d(z1) +d(w2))
(d(y1) + d(y2))]-
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= 2[2M, (A)(M1(B) + My(B))) +4(ep +ep)F(A) + ea(F(B) 4+ F(B)) +8((ep +
€)M (A) + ea(Ma(B) + Ma(B))].

DBi=[ >, (> + > )

z1z2¢Ea y1Y2€EB  y1y2¢EB
(d(z1,51) + (2, 92))°

=0 (X + )

z122¢Ea v1Y2€EB  y1y2¢Ep
+[(d(x1)? + d(2)?) + (d(y1)? + d(y2)*)
+2(d($1)d($2)_‘|’ d(y1)d(y2) + (d(z1) + d(z2))(d(y1) + d(y2))]-
= [2M,(A)(M1(B) + Myi(B))) + 4(ep + ep)F(A) + ea(F(B) + F(B)) +8((ep +
ep)Ma(A) + ea(M2(B) + Mz(B))].

> B =2nsMy(B)+8epMi(A)+naF(B)+16eaMi(B)+4np(F(A)+ F(A)) +
AM;(B)(ea + €4) + 16ep(My(A) + Mi(A) + 8np(Ma(A) + Ma(A)) + +[4(ep +
eg)F(A) + ea(F(B) + F(B))2[4(eg + ég)F(A) + ea(F(B) + F(B)) + 8((eg +

ep)My(A) + ea(Ma(B) + My(B)) + 2My (A)(My(B) + M1 (B)))]
+8((ep + €3)Ma(A) + ea(Mz(B) + My(B)) + 2M, (A)(M,(B) + My (B)))]. (3. 6)

Yo=Y Ci+) G+ > s
ZCl Z Z .171 81 +d 1‘2 82))

$1I2¢E(R A)) seVp

1€V (A)
z2EV(R(A)—V(A))
= > > l(da(z1)+dray(22))* +dp(y)* +2d(y) (da(2r) +dra)(z2))]
z1zo¢ E(R(A)) y€EVB
1 EV(A)

z2€V(R(A)-V (4))
=npay +ea(na —2)M1(B) + depas.

d Cy= > Y. (d@y) +d(w2,))°

z1zo¢ E(R(A))  Y1,Y2€VEB
CL‘IGV(A)
z2€V(R(A)—V (A))

> (> + D )lda(@r) + dray(x2)® + dp(y)?

z122¢E(R(A))  v1y2€EB  y1,42¢VB
leV(A)
z2€V (R(A)-V(A))

+2d(y)(da(z1) + dp(a)(22))]
= aay +ea(na — 2)(M1(B) + M1(B)) + 4(eg(np — 1) + ég(np — 1))z

203 = Z Z (d(z1,y1) + (2, y2))°

z1z2€E(R(A))  Y1,Y2€VB
1€V (A)
z2€V(R(A)=V(A))
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— 3 C D+ >0 )lda(e) + dsay(@2))?

r122€E(R(A))  v1y2€EB  y1,42¢VB
IIEV(A)
z2€V(R(A)-V(4))
+dp(y)® + 2d(y)(da(z1) + drea)(2))]
= aaz +2e4(Mi(B) + M1(B)) +4(eg + €p)(np — 1)y
we obtained required result by putting the values in Equation 5.

Theorem 3.3.Let A and B be two simple connected graphs thgtr-coindex of( Ao B)
is:

HZ(A__,_QB) = NaQy + 2(52 + (’I’Lg - 1))( v + ag + 045) 8ep
166AM1(B)+2nAM2(§)+1663(M1(A)+M (A>+4’I’LB( ( )+
€a) + 8np(Mz(A) + Ma(A)) + 2[4(ep + €5)F(A) + ea(F (B
ep)Mz(A)+ea(Ma(B)+ Mz (B))+2M1(A)(M1(B)+My(B)))
ea(F(B)+ F(B)) +8((ep +eép)Ma(A) +ea(Mz(B) + Mz(B)) + 2M, (A)(M1(B) +
Mi(B)))]+npai+ea(na—2)M,(B)+4epas+aa;+es(na—2)(M;(B)+ M, (B))+
4(€B(TLB — 1) + éB(ﬁB — 1))0[2 + aas + 2€A(M1( ) + M1< )) 4(63(77,}3 - 1) +
ep(np —1))ay

Proof. Using Equation (1), we have:

HZ(A,oB) = > [d(t1, 1) + d(ta,y2)]*.
(t1,t2)(y1,y2)EE(A1QB)

HZ(HyyqHs) = | 3 )RR DEE D DR Y

21,226 (V(Q(A)—V (A)) y1,y2€VE  x1,72€VaA 21,226V (Q(A))  y1,42€VE
1 EV(A)
22V (Q(A)—V (A4))

Mi(A) + naF(B) +
(A))+4My(B)(ea+
)+ F(B)) + 8((eg +
|+[4(eg+ep)F(A)+
+
) (M

[d(z1,51) + d(z2,92)],

=Y 4 +>Y B +> C B.7)

DTA=N A+ A+ Az+ ) As
Y A= >, > dgala) + doea(2))?

r122¢E(Q(A)) y€EVE
z1,22€V(Q(A)—-A)

=ny > [do(a(z1) + dgala)]?
z122 ¢ E(Q(A))
z1,22€V(Q(A)—A)
Take Z [dQ(A(xl) + dQ(A(SCQ)]2 = Q4 SO,Z A1 = No0y.

r122¢ E(Q(A))
z1,22€V(Q(A)—A)

doA= Y > ldoal@) +doal))

2€V(Q(A)—(A)) y1y2€EB

= > (X ) *+ doale2)’]

z€V(Q(A)-V(A)) y1y2¢Ep ylyzeEB
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=2(e2 4 (n2 — 1)) > ldoua@)
zeV(Q(A)—(A))
Take Z [dQ(A({II)ﬂ2 = 5, then= 2(62 + (77,2 — 1))0[5.
zeV(Q(A)—(A))

> Az = > D ldoeal@r) + doeales)]®

z122€E(Q(A)) Yy1y2€EB
z1,22€V(Q(A)—=V (A))

= > [ Y (o) +dou(z2)®+ > (dgealer)+dga(es)))?
z122€E(Q(A)) Y1y2€Ep y1y2¢Ep
z1,22EV(Q(A)—V (4))

=2(e2+ (n2 — 1)) > [doa(1) + dgea(e2)]?
z122€E(Q(A))
z1,22€V(Q(A)—V (A))
Take Z [dQ(A(IEl) + dQ(A($2)]2 = O, then= 2(52 + (n2 — 1))&6.

z1z2€E(Q(A))
z1,22€V(Q(A)—=V (A))

ZA4 = Z Z [dQ(A(.’L'l) + dQ(A(fL'Q)}Q

$1I2¢E(Q(A)) y1Y2€ER
z1,22€V(Q(A)—V (A))

= > [ Y (oealm)+doua(@2)*+ > (doealzr)+dgale2))?]
z122¢ E(Q(A)) Yy1y2€EE v1y2¢EB
21,22€V(Q(A)-V(A))
=2(e2 + (n2 — 1)) > [doa(xr) + dgea(e2)]?
172 ¢ E(Q(A))
z1,22€V(Q(A)-V (4))
Take Z [dQ(A(JZ1) + dQ(A(l‘g)]Q = «ay, then= 2(52 + (712 — 1))&7.
z122 ¢ E(Q(A))
z1,22€V(Q(A)—V (A))
Consequently,
ZA = ngay + 2(& + (n2 — 1)) (a7 + ag + a) (3. 8)

Using Equation 6, fod - B

Y= Y Ci+) Cat ) Cs

ZCl =npay +ea(na —2)M1(B) + depas.
ZCQ = aoy + eA(nA - 2)(M1(B) + Ml(B)) + 4(63(77,3 — 1) + éB(’fLB — 1))0[2.

203 = ooz + 26A(M1(B) + Ml(B)) —|—4(€B(TLB — 1) + EB(fLB — 1))044.
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we obtained required result by putting the values in Equation 7.

Theorem 3.4.Let A andB be two simple connected graphs thE-coindex of(A;r B)
is:

HZ(AyrB) = nyay + 2(é2 + (nz — 1)) (a7 + ag + a5) + 8epMi(A) + naF(B) +
16ea M1 (B) +2naMa(B) +4np(F(A)+ F(A)) +4M1(B)(ea +éa) +8np(Ma(A) +
Mj(A)) +16ep(M1(A) + Mi(A) +2[4(ep +ep)F(A) +ea(F(B)+ F(B))+8((ep +
ep) Mo (A)+ea(Ma(B)+ Ma(B)) +2M; (A) (My (B) + M (B)))] + [2M (A) (M: (B) +
My(B))) +4(es +&5) F(A) +ea(F(B) + F(B)) +8((ep +25)Ma(A) + ea(Ma(B) +
MQ(B))]—FTLBOq +€A(TLA—2)M1(B)+463042+05041 +§A(ﬂ,A—2)(M1(B)+M1(B))+
d(eg(ng—1)+eép(ip—1))as+aasz+2es(Mi(B)+ M (B))+4(eg+ép)(ng—1)ay.

Proof. It follows from, Theorem 3.2 and Theorem 3.3.

4. APPLICATION EXAMPLE

We illustrate the results using particul&é»-sum graphs. Take two grapks = C,, and
B = P, then values of hyper Zagreb coindex for thBirsum graph are given in Table 2.
Table 2 and Figure 3, present thdtZ-coindex ofC,, . P, is dominant thar{ Z-coindex
of C.,H_Spg, On+RP2, andC,L+QP2.

n,m HZ(Cn+SPm) HZ(Cn+RPm) HZ(Cn+QPm) HZ(Cn+TPm)
3,2 906 1656 1674 2496
4,2 2512 3200 4496 5376
5,2 4166 5520 7612 9280
6,2 6216 8448 11496 14208
7,2 8680 6584 17192 20160
8,2 11552 16128 21664 27136
9,2 14832 12880 27936 35136
10,2 18520 23270 35000 44160
11,2 22916 32208 42856 54208
12,2 27120 38784 51504 65280
13,2 32032 19202 60944 77376
14,2 37384 53792 73920 90496
15,2 45780 62160 84120 106560
16,2 50216 74051 94212 124928
17,2 55760 83088 106624 136000
18,2 64512 91008 120024 153216
19,2 70072 101840 134216 171456
20,2 77840 114048 149968 192256

TABLE 2. For two graphsd = C,, andB = P, values of hyper Zagreb
coindex for theirD-sum graphs.
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Chart Title

FIGURE 3. Graphical presentations of hyper Zagreb coindgx p P
graphs such agl; sB, A rB, A oB and A, B are represented by
blue, orange, gray, and yellow respectively.

5. CONCLUSION

In this paper, we studie®-sum graphs such a$, , B, whereD € {S,R,Q,T} using
sub-division related operations and calculatéd-coindex in the form of Zagreb indices
and coincides, forgotten indices and coindicHs/ indices and coindices of their basic
graphsA andB.

6. ACKNOWLEDGMENTS

The authors gratefully thank the referees for the constructive comments and recommen-
dations which definitely help to improve the readability and quality of the paper.

REFERENCES

[1] A. Alameri, Second Hyper-Zagreb Index of Titania Nanotubes and Their Applicati&fsE Access9
(2021) 9567-9571.

[2] A. M. Alanazi, F. Farid, M. Javaid and A. Muna@iomputing Exact Values for Gutman Indices of Sum
Graphs under Cartesian Prodydlathematical Problems in Engineeriri. (2021) ID: 5569997.

[3] M. S. Alsharafi, M. Shubatah and A. Q. Alame@®n the Hyper-Zagreb coindex of some graphtath.
Comput. Sci.10, No. 5 (2020) 1875-1890.

[4] H. M. Awais, M. Javaid and M. Jamakorgotten index of generalized F-sum graplsurnal of Prime
Research in Mathematic$5 (2019) 115-128.

[5] B. Basavanagoud and S. Pati{,note on hyper-Zagreb coindex of graph operatjadsurnal of Applied
Mathematics and Computing3(2017) 647-655.

[6] B.Basavanagoud and V. R. Desadrgotten topological index and hyper-Zagreb index of generalized trans-
formation graphsBull. Math. Sci. Appl..14(2016) 1-6

[7] R. Biye, X. You and C. GuobinA novel topological index for QSPR/QSAR study of organic compounds
Acta Chimica Sinica57, No. 6 (1999) 563-571.

[8] H. Deng, D. Sarala, S. K. Ayyaswamy, and S. Balachandrfér Zagreb indices of four operations on
graphs Applied Mathematics and Computatid®5(2016) 422-431.



212 M. Javaid and M. Ibraheem

[9] M. Eliasi and B. TaeriFour new sums of graphs and their Wiener indidescrete Applied Mathematics.
157(2009) 794-803.

[10] S. Elumalai, T. Mansour and M. A. RostarNiew bounds on the hyper-Zagreb index for the simple connected
graphs Electron. J. Graph Theory Appb, No.1 (2018) 166-177.

[11] F. Falahati-Nezhad and M. AzaBounds on the hyper-Zagreb indeJournal of applied mathematids
informatics.34, No.3 (2016) 319-330.

[12] M. R. FarahaniThe hyper-zagreb index of benzenoid sdfi®ntiers of Mathematics and Its Applications.
2,No.1 (2015) 1-5.

[13] W. Gao, M. K. Jamil, A. Javed, M. R. Farahani, S. Wang and J. B. 8harp bounds of the hyper-Zagreb
index on acyclic, unicylic, and bicyclic graphSiscrete Dynamics in Nature and Society.(2017) Article
ID: 6079450.

[14] 1. Gutman,Degree-based topological indiceSroatica Chemica Acta (2013) 351-361.

[15] I. Gutman and N. Trinajstidzraph theory and molecular orbitals. Total energy of alternant hydrocarbons
Chemical Physics Letterd.(1972) 535-538.

[16] M. Javaid, M. Ibraheem, U. Ahmad and Q. ZH@omputing Bounds for Second Zagreb Coindex of Sum
Graphs Mathematical Problems in Engineerirgj. (2021) Article ID: 4671105, 2021.

[17] M. Javaid, S. Javed, S. Q. Memon and A. M. Alan&aigotten Index of Generalized Operations on Graphs
Journal of Chemistn21 (2021) Article ID 9971277.

[18] D. J.Klein, Z. Mihalic, D. Plavsic and N. Trinajstitjolecular topological index: A relation with the Wiener
index Journal of Chemical Information and Computer Scien82sNo. 4 (1992) 304-305.

[19] X. Li, M. Ahmad, M.Javaid, M. Saeed and J. B. LiBpunds on general randi index for F-sum graphs
Journal of Mathematic®1 (2020) Article ID: 9129365.

[20] H. Liu and TangThe hyper-Zagreb index of cacti with perfect matchi/§&CE International Journal of
Graphs and Combinatorics. (2019).

[21] Z. Luo, Applications on Hyper-Zagreb Index of Generalized Hierarchical Product Graptgnal of Com-
putational and Theoretical Nanoscient8, No. 10 (2016) 7355-7361.

[22] A. R. Matamala and E. Estrad@eneralised topological indices: Optimisation methodology and physico-
chemical interpretationChemical Physics Letter410(2005) 343-3471.

[23] S. Menaka and R. S. Manikandarhe hyper Zagreb index of some product graphsta Math.11, No.2
(2021) 1753-1766.

[24] S. Mendiratta and A. K. Madargtructure-activity study on antiviral 5-vinylpyrimidine nucleoside analogs
using Wiener’s topological indedournal of Chemical Information and Computer Scien8ésNo. 4 (1994)
867-871.

[25] C. Natarajan, S. Balachandran and S. K. Ayyaswamy, C. Natarajan, S. Balachandran and S. K. Ayyaswamy,
On the Hyper Zagreb index of certain generalized thorn gré&pHsatarajan, S. Balachandran and S. K.
Ayyaswamy, On the Hyper Zagreb index of certain generalized thorn grapKs preprint.170 (2018)
arXiv: 1805.11270.

[26] Z. Raza and M. ImranThe reverse Zagreb indices of F-sum of grgplsurnal of Discrete Mathematical
Sciences and Cryptography. (2021) 1-13.

[27] M. Rezaei, W. Gao, M. K. Siddiqui and M. R. Faraha@gmputing Hyper Zagreb Index and M-polynomial
of Titania NanotubesSigma.34, No.4 (2017) 707-714.

[28] A. Ghalavand, A. R. Ashrafi, R. Sharafdini and O. Gktremal Chemical Trees With Respect to Hyper-
Zagreb IndexThe Pure and Applied Mathemati@§6, No.3 (2019) 177-188.

[29] G. Rcker and C. Rcke®n topological indices, boiling points, and cycloalkandsurnal of Chemical Infor-
mation and Computer Scienc&8 (1999) 788-802.

[30] G. H. Shirdel, H. Rezapour and A. M. Sayddie hyper-Zagreb index of graph operatipiranian Journal
of Mathematical Chemistryt (2013) 213-220.

[31] M. Veylaki, M. J. Nikmehr and H. A. Tavallae&he third and hyper-Zagreb coindices of some graph oper-
ations Journal of Applied Mathematics and Computif@,No.2 (2016) 315-325.

[32] H. Wiener,Structural determination of paraffin boiling pointacta Math.69,No.1 (1947) 17-20.

[33] W. Yan, B. Y. Yang, and Y.-N. YehThe behavior of Wiener indices and polynomials of graphs under five
graph decorationsApplied Mathematics Letter&0 (2007) 290-295.



