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Abstract. In this paper, we consider convergence of iterative-projection
method for solutions of a generalized system for three different nonlinear
relaxed co-coercive mappings in the framework of Hilbert spaces. Strong
convergence theorems are established. Our results improve and extend
the recent ones announced by many others.
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1. INTRODUCTION AND PRELIMINARIES

Variational inequalities are among the most interesting and intensively studied classes
of mathematical problems and have wide applications in the fields of optimization and
control, economics and transportation equilibrium and engineering sciences. Variational
inequality problems have been generalized and extended in different directions using the
novel and innovative techniques. Various kinds of iterative algorithms to solve the vari-
ational inequalities have been developed by many authors. There exists a vast literature
[1]-[28] on the approximation solvability of nonlinear variational inequalities as well as
nonlinear variational inclusions using projection type methods, resolvent operator type
methods or averaging techniques. It is well known that variational inequalities are equiv-
alent to fixed point problems. This alternative equivalent formulation is very important
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from the numerical analysis point of view and has played a significant part in several nu-
merical methods for solving variational inequalities and complementarity problems. In
particular, the solution of the variational inequalities can be computed using the iterative
projection methods. For the convergence of the projection method, one may require that
the operator is strongly monotone and Lipschitz continuous. Gabay [10] has shown that
the convergence of a projection method can be proved for co-coercive operators. Note that
co-coercivity is a weaker condition than strong monotonicity. Recently, Verma [22]-[25]
introduced a new system of nonlinear strongly monotone variational inequalities and stud-
ied the approximate solvability of this system based on a system of projection methods.
Projection methods have been applied widely to problems arising especially from comple-
mentarity, convex quadratic programming, and variational problems.

In this paper, we consider, based on the projection method, the approximate solvability
of a system of nonlinear variational inequalities with different co-coercive mappings in
the framework of Hilbert spaces. Solutions of the system of nonlinear relaxed co-coercive
variational inequalities are also fixed points of asymptotically nonexpansisve mappings.
Our results obtained in this paper generalize the results announced by Chang et al [3],
Verma [22]-[24] and some others.

Let H be a real Hilbert space, whose inner product and norm are denoted by (-, -) and
I |I- Let C be a closed convex subset of H andlet T : C' — H be a nonlinear mapping. Let
P¢ be the projection of H onto the convex subset C'. The classical variational inequality,
denoted by VI(C,T), is to find u € C such that

(Tu,v—u) >0, YvecC. (1.1)

We see that the point w € C' is a solution of the variational inequality (1.1) if and only if
u € C is a fixed point of the mapping Po (I — AT'), where A > 0 is a constant. That is,

u = Po(u— ATu). (1.2)

One can easily see variational inequalities and fixed point problems are equivalent. This al-
ternative equivalent formulation has played a significant role in the study of the variational
inequalities and related optimization problems.

LetT : C — H be a mapping. Recall the following definitions.
(1) T is said to be monotone if

(Tu —Tv,u—v) >0, Yu,veC.

(2) T is said to be J-strongly monotone if there exists a constant § > 0 such that
(Tx — Ty, —y) > 6|z —y||>, Vo,yeC.
This implies that
[Tz =Tyl = éllx —yl, Va,yel,
that is, T" is §-expansive and, when § = 1, it is expansive.

(3) T is said to be ~y-cocoercive if there exists a constant v > 0 such that

<TT—Ty,J)—y> Z’}/HTJZ—TZ/”Q, V%ye C.

(4) T is said to be relaxed ~y-cocoercive if there exists a constant v > 0 such that

<T{E - Ty,x - y> > (—’V)HT.’I} - Ty||27 V%y eC.
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(5) T is said to be relaxed (-, §)-cocoercive if there exist two constants v, > 0 such
that
(Ta —Ty,x —y) > (=) | Tz — Ty|> + 6|l — y|>, Va,y € C.

Let S : C — C be a mapping. Recall the following definitions.
(6) S is said to be nonexpansive if

ISz — Syl < o —yll, Va.yeC.

(7) S is said to be asymptotically nonexpansive if there exists a sequence {k, } C [0, o0)
with lim,, . k,, = 1 such that

I1S"x — S™y|| < kpllz —yl|, Vz,y€C,n>0.

Next, we denote the fixed point of S by F'(S). If z* € F(S)NVI(C,T), then we have
the following

x* = 8"" = Pola* — pTx*] = S"Pela* — pTx*], Yn >0.

This formulation is used to suggest the following iterative methods for finding a com-
mon element of the set of fixed points of asymptotically nonexpansive mappings and of
the set of solutions to variational inequalities. Recently, three-step iterative method was
studied by many authors to approximate solutions of variational inequalities and nonlinear
operator equations. It has been shown that three-step schemes are numerically better than
two-step and one step methods; see, for example, [15-17,27,28] and the reference therein.

LetTy,T5,T5 : CxCxC — H be nonlinear mappings. Consider a system of nonlinear
variational inequality problems (SNVI) as follows:

Find (z*,y*, 2*) € C x C' x C such that

(sTy(y*, 2", ")+ a* —y", e —2*) >0, Veel, s>0, (1.3)
(th(z" 2"y ) +y" — 2" e —2") >0, Vexel t>0, (1.4)
(rT3(z*,y*,2")+ 2" =2, x —2*) >0, VxelC,r>0. (1.5)

One can easily see the SNVI problem (1.3)-(1.5) is equivalent to the following projec-
tion formulas:
¥ = Poly* — sTy(y*, 2", 2")], s>0,
y" = Pele" —tTu(z" " y")), >0,
2" = Pole™ —rTs(x™,y", 2")], r>0,
respectively, where Pc is the projection of H onto C.
Next, we consider some special classes of the SNVI problems (1.3)-(1.5) as follows:

(D If C is a closed convex cone of H, then the SNVI problem (1.3)-(1.5) is equivalent
to the following system (SNC) of nonlinear complementarity problems:
Find (z*,y*,2*) € C' x C x C such that

T (y*, 2%, z%) € CF, Tao(z%,z%,y") € C*, Ts(z*,y*,2*) € C*

(sTh(y*, 2", ")+ 2" —y*,2*) =0, s>0, (1.6)
(tTo(2" 2", y") +y* —2%,2%) =0, t>0, (1.7)
(rTs(a™,y*,2")+ 2" — 2", 2") =0, r>0, (1.8)

where C* is the polar cone to C defined by
C*={feH:(f,x) >0, YoeC} (1.9)
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D) If Ty = 15 = T3, then then the SVNI problem (1.3)-(1.5) reduces to the following
SNVI problems:
Find (z*,y*,2*) € C x C x C such that

(sT(y*, 2", 2"+ 2" —y*, e —2") >0, VreC s>0, (1.10)
Tz "y ) +y" =252 —2") >0, VeelC, t>0, (1.11)
(rT(x*y*,2")+ 2" —a",x —2*) >0, VeeC,r>0. (1.12)

(1) If Ty, T5, T3 : C' — H are univariate mappings, then the SVNI problem (1.3)-(1.5)
reduces to the following SNVI problems:
Find (z*,y*,2*) € C x C x C such that

(sTh(y" )+ 2" —y*, e —2") >0, Vzxel, s>0, (1.13)
)ty —zz—a") >0, VYxel, t>0, (1.14)
(rTa(x*)+ 2" —2",x —2%) >0, Vel r>0. (1.15)

AV)IfTy =T, = T3 =T : C — H is a univariate mapping, then the SVNI problem
(1.3)-(1.5) reduces to the following SNVI problems:
Find (z*,y*, 2*) € C x C' x C such that

(sT(y")+a* —y*,x—2") >0, Verel s>0, (1.16)
Trz*)+y* =z o —2")>0, VeelC, t>0, (1.17)
T(@*)+z" =22 —2%) >0, VYeel, r>0. (1.18)

One can easily get the SNVI problem (1.16)-(1.18) is equivalent to the following projection
formulas:

¥ = Pely* — sT(y")], s>0, (1.19)
y* = Pelz" —tT(2")], t>0, (1.20)
2" = Polz® —rT(z")], r>0. (1.21)

Next, we introduce the following iterative methods for the above SNVI problems.

Algorithm 1. For any xg, yo, 2o € C, compute the sequences {x}, {y,} and {z,} by the
iterative process:

zn = S"Polxn, — o T5(2n, Yn, 2n)],
Yn = SnPC[Zn - tnTZ(Zna Tn, yn)]u
Tn+1 = (1 - an)xn + anS”PC[yn - SnTl(yn,men)]’ n Z 07
where {a, } is a sequence in [0, 1] and S is an asymptotically nonexpansive mapping.

If 1y =Ty =715 =T and S = I, the identity mapping, then Algorithm 1 is reduced to
the following:

Algorithm 2. For any g, yo, z0 € C, compute the sequences {xz,, }, {y,} and {z, } by the
iterative process:

Zn = PC[xn - TnT(an, Yn, Zn)}v

Yn = Polzn — tnT (20, Tny yn)],

Tn+1 = (]- - an)xn + anPC[yn - SnT(ynv Znaxn)}a n 2 0,

where {a, } is a sequence in [0, 1] for all n > 0.
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If T1,75,T3 : C — H are univariate mappings, then the Algorithm 1 is reduced to the
following:

Algorithm 3. For any xg, yo, z0 € C, compute the sequences {x,, }, {y,} and {z,} by the
iterative process:

zn = S"Polxy, — roTsw,],
Yn = SnPC [zn - tnT2Zn]a
Tn4+1 = (1 - an)xn + anSnPC[yn - SnTl (yn)]v n Z 07
where {a, } is a sequence in [0, 1] and S is an asymptotically nonexpansive mapping.

If7Th =15 =13 =T : C — H is a univariate mapping and S = I, the identity
mapping, then we have the following:

Algorithm 4. For any xg, yo, 2o € C, compute the sequences {x}, {y»} and {z,} by the
iterative process:

Zn = PC[xn - TnT:Cn]a
Yn = PC[Zn - tnTZn}a
Tp+1 = (1 - an)xn + anPC'[yn - SnT(yn)]7 n Z 07
where {a, } is a sequence in [0, 1].
In order to prove our main results, we need the following lemmas and definitions.
Lemma 1. Assume that {a,,} is a sequence of nonnegative real numbers such that
Qp41 S (1 - )\n)an + bn + Cn, vn Z no,

where ng is some nonnegative integer, {\,} is a sequence in (0,1) with Y > | A\, = 00,
b, = o(An) and Y 0 ¢ < 00, then lim,, o0 an = 0.

Definition 2. A mapping T': C x C' x C — H is said to be relaxed ((+y, §))-cocoercive if
there exist constants (v, d) > 0 such that, for all z, 2’ € C

(T(z,y,2) —T(2',y,2"), 2 —2')
> (NIT(z,y,2) =Ty, )P + 8|z — 2'|1>, Vy,¢/,2,2" € C.

Definition 3. A mapping 7" : C' x C' x C — H is said to be p-Lipschitz continuous in the
first variable if there exists a constant x> 0 such that, for all z, 2’ € C,

||T(£C,y,2) - T(xlvylvzl)” S MH:E - .’E/H, Vy,y/,Z,Z/ eC.

2. MAIN RESULTS

Theorem 4. Let C' be a closed convex subset of a real Hilbert space H. Let T; : C x
C x C — H be a relaxed (;,d;)-cocoercive and ;-Lipschitz continuous mapping in
the first variable for each i = 1,2,3 and S : C — C an asymptotically nonexpansive
mapping with a fixed point. Suppose that ©*,y*, z* € F(S) and (z*,y*, z*) € Q, where
Q) denotes the set of solutions to the SNVI problems (1.3)-(1.5). Let {xn}, {yn}, {zn} be
the sequences generated by Algorithm 1 and let {cv,} be a sequence in [0, 1]. Assume that
the following conditions are satisfied.

(@) ZZO:() Qp = OO;
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(b) k201,02,0s, < 1, where

O1n = \/1 + s2u3 — 25,01 + 28,7113, Oon = \/1 + 123 — 2,02 + 2t y2 3

and

03, = \/1 + T?L:“‘% — 2rpd3 + 27‘1173#%

Then the sequences {x,,}, {yn} and {z, } converge strongly to x*, y* and z*, respectively.

Proof. From the assumption, we have

¥ = (1 - an)l‘* + OénSnPC[lfk - SnTI(y*vz*7m*>}’
y* = SnPC[Z* - tnTQ(Z*vx*7y*)]’
z* = S"Polz* — rpyTs(x*, y*, 2%)).

It follows from Algorithm 1 that

|

=1 = an)an + anS" P lyn — snT1(Yn, 2n, 2n)] — 27|

= ”(1 - O‘n)xn + anS"PC[yn - SnTl(ym men” (2.1)
—(1=ap)x™ + apS"Poly™ — syT1(y*, 2", )|l

< (A =an)llzn — 2% + anknllyn — ¥ = $ulT (Yn, 20, 2n) — T(y", 2%, 27)]]|.

By the assumption that 77 is relaxed (1, 01)-cocoercive and 4 -Lipschitz continuous in
the first variable, we obtain

Hyn - Z/* - 57L[T1(yn7 Zn, xn) - Tl(y*v Z*,J)*)]H2

=g — ¥ 1> = 280 (Y0 — ¥ T1(Yn, 20, wn) — Ta(y™, 2%, 2%))
+ 52| Tt (Y 20 20) — Ta(y", 2%, 2%) |

< yn = 0P = 28011111 (Un, 205 20) — Ta(y*, 25, %) |12 + Saflym —v* 7] (2.2)
+spifllyn — v 12

<yn = 417 + 250153 lyn — ¥ 112 = 28061 llyn — v* 11 + s i llyn — v* |12

=03, llyn — v*II%,

where 01, = /1 + s2u? — 25,01 + 25,71 143. Now, we estimate

||yn - y*H = ”STLPC[ZW, - tnT2(Znaxn7yn)] - y*H
- ||SnPC[Zn - tnT2<Zn7xnayn)] - SnPC[Z* - tnT2(Z*a-T*a y*>]|| (23)
S kn”Zn - Z* - tn[TQ(zna xnayn) - TQ(Z*JU*,ZJ*)]H
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By the assumption that 75 is relaxed (2, d2)-cocoercive and po-Lipschitz continuous in
the first variable, we obtain
20 = 2% = talT2 (20, @n, yn) — Ta(2", 2", )]
= llon = 2*[1? = 2t (20 — 2%, Ta(2n, Tn, yn) — To(2%,2%,y7))
+ T2 (2n, 2y yn) — Ta(2", 2%, y7) |12
< lzn = 2°I7 = 2tn[=2 | T2(2n, @n, yn) — To(z", 2, y")|1? + allzn — 2|I°] (2.4)
+tpusllzn — 2%
< lzn = 2° 17 + 2tny2pi3 20 — 2° |7 = 2tndallzn — 2|1* + o)z — 2*|

< 0%71”'2” - Z*”Q’

where 0,,, = \/ 1+ ¢2 ,u% — 2t,00 + 2t Y0 ,u%. On the other hand, we have

20 — 2*|| = [|S™Polzn — raT3(Zn, Yn, 20)] — 2°|

= ||S"Pelayn — raT5(2n, Yn, 2n)] — S"Polz™ — rpTs(x™, y*, 27)]|] 25)
= knlPclzn — rnT3(2n, Yn, 20)] — Polz” — raTs(2", y", 27)]| '
< knllan — 2 — ra[T3(2n, Yn, 2n) — T3(2", y", 27)]|l-

By the assumption that T3 is relaxed (3, d3)-cocoercive and p3-Lipschitz continuous in
the first variable, we obtain
lon = 2% = ralT3(@n, Yn, 20) = Ta(",y", 7)1
= |l —2|* = 22 — 2%, Ts(20, Y 20) — Ts(a*,y", 27))
+ T (@0, Yy 20) — Ta(a®, ", 2912

* (12 * * *\ (|2 * (12 (26)
<o —2[1° = 2ru[=22l| T3 (0, yn, 20) — T(x™, y", 2°) |1 + 03|20 — 2™ |7

+ e — o

< 0§n|‘x77« - I*HQa

where 03, = \/1+ 71212 — 27,03 + 2r,7303. Combining (2.2), (2.3), (2.4), (2.5) and
(2.6), we see

Hyn -y - Sn[Tl(ym Zny Tn) — T1(y", z*,x*)]H < k391n92n93n”$n - x*H (2.7)
Substitute (2.7) into (2.1) yields that
s — 27| < [1 = an(l = k201002005, — 2. (2.8)

Applying Lemma 1 to (2.8), we can get the desired conclusion easily. This completes the
proof.

O

Remark 5. Theorem 4 mainly improves the corresponding results of Chang, Lee and Chan
[3] and also extends the results of Huang and Noor [11] to some extent.

As applications of Theorem 4, we have the following results immediately.

Corollary 6. Let C be a closed convex subset of a real Hilbert space H. Let T : C X
C x C — H be a relaxed (v, d)-cocoercive and p-Lipschitz continuous mapping in the
first variable. Suppose that (x*,y*,2*) € Qo, where Qo denotes the set of solutions to
the SNVI problems (1.10)-(1.12). Let {xn}, {yn}, {2n} be the sequences generated by
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Algorithm 2 and let {cv,} be a sequence in [0, 1]. Assume that the following conditions are
satisfied.

(a) Z,OLOZO Oy, = O0;

(b) 01,602,053, < 1, where

91n = \/1 + S%/L2 - 25715 + 25n7M27 02n = \/1 + t%/ﬂ - 2tn6 + 2t”’yu2

and

O3 = /141202 — 21,6 + 2rpyu2.

Then the sequences {x,}, {yn} and {z,} converge strongly to x*, y* and z*, respectively.

Corollary 7. Let C be a closed convex subset of a real Hilbert space H. LetT; : C — H
be a relaxed (v;, 0;)-cocoercive and p;-Lipschitz continuous mapping for each i = 1,2,3
and S : C — C an asymptotically nonexpansive mapping with a fixed point. Suppose
that x*,y*,z* € F(S) and (x*,y*,2*) € Qs, where Q3 denotes the set of solutions to
the SNVI problems (1.13)-(1.15). Let {xn}, {yn}, {2n} be the sequences generated by

Algorithm 3 and let {cv, } be a sequence in [0, 1]. Assume that the following conditions are
satisfied.

(a) ZZO:O Qp = OO;
(b) k201,602,035, < 1, where

01 = \/1 + 8202 — 25,01 + 25,113, Oay = \/1 + 1213 — 2t,00 + 2t 213
and

O3, = \/1 +72p3 — 2r,03 + 2r, Y33,
Then the sequences {x,}, {yn} and {z,,} converge strongly to x*, y* and z*, respectively.

Corollary 8. Let C be a closed convex subset of a real Hilbert space H. Let T : C —
H be a relaxed (v, 0)-cocoercive and p-Lipschitz continuous mapping. Suppose that
(x*,y*,2*) € Q4, where Q4 denotes the set of solutions to the SNVI problems (1.16)-
(1.18). Let {zn}, {yn}, {#n} be the sequences generated by Algorithm 4 and let {v,,} be
a sequence in [0, 1]. Assume that the following conditions are satisfied.

(@) ZZO:O Qp = O0;

(b) 01,02,03, < 1, where

01, = \/1 + 82p2 — 28,0 + 28,7142, 02 = \/1 + 2% — 2t,0 + 2t,yu?

and

93’” - \/1 + T%,MQ - ZTTL(S + 27‘7/}/”2'

Then the sequences {x,}, {yn} and {z,} converge strongly to x*, y* and z*, respectively.
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