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Abstract. The local convergence of the Gauss–Newton method is studied
under a combination of the radius and center–Lipschitz average functions
[3], [7], [8]. Using more precise estimates and under the same or less com-
putational cost, we provide an analysis of this method with the following
advantages over the corresponding results in [8]: larger convergence ball,
and finer error estimates on the distances involved.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a solution x? of
equation

F ′(x)T F (x) = 0, (1.1)
where F is a Fréchet–differentiable operator defined on X = Rn, with values on Y = Rm

(m ≥ n).

A large number of problems in applied mathematics and also in engineering are solved
by finding the solutions of certain equations. For example, dynamic systems are mathemat-
ically modeled by difference or differential equations, and their solutions usually represent
the states of the systems. For the sake of simplicity, assume that a time–invariant system
is driven by the equation ẋ = T (x), for some suitable operator T , where x is the state.
Then the equilibrium states are determined by solving equation (1.1). Similar equations
are used in the case of discrete systems. The unknowns of engineering equations can be
functions (difference, differential, and integral equations), vectors (systems of linear or
nonlinear algebraic equations), or real or complex numbers (single algebraic equations
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with single unknowns). Except in special cases, the most commonly used solution meth-
ods are iterative–when starting from one or several initial approximations a sequence is
constructed that converges to a solution of the equation. Iteration methods are also applied
for solving optimization problems. In such cases, the iteration sequences converge to an
optimal solution of the problem at hand. Since all of these methods have the same recur-
sive structure, they can be introduced and discussed in a general framework.

We are seeking least–square solutions of (1.1). That is we solve the minimization prob-
lem:

min
x∈X

1
2

F (x)T F (x). (1.2)

We use the famous Gauss–Newton method

xk+1 = xk − (F ′(xk)T F ′(xk))−1 F ′(xk)T F (xk) (x0 ∈ X ), (k ≥ 0) (1.3)

to generate a sequence approximating a solution x? of (1.2).

There is an extensive literature on the local as well as the semilocal convergence analy-
sis of Newton–type methods under various conditions in the more general setting when X
and Y are Banach spaces [1]–[11].

In particular, in the case of Gauss–Newton method (1.3), Li et al. provided a local con-
vergence analysis in [8] using the concept of the generalized Lipschitz condition with L
average (inaugurated by Wang in [10]), which unified the Kantorovich–domain–type [1]–
[3], [6] approach with the Smale–point–estimate–type approach [3], [9], [10].

Recently, we have successfully used in [1]–[3] a combination of Lipschitz and center–
Lipschitz conditions (instead of only Lipschitz conditions as in to provide a finer local and
semilocal convergence analysis for Newton–type methods, when F is an isomorphism.
The main idea is derived from the observation that more precise upper bounds on the
norms ‖ F ′(x)−1 F ′(x?) ‖ can be obtained if the needed center–Lipschitz condition is
used:

‖ F ′(x?)−1 (F ′(x)− F ′(x?)) ‖≤ `0 ‖ x− x? ‖,
for all x ∈ U(x?, r0) = {x ∈ X : ‖ x− x? ‖≤ r0} ⊆ X , r0 > 0, `0 > 0 (1.4)

instead of the commonly used Lipschitz condition ([4]–[11]):

‖ F ′(x?)−1 (F ′(x)− F ′(y)) ‖≤ ` ‖ x− y ‖, for all x, y ∈ U(x?, r0), ` > 0. (1.5)

If condition (1.5) holds, then, it follows that there exists `0 ∈ [0, `], such that (1.4) is

satisfied, and
`

`0
can be arbitrarily large [3].

It turn out that these ideas can be used to study the local convergence of the Gauss–
Newton method (1.3). In particular, we provide a local convergence analysis with the
following advantages over the work by Li et al. [8]:

(1) Larger convergence ball. Enlarging the convergence ball is very important in com-
putational mathematics because it allows for a wider choice of initial guesses in
the case of the local convergence of the Gauss–Newton method (1.3).

(2) Finer estimates on the distances involved, which implies that fewer iterations are
needed to achieve a desired error tolerance.

(3) An at least as precise information is provided on the uniqueness of the solution.
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The above improvements are also obtained under the same computational cost since the
computation of the radius Lipschitz condition with L average (see (2.1)) requires that of
the center–Lipschitz with L0 average (see (2.2)).

2. PRELIMINARIES

We need to introduce the concept of Lipschitz condition inaugurated in [10]:

Definition 1. The operator F : Rn −→ Rm satisfies the radius Lipschitz condition with
L average on U(x?, r0) if

‖ F (x)− F (xτ ) ‖≤
∫ s(x)

τ s(x)

L(t) dt, for all x ∈ U(x?, r0), 0 ≤ τ ≤ 1, (2.1)

where, L is a positive non–decreasing function on [0, r0], s(x) =‖ x − x? ‖, and xτ =
x? + τ (x− x?).

Definition 2. The operator F : Rn −→ Rm satisfies the center–Lipschitz condition with
L0 average on U(x?, r0) if

‖ F (x)− F (x?) ‖≤
∫ s(x)

0

L0(t) dt, for all x ∈ U(x?, r0), (2.2)

where, L0 is a positive non–decreasing function on [0, r0].

Note that in [7], [8], [10], the same function L is used in Definitions 1 and 2. However,

L0(t) ≤ L(t) t ∈ [0, r0) (2.3)

holds in general and
L

L0
can be arbitrarily large [1]–[3].

We provide an example where strict inequality holds in (2.3).
Example1. Let X = Y = R2, be equipped with the Euclidean norm,
x? = 0, and define function F on U(0, 1) by

F (z) = (ex − 1, ey − 1)T , z = (x, y)T . (2.4)

Then, using (2.1), and (2.2), we obtain:

L(t) = ` =
√

2 e, and L0(t) = `0 =
√

2 (e− 1) for all t ∈ [0, 1]. (2.5)

It follows from (2.5) that

L0(t) < L(t) for all t ∈ [0, 1]. (2.6)

As noted in the introduction using our (2.2) instead of (2.1), which was
employed in [8] for the computation of the norms

‖ (F ′(x)T F ′(x))−1 F ′(x) ‖ ‖ F ′(x)− F ′(x?) ‖, x ∈ U(x?, r0),

leads to the advantages, as stated at the end of the introduction of this
paper.

Let Rm×n be the set of all m × n matrices, and A+ be the generalized inverse of
A ∈ Rm×n. Then, when m ≥ n, and A is of full rank, we have A+ = (AT A)−1 AT .

We need the lemmas:
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Lemma 3. [7] Let A,E ∈ Rm×n. Assume B = A + E, and ‖ A+ ‖ ‖ E ‖< 1. Then, the
following hold:

rank (B) ≥ rank (A).

If rank (A) = n, m ≥ n, then we have rank (B) = n.

Lemma 4. [7] Let A,E ∈ Rm×n. Assume B = A + E, and ‖ A+ ‖ ‖ E ‖< 1. Then, the
following hold:

‖ B+ ‖≤ ‖ A+ ‖
1− ‖ A+ ‖ ‖ E ‖ ,

provided that rank (B) = rank (A).

Moreover,

‖ B+ −A+ ‖≤
√

2 ‖ A+ ‖2 ‖ E ‖
1− ‖ A+ ‖ ‖ E ‖

provided that rank (A) = rank (B) = min {m,n}.

Lemma 5. [7], [8] Let M be a positive non–decreasing function on [0, r0]. Then, for each
a ≥ 0, the functions

fa(t) =
1

t1+a

∫ t

0

ua M(u) du

and

g(t) =
1
t2

∫ t

0

(2t− u) M(u) du

are non–decreasing on [0, r0].

3. LOCAL CONVERGENCE ANALYSIS OF METHOD (1.3)

We shall show the main local convergence result for the Gauss–Newton method (1.3)
using a combination of the radius Lipschitz condition with L average, and the center–
Lipschitz condition with L0 average on U(x?, r0):

Theorem 6. Let F : Rn −→ Rm be continuously Fréchet–differentiable on U(x?, r0),
where x? is a solution of (1.2) and r0 > 0. Set

b =‖ (F ′(x?)T F ′(x?))−1 F ′(x?)T ‖, and c =‖ F (x?) ‖ .

Moreover, assume operator F ′(x?) is of full rank and F ′ satisfies the radius Lipschitz
condition with L average and the center–Lipschitz condition with L0 average on U(x?, r0).

Furthemore, assume function h0 has a minimal zero r on [0, r0], which also satisfies:

b

∫ r

0

L0(t) dt < 1, (3.1)

where,

h0(p) =
( ∫ p

0

L(t) t dt + (
√

2 b c + p)
∫ p

0

L0(t) dt

)
b− p. (3.2)

Then, sequence {xk} (k ≥ 0) generated by the Gauss–Newton method (1.3) is well de-
fined, remains in U(x?, r) for all k ≥ 0, and converges to x?, provided that x0 ∈ U(x?, r)
with x0 6= x?.
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Moreover, the following estimates hold for all k ≥ 1:

‖ xk − x? ‖ ≤ α ‖ xk−1 − x? ‖2 +β ‖ xk−1 − x? ‖
≤ qk ‖ x0 − x? ‖, (3.3)

where,

α =
b

∫ s(x0)

0

L(t) t dt

(
1− b

∫ s(x0)

0

L0(t) dt

)
s(x0)2

, (3.4)

β =

√
2 b2 c

∫ s(x0)

0

L(t) dt

(
1− b

∫ s(x0)

0

L0(t) dt

)
s(x0)

, (3.5)

and

0 < q0 = α s(x0) + β < 1. (3.6)

Proof. Using (2.2), (3.1), and the choice of r, we obtain in turn:

‖ (F ′(x?)T F ′(x?))−1 F ′(x?)T ‖ ‖ F ′(x)− F ′(x?) ‖ ≤ b

∫ s(x0)

0

L0(t) dt

< b

∫ r

0

L0(t) dt < 1.

(3.7)
In view of Lemmas 3, 4 respectively, and (3.7), F ′(x) is full rank and satisfies

‖ (F ′(x)T F ′(x))−1 F ′(x)T ‖≤ b

1− b

∫ s(x0)

0

L0(t) dt

,
(3.8)

and
‖ (F ′(x)T F ′(x))−1 F ′(x)T − (F ′(x?)T F ′(x?))−1 F ′(x?)T ‖

≤

√
2 b

∫ s(x0)

0

L0(t) dt

1− b

∫ s(x0)

0

L0(t) dt

(3.9)

for all x ∈ U(x?, r).

Moreover, in view of Lemma 5 for a = 0 and a = 1, we get in turn
∫ s(x0)

0

M(t) t dt

s(x0)
= s(x0)

∫ s(x0)

0

M(t) t dt

s(x0)2

≤ r

∫ r

0

M(t) t dt

r2
=

∫ r

0

M(t) t dt

r
,

(3.10)



28 Ioannis K. Argyros, Saı̈d Hilout

and
∫ s(x0)

0

M(t) dt

s(x0)
≤

∫ r

0

M(t) dt

r
.

(3.11)

Using (3.1), (3.6), (3.10), (3.11), and the choice of r, for M = L0 or L, we obtain:

0 < q =
1

s(x0)

( b

∫ s(x0)

0

L(t) t dt

1− b

∫ s(x0)

0

L0(t) dt

+

√
2 b2 c

∫ s(x0)

0

L(t) dt

1− b

∫ s(x0)

0

L0(t) dt

)

≤ 1
r

( b

∫ r

0

L(t) t dt

1− b

∫ r

0

L0(t) dt

+

√
2 b2 c

∫ r

0

L(t) dt

1− b

∫ r

0

L0(t) dt

)
< 1.

(3.12)

Using Gauss–Newton method (1.3), we obtain the identity

xk − x? = xk−1 − x? − (F ′(xk−1)T F ′(xk−1))−1 F ′(xk−1)T F (xk−1)
= (F ′(xk−1)T F ′(xk−1))−1 F ′(xk−1)T (F ′(xk−1) (xk−1 − x?)−

F (xk−1) + F (x?)) + (F ′(x?)T F ′(x?))−1 F ′(x?)T F (x?)−
(F ′(xk−1)T F ′(xk−1))−1 F ′(xk−1)T F (x?).

(3.13)
In particular for k = 1 in (3.12), since x0 ∈ U(x?, r), we obtain in turn using (2.1),

(2.2), (3.8), and (3.9):

‖ x1 − x? ‖
≤‖ (F ′(x0)T F ′(x0))−1 F ′(x0)T ‖ ×
‖

∫ 1

0

(F ′(x0)− F ′(x0 + τ (x? − x0)) (x0 − x?) dτ ‖ +

‖ (F ′(x?)T F ′(x?))−1 F ′(x?)T − (F ′(x0)T F ′(x0))−1 F ′(x0)T ‖ ‖ F (x?) ‖

≤ b

1− b

∫ s(x0)

0

L0(t) dt

∫ 1

0

∫ s(x0)

τ s(x0)

L(t) dt s(x0) dτ +

√
2 b2 c

∫ s(x0)

0

L0(t) dt

1− b

∫ s(x0)

0

L0(t) dt

=
b

1− b

∫ s(x0)

0

L0(t) dt

( ∫ s(x0)

0

L(t) t dt +
√

2 b c

∫ s(x0)

0

L0(t) dt

)
.

(3.14)
It follows from (3.6) and (3.14) that:

‖ x1 − x? ‖≤ q0 ‖ x0 − x? ‖, (3.15)

which implies x1 ∈ U(x?, r).

Hence, (3.3) holds for k = 0.
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Assume xk ∈ U(x?, r), by exchanging x0, x1 with xk, xk+1, we obtain:

‖ xk+1 − x? ‖

≤
b

∫ s(xk)

0

L(t) t dt

1− b

∫ s(xk)

0

L0(t) dt

+

√
2 b2 c

∫ s(xk)

0

L0(t) dt

1− b

∫ s(xk)

0

L0(t) dt

≤
b

∫ s(xk)

0

L(t) t dt s(xk)2

s(xk)2
(

1− b

∫ s(x0)

0

L0(t) dt

) +

√
2 b2 c

∫ s(xk)

0

L0(t) dt s(xk)

s(xk)
(

1− b

∫ s(xk)

0

L0(t) dt

)

≤ q0 ‖ xk − x? ‖≤ qk+1
0 ‖ x0 − x? ‖< r

(3.16)

(by Lemma 5, which implies xk+1 ∈ U(x?, r), and lim
k→∞

xk = x?.

That completes the induction and the proof of Theorem 6. ¤

Remark 7. If estimate (2.3) holds as equality, then our Theorem 7 reduces to Theorem 3.1
in [8]. Otherwise, i.e., if (2.3) holds a strict inequality, then our result improves Theorem
3.1 in [8] under the same computational cost, since in practice the evaluation of function L
requires that of L0. Let h, q, r1 be as h0, q0, r respectively by simply replacing L0 by L.

Then, we have:
r1 < r (3.17)

and
q0 < q. (3.18)

Since, r1 and q were used in [8], it follows from (3.17) and (3.18) that in this case a
larger convergence ball is obtained and smaller ratio than in [8].

We state the local convergence result for the Gauss–Newton method (1.3) using only
the weaker center–Lipschitz condition with L0 average on U(x?, r0).

Theorem 8. Let F : Rn −→ Rm be continuously Fréchet–differentiable on U(x?, r0),
where x? is a solution of (1.2) and r0 > 0.

Moreover, assume operator F ′(x?) is of full rank and F ′ satisfies the center–Lipschitz
condition with L0 average on U(x?, r0).

Furthemore, assume function H0 has a minimal zero r on [0, r0], which also satisfies:

b

∫ r

0

L0(t) dt < 1,

where, b is defined in Theorem 6, and H0 has the following form:

H0(p) =
( ∫ p

0

(2 p− t) L0(t) dt + (
√

2 b c + p)
∫ p

0

L0(t) dt

)
b− p. (3.19)

Then, sequence {xk} (k ≥ 0) generated by the Gauss–Newton method (1.3) is well de-
fined, remains in U(x?, r) for all k ≥ 0, and converges to x?, provided that x0 ∈ U(x?, r)
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with x0 6= x?.

Moreover, the following estimates hold for all k ≥ 1:

‖ xk − x? ‖ ≤ α0 ‖ xk−1 − x? ‖2 +β0 ‖ xk−1 − x? ‖
≤ qk ‖ x0 − x? ‖, (3.20)

where,

α0 =
b

∫ s(x0)

0

(2 s(x0)− t) L0(t) dt

(
1− b

∫ s(x0)

0

L0(t) dt

)
s(x0)2

,

β0 =

√
2 b2 c

∫ s(x0)

0

L0(t) dt

(
1− b

∫ s(x0)

0

L0(t) dt

)
s(x0)

,

and
0 < q = α0 s(x0) + β0 < 1.

Proof. We shall show (3.20) for all k ≥ 1.

As in the proof of Theorem 6, using (1.3) for k = 1, (2.1), and (2.2), we get:

‖ x1 − x? ‖
≤‖ (F ′(x0)T F ′(x0))−1 F ′(x0)T ‖ ×
‖

∫ 1

0

(F ′(x0)− F ′(x0 + τ (x? − x0)) (x0 − x?) dτ ‖ +

‖ (F ′(x?)T F ′(x?))−1 F ′(x?)T − (F ′(x0)T F ′(x0))−1 F ′(x0)T ‖ ‖ F (x?) ‖

≤ b

∫ 1

0

‖ (F ′(x0)− F ′(x?)) + (F ′(x?)− F ′(x0 + τ (x? − x0)) ‖ ‖ x0 − x? ‖ dτ+

‖ (F ′(x?)T F ′(x?))−1 F ′(x?)T − (F ′(x0)T F ′(x0))−1 F ′(x0)T ‖ ‖ F (x?) ‖

≤ b

1− b

∫ s(x0)

0

L0(t) dt

∫ 1

0

( ∫ s(x0)

0

L0(t) dt +
∫ τ s(x0)

0

L0(t) dt

)
s(x0) dτ

+

√
2 b2 c

∫ s(x0)

0

L0(t) dt

1− b

∫ s(x0)

0

L0(t) dt

=
b

s(x0)2
(

1− b

∫ s(x0)

0

L0(t) dt

)
( ∫ s(x0)

0

(2 s(x0)− t)L0(t) dt ‖ x0 − x? ‖2 +

√
2 b c s(x0)

∫ s(x0)

0

L0(t) dt ‖ x0 − x? ‖
)

= q ‖ x0 − x? ‖ .
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Therefore, x1 ∈ U(x?, r). Clearly, (3.20) holds for k = 0. Assume that xk ∈ U(x?, r),
(3.20) holds for k > 0, and s(xk) decreases monotonically. Then, using Lemmas 3, and 5,
we have in turn:
‖ xk+1 − x? ‖
≤ b

s(xk)2
(

1− b

∫ s(xk)

0

L0(t) dt

)
( ∫ s(xk)

0

(2 s(xk)− t) L0(t) dt ‖ xk − x? ‖2 +

√
2 b c s(xk)

∫ s(xk)

0

L0(t) dt ‖ xk − x? ‖
)

≤ b

s(x0)2
(

1− b

∫ s(x0)

0

L0(t) dt

)
( ∫ s(x0)

0

(2 s(x0)− t)L0(t) dt ‖ xk − x? ‖2 +

√
2 b c s(x0)

∫ s(x0)

0

L0(t) dt ‖ xk − x? ‖
)

≤ q ‖ xk − x? ‖≤ qk+1 ‖ x0 − x? ‖ .

That completes the induction, and the proof of Theorem 8. ¤

Remark 9. If estimate (2.3) holds as equality, then our Theorem 8 reduces to Theorem 3.2
in [8]. Otherwise, i.e., if (2.3) holds a strict inequality, then our result improves Theorem
3.2 in [8] under less computational cost, since the evaluation of L is more expensive than
the evaluation of L0. Let H , q, r2 be as H0, q, r respectively by simply replacing L0 by L.

Then, we have:
r2 < r

and
q < q.

4. APPLICATIONS

In this section we apply the results of Section 3 in a concrete case. Assume: L0(t) = L0,
and L(t) = L on [0,∞). That is consider the Kantorovich–type case. Then in the case of
Theorem 6, and also using the notation introduced in Remark 7, we can easily obtain:

r =
2 (1−√2 b2 c L0)

(2 L0 + L) b
,

q0 =
(L s(x0) + 2

√
2 b c L0) b

2 (1− b L0 s(x0))
,

r1 =
2 (1−√2 b2 c L)

3 b L
≤ r (4.1)

and

q =
(s(x0) + 2

√
2 b c) b L

2 (1− b L s(x0))
≥ q0. (4.2)

Note that strict inequality holds in (4.1), and (4.2), if L0 < L.

We provide a numerical example using the above values.
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Example2. Return back to Example 1. Then, we have c = 0, b =
√

2,
and for x0 = .2,

r1 = .122626481, q = .595665552

r = .162473616 and q0 = .414155282.

That is, we conclude that estimates (4.1), and (4.2) hold as strict in-
equalities.

Below, we provide a comparison between error bounds obtained in
Theorem 3.1 [8], and Theorem 6 in this study.

Comparison table

k qk+1 ‖ x0 − x? ‖ qk+1
0 ‖ x0 − x? ‖

0 .119130759 .082831056
1 .070960689 .03430492
2 .042268004 .014207564
3 .025177097 .005884138
...

...
...

20 .000006323 .000000004
22 .000002243 0

Finally, we provide an example where (2.2) holds, but (2.1) is violated.
Example3. Let X = R, and Y = R2. Define

g1(x) =
∫ x

0

(
1 +

x

4
sin

π

x

)
dx, g2(x) =

1
8

x2 for all x ∈ X

and
g = (g1, g2)T .

Then, we get

g′1(x) =

{
1 +

x

4
sin

π

x
, if x 6= 0

1, if x = 0

and
g′2(x) =

x

4
for all x ∈ X .

Clearly, x? = 0 is a solution of (1.2) (with F is replaced by g).

We also have

‖ g′(x)− g′(x?) ‖= 1
2
‖ x− x? ‖ for all x ∈ X .

That is, we can set

L0(t) =
1
2
.

Then, since b =
√

2, and c = 0, Theorem 8 for any x0 ∈ U(x?,
2
√

5
5

),
guarantees that Gauss–Newton method converges to x?.
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However, there is no positive integrable function L such that (2.1)
holds. Indeed, we have

‖ g′1(x)− g′1(xτ ) ‖= 1
4
|x sin

π

x
− τ x sin

π

x
| = 1

4 (2 k + 1)

for x =
1
k

, τ =
2

2 k + 1
, k = 1, 2, · · ·

That is, if there was a positive integrable function L, such that (2.1)
holds on U(x?, r) for some r > 0, then, there exists k0 > 1, such that

∫ r

0

L(t) dt ≥
∞∑

k=k0

∫ 1/k

2/(2k+1)

L(t) dt

≥ ‖ g′(x)− g′(xτ ) ‖
≥ ‖ g′1(x)− g′1(xτ ) ‖≥

∞∑

k=k0

1
4 (2 k + 1)

= ∞,

which is a contradiction.
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