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1. INTRODUCTION
Let.A(n) denote the class of functiorfsof the form

f)=z+ Z apz® (neN:={1,2,...}) 1.1)

k=n-+1

which are analytic in the open unit didk:= {z € C : |z| < 1}.
Denote by7 (n) the subclass afi(n) consisting of functiong of the form

flz)=2— i arz® (ax >0;n €N). 1.2)
k=n+1

Let f € A(n) given by (1. 1) and le§ € A(n) given by
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The Hadamard product(or convolution) fndg is defined by

(fx9)(z) =2+ Y awbpz" = (9% f)(2) (z € V).

k=n-+1

For complex parameters;, 5, € C — {0,—1,-2,...} (i=1,2,...,0;5=1,2,...,m)
the generalized hypergeometric functidn, (z) is defined by

> (al)k...(al)k
Fo(2) = F(at,...,a;81, ..., Bm; 2) = —_—
() St e, o0t G i) kzzo(ﬂnk..wm)kk!
((<m+1,l,meNy:=NU{0} ,z€U)
where(\) is the Pochhammer symbol defined by
)y o= TA+k) [ 1, k=0
FTTTO) T LMD (A +E—1), keN
Let H p(o,...,a; 01, .., 0m) : A(n) — A(n) be the linear operator defined by
Hym(aa,..sa; 81,0, 8m) f(2) = 2B (o, .. aus Bu, oo B 2) * f(2)

=z+ Y Tpapd (1. 3)
k=n-+1
where
(a1)k—1---(Qr)p—1 1

L= G G Gty Fznt b (1. 4)
If f € T(n)isgivenby (1.2)then
Hym(an, ... i Br,eo B f(2) =2 — > [Tilagz®. ws
k=n+1

For simplicity, in the sequel, we shall wrif; ,,, (a1, 51) f(z) instead of
Him(on,...,00;61, ..., Bm) f(2).

The linear operatofd; ,, (a1, 51)f(z) is called the Dziok-Srivastava operator [5] and
it contains, amongst its special cases, various other operators introduced and studied by
Hohlov [7], Carlson-Shaffer [3], Bernardi [2], Libera [10], Livingston [12], Ruscheweyh
[18], Srivastava-Owa ([15], [22]).

We say that a functioff € A(n) is in the classS; ,, (X, 8, ) if

2V (z)

v(z) <1 (1. 6)
26y + Zg(g 1
(zeU ,0<8<1 ,yeC-{0})

where
2/ (2)  2(Him(oa, 1) f(2)) + A2* (Him (a1, 1) f(2))”
v(2) B (1 = N Hm (o, 61) f(2) + Az(Hym (o, B1) f(2))
(z€U,0<A<1,0;,8,€¢C—{0,-1,-2,...},(i=1,2,...,5;j =1,2,...,m)).
A function f in the class7 (n) is said to be in the clasBS; ,,, (), 8, v) if it satisfies the

following inequality:
‘1 (Z”'(Z) - 1)‘ <p (1. 8)
7\ v(2)

1.7)
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(zeU,yeC—-{0} ,0<A<1,0<08<1]).
Finally, we say that a functiofi € 7' (n) is in the class'R; ,,, (A, 5, 7) if
1
2w -] <o (L. 9
(zeU,yeC—-{0} ,0<A<1,0<pB<0).

We note that there are some known subclasses of our classes of functions

Sl,m()\vﬂa '7) 7TSl,m(>\7577) andTRl,m()\vﬁvv)'
Examplel.If I =2 andm =1witha; =1 =ay, 51 = 1then

TS2,1()‘>677) = Sn(’Y» A716)

Example2.1f | =2 andm = 1witha; =1 =ay, 51 = 1then

TR2,1()‘7 57 ’7) = Rn(’% )‘7 ﬁ)

The classes,, (v, A, 3) andR,, (v, A, 3) were investigated in [1].
Example3.If Il =2andm =1witha; =1=as, f1=1,A=0,08=1|b,v=1
then

TS?J(Ov ‘b|7 1) = Sf(b)v
whereb € C — {0}.The classS; (b) was studied in [9].

In the present paper we obtain a sufficient condition, in terms of coefficient bounds,
for a function to be in the class; ,,,(A, 8,v). We also determine an upper bound for the
Fekete-Szegfunctional|as — ua3| for the classS; .. (A, 8,7).

Furthermore, coefficient inequalities, radii of starlikeness and convexity, closure the-
orems, integral means inequalities and several inclusion relations associatda with
neighborhoods for the classés; ., (A, 8,v) andT R; ., (A, 3, ) are obtained.

2. COEFFICIENT ESTIMATES FOR THE CLASS . (), 3,7)

In this section we obtain a sufficient condition for a functjpe .A(n) to be in the class
Si.m (X, B,7) and we also determine an upper bound for the functionat- pa3|.

Theorem 1. Let f € A(n) givenby (1. 1). If

oo

Y [+ Ak = D]k + 8| = DITkllax] < Bly| (= € V) 2.1)
k=n+1

whereT', is given by ( 1. 4), then the functighis in the classS; ,,(}, 3, 7).
Proof. Suppose that the inequality ( 2. 1) holds. We have:ferU,

oo

> L+ A= D)k — DD garz"| -
k=n-+1

28yz+ Y [+ Ak —1))(k+ 28y — )Tiax2"
k=n-+1

< Vi nrL+ Ak = DIk = D[Telarll2l* = 280|214+ 52,1 [1+ Ak = D)](k +

[2v/(2) —v(2)| = v(2) (267 — 1) + 20/ (2)| =

289| — DITklla|=[*

<2 (X[t + Ak = D]k + Bly| = DTkl lax| — Blv]) < 0.
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which shows thatf belongs toS; ,, (A, 3,7v). Thus, the proof of the theorem is com-
pleted. O

In order to prove our next theorem we need the following lemma.

Lemma 2([8]). Letw(z) of the form
w(z) = ickzk 2.2)
k=1

be an analytic function ifV such thafw(z)| < 1 (¢ € U). If u is a complex number then
ez — pet] < max {1, |ul} . 2.3

Theorem 3. Let i» be a complex number. If the functighe A(2) given by (1. 1)isin
the classS; .. (A, 8, 7) then

Bl T 18:118; + 1]

j=1

la — a3 < max {1, ]d]}

l
@A+ 1) [ ] levillev + 1

=1
where
l m
4ByuA+ 1) [[(ei + D) [ 8
d:= S @+ 1),
A+ 02 JJes [T8 + 1)
i=1 j=1
Proof. Let

2V (2) —v(z)
(287 — Dw(2) + 2v/(2)
It follows thatw is an analytic function ifJ, w(0) = 0 and|w(z)| < 1 (z € U). Consider

w(z) = chzk. Then
k=1

w(z) ==

oo

> (k= DL+ Ak - 1)]Trapz
k=2

1
208y

(c1z+c2? +...) =

1 & k—1
1+ TN ];2[1 + Ak = 1D](28y + k — 1)Trarz

which implies

(c1z4coz® +...) (1 + L Z[l +AME-=D)]28y+ k- 1)Fkakzk_1>
k=2

207 =
_ % Sk = D1+ Ak — 1)]Tgagz"". 2. 4)

k=2
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Equating the coefficients afandz? in both sides of ( 2. 4 ) we obtain

20y H Bj

j=1
l

A+ D]

=1

ag C1

and

sy 88 +1)
j=1
l
(22 +1) H ai(a; +1)

=1

[e2 + (287 + 1)c7].

as

Hence

sy ]88 +1)
as — ua% = =t ; (c2 — dc?)

where

d:=

It follows from ( 2. 5) that

B TT 1851185 + 11
j=1
l
@A+ 1) [ ] levilles + 1

=1

|as — pa3| < |co — defl.

In virtue of Lemma 2 we obtain

Bl T 18:118; + 1]

j=1
l
@A+ 1) ] leille + 1

i=1

|a3—ua§| < max {1, |d|} .

Thus, we completed the proof of the theorem.

(2. 5)

O

In the next sections we establish certain properties of the cldsSgs(), 3,v) and

TRl,m()‘a ﬂa ’Y)
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3. COEFFICIENT INEQUALITIES

In this section we obtain necessary and sufficient conditions for a function to be in the
classT'S; m (A, B,7) andT Ry (A, 5,7), respectively.

Theorem 4. Let f € T (n) given by (1. 2). Therf belongs to the clasgs; .,,(\, 5,~) if
and only if

o0

Y [+ Ak = D]k +Bly| = DITklax < Bly] @1
k=n+1

(yeC—-{0} ,0<A<1,0<p6<]).
Proof. Supposef € T'S;...(), 3,7). By making use of (1. 8) we easily obtain

Re (ZV”(S) - 1) > By (z€D) 3.2)
which, in view of (1. 7), gives
— > [+ AE = D)k — 1)[Tefarz""
Re{ —2=rt > =] (3.3
1= > 1+ Ak — D)|Tefarz"""

k=n-+1

Settingz = r (0 < r < 1)in (3. 3), we observe that the expression in the denominator
on the left hand side of ( 3. 3) is positive fer= 0 and also for all- € (0,1). Thus by
lettingr — 1~ through real values, (3. 3) leads us to the desired condition ( 3. 1) of the
theorem.

Conversely, by applying the hypothesis (3. 1) and settihg= 1, we find by using (
1. 2) that

> L+ Ak = D)(k - 1)|Tk|arz"
2V (2) B 1‘ _ |k=nt
v(z) P Z 1+ Ak —1D)]|Tk|arz"
k=n-+1
> [ Ak = D)(k = 1)|Txak|2/*!
S k=n+1 -
1— Z 1+ Ak - 1)}|1“k|ak|z:|’“_1
k=n+1
Bl <1 - Z 1+ Ak — 1)]Fk|ak>
< e = Bl
1= > [+ Ak — )] |Tlax
k=n-+1

Hence, by the maximum modulus principle, we hgve T'S; ,,,(), 8, ), which evidently
completes the proof of the theorem. O
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Corollary 5. If f € T'S; (A, 8,7) then

o < Bl

RECE R

where
(X, 8,7, k) = [1+ Ak = D](k + Bly| = D[k (3. 4)
(0<A<1,7eC—-{0} ,0<pB<1,k>n+1).
Equality holds for the functions

By using the same arguments as in the proof of Theorem 4 we can establish the next
theorem.

Theorem 6. Let f € 7 (n) given by (1. 2). Therf is in the classI'R; ., (A, 5,7) if and
only if

> KL+ Ak = D)][Txlax < Bl (3.5)
k=n-+1

(yeC—{0} ,0<A<1,0<B<1)
Corollary 7. If f € TR;.,.(\, 3,7) then

Bl

"= W0 Y

where
U\, B,v, k) =k[1+ Mk — 1)]|T| (3. 6)
(0<A<1,7eC—-{0},0<pB<1,k>n+1).
Equality holds for the functions

fu() = 2 Al

U\, B, k)

4. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

F(zeU,k>n+1).

We begin this section with the following theorem.

Theorem 8. Let the functionf defined by ( 1. 2)) be in the clagsS; ,,, (A, 5,7). Thenf
is close-to-convex of ordeér(0 < ¢ < 1)in |z| < r1(A, 8,7, ), where

(1—®H+A%—1mk+ﬂﬂ—iﬂrq
k81| g

Proof. It is sufficient to prove thatf’(z) — 1| <1 -4 (0 < § < 1) for z € U such that
2| < 1\, B,7,6). We have

1
k—1

7”1()\,/6»%5) = kzngfkl |:

S k—1
< Z kag|z|"~".

k=n+1

oo
Z k:akzk'_1

k=n+1

)~ 1] =

Thus|f'(z) — 1| <1 - dif

i <1f(5> aglz[" T <L @. 1)

k=n+1
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By making use of ( 3. 1) we obtain

— L+ AE—-D](k+8H-1)
2 Bl

Then the inequality (4. 1) will be true if

\Fk|ak S 1.
k=n-+1

or equivalently
2] < {(1 —0)[1 + A(kk;i)l](k + 8 -1) m@ kst @.2)
The theorem follows easily from (4. 2). O

Theorem 9. Let the functionf defined by ( 1. 2)) be in the clagsS; ,,,(\, 5,7). Thenf
is starlike of orders (0 <6 < 1)in|z| < r2(A, 5,7, 9), where

[(1 — O+ AE = DIk + 6= 1)
(k= 0)Bh|

Proof. We must prove thaﬁég) - 1‘ <1-6 (0 <6d < 1) forz e U such that

‘Z| < TQ()\vﬁ7’Y76)' We have

1
k—1

T2(>\a ﬁv v, 6) = k:>i2f—.|-l

i

- > (k=1agz*! > (k= DaglzF
zf'(z) ’ _ | k=nh1 < k=nt1
2 [e’e} — [e’e] :
f( ) 1— Z ak2k71 1— Z ak\z|k71
k=n+1 k=n+1

’
z

Thus

f
Iz

<§>—1‘§1—5if

Z <]1€_§) apz|F71 < 1. (4. 3)

k=n+1
In virtue of (3. 1) we have

— [+ XE-D)(k+ By —1)
2 Bl

Hence, the inequality (4.3 ) will be true if

<H> 1 < 1+ Ak —D](k+Bly[—1)
1-9 Blv|

\Fk|ak S 1.
k=n-+1

Tl (k>n+1)

or if
1
1

Tl (k>n+1).

12 < [(1 — O+ Ak = DJ(k+ B[ -1
- (k= 0)8l|

Thus, the proof of our theorem is completed. O
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Corollary 10. Let the functionf defined by (1. 2) be in the clag%5; ,,, (A, 5,7). Thenf
is convex of orded (0 < ¢§ < 1)in |z| < r3(A, 8,7, ), where
(1 =01+ Ak =Dk + B[ = 1) |Fk|}
k(k = 0)BI|
By using the same arguments as in the proofs of Theorems 8 and 9 we can obtain the
radii of close-to-convexity, starlikeness and convexity for the cléBs,,, (A, 5, 7).

Theorem 11. Let f given by (1. 2) be in the classR; ,,()\, 3,v). Then the functiorf
is close-to-convex of order (0 < § < 1) in |z| < p1(A, 3,7, 9), where
(1=86)[14+MEk-1)] IFkI] =T '
Bl
Theorem 12. Let f given by (1. 2) be in the clasBR, ., (), 8, ). Then the functiorf
is starlike of order (0 < ¢§ < 1)in|z| < p2(A, 8,7,9), where
E(1—=06)[1+ Ak —1)] |Fk|}
(k= 8)B|
Corollary 13. Let f given by (1. 2) be in the clas8R; ,,,(\, 3,7). Then the functiorf
is convex of orded (0 < § < 1) in |z| < p3(A, B,7,9), where
(I—=0)[14+ Ak —1)] |Fk|] = .
(k= 0)Bl| ‘

5. CLOSURE THEOREMS
Let the functionsf; € 7 (n) (j = 1,2,..., p) defined by

1
E—1

T3(>\aﬂ7776) = Hlf |:

k>n+1

pl()‘7ﬁ7'775) = kzlrrllil |:

k—1

p2(A7ﬁ5775) = inf |:

k>n+1

p3()\7ﬂ77’6) = inf |:

k>n+1

file)=2= Y ar;?* (z€). (5. 1)

We obtain the following results for the closure of functions in the clagsgs,, (A, 3, 7)
andT'R; (X, B,7).

Theorem 14. Let the functionsf; (j = 1,2,...,p) given by (5. 1) be in the class
P
TS1m(A B,7) and lete; > 0 (j = 1,2,...,p) such that) _ ¢; = 1. Then the functiot

Jj=1

defined by
p
h(z) =Y ¢fs
j=1

is also in the clasgS; (A, 8, 7).

Proof. In virtue of the definition of:, we can write

h(z) = ch [z — Z ak,jzk]

k=n-+1

P o0 P
= E ¢ | z— g E cjak; | 2
j=1 k=n+1 \j=1
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- i (zp:cjak’j) 2F.

k=n+1 \j=1
Since the functiong; are inT'S; ,,,(\, 8,7), for everyj =1,2,...,p we have
D [+ Ak = D)k + By = DITklak; < Bl.
k=n-+1

Hence we get

k=n+1 j=1

D LAk = D]k + Bly| = DT (chalw)
—ZC;(Z [T+ Ak - )](k‘+ﬁ|7|—1Fkak,]> Z B = Bl

Jj=1 k=n-+1
which implies thath is in the classI’S, ., (), 8,v). Thus, the proof of the theorem is
completed. 0

Corollary 15. The classl'S; .., (A, 8, ) is closed under convex linear combination.

Proof. Assume that the function§ (j = 1,2) given by (5. 1) are inthe clagsS; ., (A, 3, 7).
It is sufficient to show that the functigndefined by
h(z) = pfi(z) + (1 —p)fa(z) (0<p<1)
is in the clasgl'S; ., (A, 5,7).
By takingp =2 ,¢; = p and ¢2 = 1 — pin Theorem 14 we obtain the corollary[]

Making use of the same arguments as in the proofs of Theorem 14 and Corollary 15,
closure properties for the clags®; ,,,(), 3,) can also be obtained.

6. CONVOLUTION AND INTEGRAL PROPERTIES

In this section we shall prove that the clas§e% ,,,(\, 3,7) andTR; (), 8,) are
closed under convolution and integral operator.

Theorem 16. Letg(z) of the form

9(z) =z — Z cpzF 0<c¢<1,k>n+1)
k=n+1

be analytic inU. If the functionf belongs to the clasg's; ,,,(A, 8, ) then the function
f = gis alsoin the clasg’S; . (A, 5,7).

Proof. Sincef € T'S;.m (), 3,7) by (3. 1) we have

Y LAk = D)k + 81 = D[Txlax < Bl
k=n-+1
By making use of the last inequality and the fact that
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we obtain
> [+ Ak = D)k + Bly| = DITklack
k=n-+1
< > [+ Ak = D](E+ Bly| — D)ITklax < Bl
k=n-+1
and hence, in virtue of Theorem 4, the result follows. O

LetI.: 7 (n) — 7 (n) be the integral operator defined by

F(2) = L(f)(2) = ctl / tLf()dt (¢ > —1, z€ ) (6. 1)
z 0
We note that iff € 7(n) is given by (1.2 then
F(Z):Z_k§1z+kak2k' (6. 2)

Theorem 17. If the functionf is in the classI'S; .., (A, 8, v) then the functiorF” given by
(6. 1)isalsoinT’S; ,,(\, 3,7).

Proof. From (6. 2) it results thak'(z) = (f * g)(z) (2 € U), where

> c+1 c+1
z)=z— z¥and 0 < —— < 1.
9(2) k:Zn;rlc—i—k T c+k T

By Theorem 16, the proof is trivial. O

The proofs for the convolution and integral properties for the claBs,, (\, 5,) are
similar.

7. INTEGRAL MEANS INEQUALITIES

In order to prove the results regarding integral means inequalities we need the concept
of subordination between analytic functions and also a subordination theorem due to Lit-
tlewood [11].

Let f andg be two analytic functions ifJ. The functiong is said to be subordinate
to f,denoted by < f, if there exists a functiom(z) analytic inU with w(0) = 0 and
|w(z)| <1 (z € U) such thay(z) = f(w(z)) (z € V).

Lemma 18([11]). If f andg are two analytic functions ify such thaty < f then

27 27
/ lg(rei®)[1df < / Fre)do (1> 0, 0<r<1).
0 0

Theorem 19. Suppose’ € T'S;..(X, 5,7) and let the functiorfz(z) defined by

_ Al
fa(2) =2 — <I>(/\7ﬂ,%2)Z2 (z€U)

where®(\, 3,7, k) is defined by (3. 4).{®()\,5,v,k)},, is a non-decreasing se-
guence, then

P27 2m
/ \f(z)|“d9§/ |f2(2)|#d0 (z=re? , 0<r <1, p>0).
0 0
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(oo}
Proof. Let f(z) = z— Y apz*. Forz = re (0 <r < 1) andu > 0 we must show that
k=2

27 oo 2m
1— Z k—1 < 1— Bl )

k=2
By applying Lemma 18 it would suffice to prove that
2t < gy (7D
Setting
1-— azk_lzl—ﬂwz zeU
,;2 * 508,57, Y
we find that

= (I)()‘aﬁa’)/a2) k—1
w(z) = —— gz
;; Bl

which readily yieldsw(0) = 0. Since{®(\, 3,7,k)};-, is a non-decreasing sequence,
we have

(A, B,7,2) <@\, 8,7, k) (k= 2).
In virtue of (3. 1) we obtain

= (I)()‘vﬂv’732) k—1
w(z)[ =1) ——F——az"""
,; Bl "

|Z R0, <l <1

The last inequality shows that we have the subordination ( 7. 1), which evidently proves
our theorem. O

The proof of the next theorem is the same with the proof of the Theorem (19).
Theorem 20. Suppose’ € T'S;.» (A, 3,v) and let the functioryf, (=) defined by

_ Bl

where®(), 3,7, k) is defined by (3. 4). f®(), 3,7, k)},—, is a non-decreasing se-
guence, then

2w 27
/ |f’(z)|"d9§/ |f2(2)|Hd0 (z=re? , 0<r <1, p>0).
0 0
In the same way we can obtain integral means inequalities for theERgs, (A, 8, 7).

Theorem 21. Suppose € T'R; (A, 5,y) and let the functiory,(z) defined by

_ . Bhl
R TO WA
where ¥ (), 3,7, k) is defined by (3. 6 ).{U()\,8,7,k)},—, is a non-decreasing se-
guence, then

2 2m
/ |f(z)|“d9§/ |f2(2)|Hd0 (z=re , 0<r<1,p>0)
0 0

22 (2 €U)
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and , )
/ |f’(z)|"d9§/ Fa()Md0 (z=re®  0<r <1, p>0).
0 0

8. INCLUSION RELATIONSHIPS INVOLVING THE(n, 5)-NEIGHBORHOODS

In this section we establish some inclusion relationships involvingthé)-
neighborhoods for each of the clas§&5; ., (), 8,v) andT Ry ., (), 3,7).

Following the earlier investigations by Goodman [6], Ruscheweyh [19], Silverman
[20]and others ([14], [23]) we define the:, §)-neighborhood of a functiof € 7 (n)

by

Nnyg(f){ge’f(n):g(z)z Z bz and Z k|akbk§5}. (8.1)

k=n+1 k=n+1
In particular, for identity functior(z) = z (z € U) we immediately have

Ny, s(e) = {g €T(n):g(z)=2z— i br2" and i klb| < 5}. (8. 2)

k=n+1 k=n+1
Theorem 22. If {®(X, 3,7, k)},—, is a non-decreasing sequence and

5 (n+1)By| (8. 3)

(An +1)(n + By [T

then
TSl,m()‘v 57 ’Y) C Nn’g(e).

Proof. Let f € T'S;,,, (A, B,7). Then in view of the assertion ( 3. 1) of Theorem 4 and
the given condition

(N, B,7,n+1) < @\ B,7,k) (k=n+1)

we get
k=n-+1
or
A+ 1) (n+ ByDITnsa] D> ar < Bl
k=n-+1

which implies that

- Bl

ar < . 8.4
2 S o Tt AP Toe] 6.4

k=n+1
Applying the assertion ( 3. 1) of Theorem 4 again, in conjuction with ( 8. 4 ) we find

On+ D0l 3 kar < Byl + (1= Br)On+ DTara] 3 a
k=n-+1 k=n-+1

< Biyl+ (U= BG4+ DPni 7= 1)(n6-t-757|)|rn+1|

_ (n+ 18|
n+ Gl
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Hence
N (n+1)8ly]
kak} < =4
k:ZH (An +1)(n + By Tna]
which in virtue of ( 8. 2), proves our theorem. 0

Similarly, by applying the assertion ( 3. 5) of Theorem 6 instead of the assertion (3. 1
) in Theorem 4 we can prove the following theorem.

Theorem 23. If {T (), 8,7, k)},-, is @ non-decreasing sequence and

B
(A + )Ty

then
TRl,m()‘a 57 P)/) C Nﬂ,5(e)’

9. NEIGHBORHOODS FOR THE CLASSEZ'S; (), 3,7) , TRi,m (A, 8,7)

In the sequence, we shall determine the neighborhood properties for each of the classes
of functions
TS (A, B,7) andTR{%) (A, 3,7)
which are defined as follows.
A function f € 7 (n) is said to be in the cIaSESl(f:z()\ﬂ, ~y) if there exists a function
g€ TSl,m(Aa ﬂa ’Y) such that

’M1‘<1a(z€U,0§a<l) 9.1)
9(2)

Analogously, a functionf € 7 (n) is said to be in the cIasERl(f:,)L()\,ﬁ,y) if there
exists a functiory € TR; ,,, (A, 3,) such that the inequality (9. 1) holds true.

Theorem 24.1f g € T'S; (A, 3,7) and

=1- d(An + 1)(n + By [Tt
=l T Don s Dint A Tans| —n o1zl 6-2)

thenNn,g(g) C TSl(’?QL ()‘7 Bv fY)

Proof. Suppose thaf € N,, 5(g). Then, from definition (8. 1) we find that

oo

Z k|ak7bk| §5

k=n-+1

which readily implies the inequality

> 1)
— b < —— N).
k:;rlm k|_nJrl (n €N)

Sinceg € T'S;.m(\, 3,7), from (8. 4) we have

Bl

b, < )
kzznﬂ (An+1)(n + By Tt
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It follows that

|lax, — b
’f(z) — ]_‘ < k_;ﬂ
9(2) -3 b
k=n-+1
d (An +1)(n + Bl Thi1l

< . =1—«
“n+1l (An+1)(n+ By Tnya| — Bl

provided thaty is given by (9. 2). Thus, the proof of our theorem is completed. O
The proof of Theorem 25 below is much akin to that of the Theorem 24.

Theorem 25. If g € TRy, (), 8,7) and

L 5(An +1)|Tss |
= D Dol =B =D

thenN,,.s(g) € TR\ (X, B, 7).

I,m

Remark26. By takingI',; = 1 in Theorem 24 and also in Theorem 25 we obtain the
inclusion relation of Altintas et al. [1].
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