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functional, Integral means,(n, δ)-neighborhood.

1. INTRODUCTION

LetA(n) denote the class of functionsf of the form

f(z) = z +
∞∑

k=n+1

akzk (n ∈ N := {1, 2, . . .}) (1. 1)

which are analytic in the open unit diskU := {z ∈ C : |z| < 1}.
Denote byT (n) the subclass ofA(n) consisting of functionsf of the form

f(z) = z −
∞∑

k=n+1

akzk (ak ≥ 0 ; n ∈ N). (1. 2)

Let f ∈ A(n) given by ( 1. 1 ) and letg ∈ A(n) given by

g(z) = z +
∞∑

k=n+1

bkzk.
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The Hadamard product(or convolution) off andg is defined by

(f ∗ g)(z) = z +
∞∑

k=n+1

akbkzk = (g ∗ f)(z) (z ∈ U).

For complex parametersαi, βj ∈ C− {0,−1,−2, . . .} (i = 1, 2, . . . , l ; j = 1, 2, . . . , m)
the generalized hypergeometric functionlFm(z) is defined by

lFm(z) ≡l Fm(α1, . . . , αl;β1, . . . , βm; z) =
∞∑

k=0

(α1)k . . . (αl)k

(β1)k . . . (βm)k

zk

k!

(l ≤ m + 1 , l,m ∈ N0 := N ∪ {0} , z ∈ U)
where(λ)k is the Pochhammer symbol defined by

(λ)k :=
Γ(λ + k)

Γ(λ)
=

{
1, k = 0
λ(λ + 1) . . . (λ + k − 1), k ∈ N.

Let Hl,m(α1, . . . , αl;β1, . . . , βm) : A(n) → A(n) be the linear operator defined by

Hl,m(α1, . . . , αl;β1, . . . , βm)f(z) := zlFm(α1, . . . , αl;β1, . . . , βm; z) ∗ f(z)

= z +
∞∑

k=n+1

Γkakzk (1. 3)

where

Γk =
(α1)k−1 . . . (αl)k−1

(β1)k−1 . . . (βm)k−1

1
(k − 1)!

(k ≥ n + 1). (1. 4)

If f ∈ T (n) is given by ( 1. 2 ) then

Hl,m(α1, . . . , αl; β1, . . . , βm)f(z) := z −
∞∑

k=n+1

|Γk|akzk. (1. 5)

For simplicity, in the sequel, we shall writeHl,m(α1, β1)f(z) instead of
Hl,m(α1, . . . , αl; β1, . . . , βm)f(z).

The linear operatorHl,m(α1, β1)f(z) is called the Dziok-Srivastava operator [5] and
it contains, amongst its special cases, various other operators introduced and studied by
Hohlov [7], Carlson-Shaffer [3], Bernardi [2], Libera [10], Livingston [12], Ruscheweyh
[18], Srivastava-Owa ([15], [22]).

We say that a functionf ∈ A(n) is in the classSl,m(λ, β, γ) if
∣∣∣∣∣∣∣∣

zν′(z)
ν(z)

− 1

2βγ +
zν′(z)
ν(z)

− 1

∣∣∣∣∣∣∣∣
< 1 (1. 6)

(z ∈ U , 0 < β ≤ 1 , γ ∈ C− {0})
where

zν′(z)
ν(z)

=
z(Hl,m(α1, β1)f(z))′ + λz2(Hl,m(α1, β1)f(z))′′

(1− λ)Hl,m(α1, β1)f(z) + λz(Hl,m(α1, β1)f(z))′
(1. 7)

(z ∈ U , 0 ≤ λ ≤ 1 , αi, βj ∈ C− {0,−1,−2, . . .} , (i = 1, 2, . . . , l; j = 1, 2, . . . , m)).
A functionf in the classT (n) is said to be in the classTSl,m(λ, β, γ) if it satisfies the

following inequality: ∣∣∣∣
1
γ

(
zν′(z)
ν(z)

− 1
)∣∣∣∣ < β (1. 8)
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(z ∈ U , γ ∈ C− {0} , 0 ≤ λ ≤ 1 , 0 < β ≤ 1).
Finally, we say that a functionf ∈ T (n) is in the classTRl,m(λ, β, γ) if∣∣∣∣

1
γ

(ν′(z)− 1)
∣∣∣∣ < β (1. 9)

(z ∈ U , γ ∈ C− {0} , 0 ≤ λ ≤ 1 , 0 < β ≤ 1).
We note that there are some known subclasses of our classes of functions

Sl,m(λ, β, γ) , TSl,m(λ, β, γ) andTRl,m(λ, β, γ).
Example1. If l = 2 andm = 1 with α1 = 1 = α2 , β1 = 1 then

TS2,1(λ, β, γ) ≡ Sn(γ, λ, β).

Example2. If l = 2 andm = 1 with α1 = 1 = α2 , β1 = 1 then

TR2,1(λ, β, γ) ≡ Rn(γ, λ, β).

The classesSn(γ, λ, β) andRn(γ, λ, β) were investigated in [1].
Example3. If l = 2 andm = 1 with α1 = 1 = α2 , β1 = 1 , λ = 0 , β = |b| , γ = 1
then

TS2,1(0, |b|, 1) ≡ S∗1 (b),
whereb ∈ C− {0}.The classS∗1 (b) was studied in [9].

In the present paper we obtain a sufficient condition, in terms of coefficient bounds,
for a function to be in the classSl,m(λ, β, γ). We also determine an upper bound for the
Fekete-Szeg̈o functional|a3 − µa2

2| for the classSl,m(λ, β, γ).
Furthermore, coefficient inequalities, radii of starlikeness and convexity, closure the-

orems, integral means inequalities and several inclusion relations associated with(n, δ)-
neighborhoods for the classesTSl,m(λ, β, γ) andTRl,m(λ, β, γ) are obtained.

2. COEFFICIENT ESTIMATES FOR THE CLASSSl,m(λ, β, γ)

In this section we obtain a sufficient condition for a functionf ∈ A(n) to be in the class
Sl,m(λ, β, γ) and we also determine an upper bound for the functional|a3 − µa2

2|.
Theorem 1. Letf ∈ A(n) given by ( 1. 1 ). If

∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk||ak| ≤ β|γ| (z ∈ U) (2. 1)

whereΓk is given by ( 1. 4 ), then the functionf is in the classSl,m(λ, β, γ).

Proof. Suppose that the inequality ( 2. 1 ) holds. We have forz ∈ U,

|zν′(z)− ν(z)| − |ν(z)(2βγ − 1) + zν′(z)| =
∣∣∣∣∣

∞∑

k=n+1

[1 + λ(k − 1)](k − 1)Γkakzk

∣∣∣∣∣−
∣∣∣∣∣2βγz +

∞∑

k=n+1

[1 + λ(k − 1)](k + 2βγ − 1)Γkakzk

∣∣∣∣∣
≤ ∑∞

k=n+1[1 + λ(k − 1)](k − 1)|Γk||ak||z|k − 2β|γ||z|+ ∑∞
k=n+1[1 + λ(k − 1)](k +

2β|γ| − 1)|Γk||ak||z|k

≤ 2
(∑∞

k=n+1[1 + λ(k − 1)](k + β|γ| − 1)|Γk||ak| − β|γ|) ≤ 0.
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which shows thatf belongs toSl,m(λ, β, γ). Thus, the proof of the theorem is com-
pleted. ¤

In order to prove our next theorem we need the following lemma.

Lemma 2 ([8]). Letw(z) of the form

w(z) =
∞∑

k=1

ckzk (2. 2)

be an analytic function inU such that|w(z)| < 1 (z ∈ U). If µ is a complex number then

|c2 − µc2
1| ≤ max {1, |µ|} . (2. 3)

Theorem 3. Let µ be a complex number. If the functionf ∈ A(2) given by ( 1. 1 ) is in
the classSl,m(λ, β, γ) then

|a3 − µa2
2| ≤

β|γ|
m∏

j=1

|βj ||βj + 1|

(2λ + 1)
l∏

i=1

|αi||αi + 1|
max {1, |d|}

where

d :=

4βγµ(2λ + 1)
l∏

i=1

(αi + 1)
m∏

j=1

βj

(λ + 1)2
l∏

i=1

αi

m∏

j=1

(βj + 1)

− (2βγ + 1).

Proof. Let

w(z) :=
zν′(z)− ν(z)

(2βγ − 1)ν(z) + zν′(z)
.

It follows thatw is an analytic function inU, w(0) = 0 and|w(z)| < 1 (z ∈ U). Consider

w(z) =
∞∑

k=1

ckzk. Then

(c1z + c2z
2 + . . .) =

1
2βγ

∞∑

k=2

(k − 1)[1 + λ(k − 1)]Γkakzk−1

1 +
1

2βγ

∞∑

k=2

[1 + λ(k − 1)](2βγ + k − 1)Γkakzk−1

which implies

(c1z + c2z
2 + . . .)

(
1 +

1
2βγ

∞∑

k=2

[1 + λ(k − 1)](2βγ + k − 1)Γkakzk−1

)

=
1

2βγ

∞∑

k=2

(k − 1)[1 + λ(k − 1)]Γkakzk−1. (2. 4)
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Equating the coefficients ofz andz2 in both sides of ( 2. 4 ) we obtain

a2 =

2βγ

m∏

j=1

βj

(λ + 1)
l∏

i=1

αi

c1

and

a3 =

βγ

m∏

j=1

βj(βj + 1)

(2λ + 1)
l∏

i=1

αi(αi + 1)

[c2 + (2βγ + 1)c2
1].

Hence

a3 − µa2
2 =

βγ

m∏

j=1

βj(βj + 1)

(2λ + 1)
l∏

i=1

αi(αi + 1)

(c2 − dc2
1) (2. 5)

where

d :=

4βγµ(2λ + 1)
l∏

i=1

(αi + 1)
m∏

j=1

βj

(λ + 1)2
l∏

i=1

αi

m∏

j=1

(βj + 1)

− (2βγ + 1).

It follows from ( 2. 5 ) that

|a3 − µa2
2| ≤

β|γ|
m∏

j=1

|βj ||βj + 1|

(2λ + 1)
l∏

i=1

|αi||αi + 1|
|c2 − dc2

1|.

In virtue of Lemma 2 we obtain

|a3 − µa2
2| ≤

β|γ|
m∏

j=1

|βj ||βj + 1|

(2λ + 1)
l∏

i=1

|αi||αi + 1|
max {1, |d|} .

Thus, we completed the proof of the theorem. ¤

In the next sections we establish certain properties of the classesTSl,m(λ, β, γ) and
TRl,m(λ, β, γ).
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3. COEFFICIENT INEQUALITIES

In this section we obtain necessary and sufficient conditions for a function to be in the
classTSl,m(λ, β, γ) andTRl,m(λ, β, γ), respectively.

Theorem 4. Letf ∈ T (n) given by ( 1. 2 ). Thenf belongs to the classTSl,m(λ, β, γ) if
and only if

∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk|ak ≤ β|γ| (3. 1)

(γ ∈ C− {0} , 0 ≤ λ ≤ 1 , 0 < β ≤ 1).

Proof. Supposef ∈ TSl,m(λ, β, γ). By making use of ( 1. 8 ) we easily obtain

Re
(

zν′(z)
ν(z)

− 1
)

> −β|γ| (z ∈ U) (3. 2)

which, in view of ( 1. 7 ), gives

Re





−
∞∑

k=n+1

[1 + λ(k − 1)](k − 1)|Γk|akzk−1

1−
∞∑

k=n+1

[1 + λ(k − 1)]|Γk|akzk−1





> −β|γ| (3. 3)

Settingz = r (0 ≤ r < 1)in ( 3. 3 ), we observe that the expression in the denominator
on the left hand side of ( 3. 3 ) is positive forr = 0 and also for allr ∈ (0, 1). Thus by
letting r → 1− through real values, ( 3. 3 ) leads us to the desired condition ( 3. 1 ) of the
theorem.

Conversely, by applying the hypothesis ( 3. 1 ) and setting|z| = 1, we find by using (
1. 2 ) that

∣∣∣∣
zν′(z)
ν(z)

− 1
∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣

∞∑

k=n+1

[1 + λ(k − 1)](k − 1)|Γk|akzk

z −
∞∑

k=n+1

[1 + λ(k − 1)]|Γk|akzk

∣∣∣∣∣∣∣∣∣∣

≤

∞∑

k=n+1

[1 + λ(k − 1)](k − 1)|Γk|ak|z|k−1

1−
∞∑

k=n+1

[1 + λ(k − 1)]|Γk|ak|z|k−1

≤
β|γ|

(
1−

∞∑

k=n+1

[1 + λ(k − 1)]|Γk|ak

)

1−
∞∑

k=n+1

[1 + λ(k − 1)]|Γk|ak

= β|γ|.

Hence, by the maximum modulus principle, we havef ∈ TSl,m(λ, β, γ), which evidently
completes the proof of the theorem. ¤
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Corollary 5. If f ∈ TSl,m(λ, β, γ) then

ak ≤ β|γ|
Φ(λ, β, γ, k)

(k ≥ n + 1)

where
Φ(λ, β, γ, k) = [1 + λ(k − 1)](k + β|γ| − 1)|Γk| (3. 4)

(0 ≤ λ ≤ 1 , γ ∈ C− {0} , 0 < β ≤ 1 , k ≥ n + 1).
Equality holds for the functions

fk(z) = z − β|γ|
Φ(λ, β, γ, k)

zk (z ∈ U , k ≥ n + 1).

By using the same arguments as in the proof of Theorem 4 we can establish the next
theorem.

Theorem 6. Let f ∈ T (n) given by ( 1. 2 ). Thenf is in the classTRl,m(λ, β, γ) if and
only if

∞∑

k=n+1

k[1 + λ(k − 1)]|Γk|ak ≤ β|γ| (3. 5)

(γ ∈ C− {0} , 0 ≤ λ ≤ 1 , 0 < β ≤ 1)

Corollary 7. If f ∈ TRl,m(λ, β, γ) then

ak ≤ β|γ|
Ψ(λ, β, γ, k)

(k ≥ n + 1)

where
Ψ(λ, β, γ, k) = k[1 + λ(k − 1)]|Γk| (3. 6)

(0 ≤ λ ≤ 1 , γ ∈ C− {0} , 0 < β ≤ 1 , k ≥ n + 1).
Equality holds for the functions

fk(z) = z − β|γ|
Ψ(λ, β, γ, k)

zk (z ∈ U , k ≥ n + 1).

4. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY

We begin this section with the following theorem.

Theorem 8. Let the functionf defined by ( 1. 2 ) be in the classTSl,m(λ, β, γ). Thenf
is close-to-convex of orderδ (0 ≤ δ < 1) in |z| < r1(λ, β, γ, δ), where

r1(λ, β, γ, δ) = inf
k≥n+1

[
(1− δ)[1 + λ(k − 1)](k + β|γ| − 1)

kβ|γ| |Γk|
] 1

k−1

.

Proof. It is sufficient to prove that|f ′(z) − 1| ≤ 1 − δ (0 ≤ δ < 1) for z ∈ U such that
|z| < r1(λ, β, γ, δ). We have

|f ′(z)− 1| =
∣∣∣∣∣

∞∑

k=n+1

kakzk−1

∣∣∣∣∣ ≤
∞∑

k=n+1

kak|z|k−1.

Thus|f ′(z)− 1| ≤ 1− δ if
∞∑

k=n+1

(
k

1− δ

)
ak|z|k−1 ≤ 1. (4. 1)
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By making use of ( 3. 1 ) we obtain

∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)
β|γ| |Γk|ak ≤ 1.

Then the inequality ( 4. 1 ) will be true if
(

k

1− δ

)
|z|k−1 ≤ [1 + λ(k − 1)](k + β|γ| − 1)

β|γ| |Γk| (k ≥ n + 1)

or equivalently

|z| ≤
[
(1− δ)[1 + λ(k − 1)](k + β|γ| − 1)

kβ|γ| |Γk|
] 1

k−1

(k ≥ n + 1) (4. 2)

The theorem follows easily from ( 4. 2 ). ¤

Theorem 9. Let the functionf defined by ( 1. 2 ) be in the classTSl,m(λ, β, γ). Thenf
is starlike of orderδ (0 ≤ δ < 1) in |z| < r2(λ, β, γ, δ), where

r2(λ, β, γ, δ) = inf
k≥n+1

[
(1− δ)[1 + λ(k − 1)](k + β|γ| − 1)

(k − δ)β|γ| |Γk|
] 1

k−1

.

Proof. We must prove that
∣∣∣ zf ′(z)

f(z) − 1
∣∣∣ ≤ 1 − δ (0 ≤ δ < 1) for z ∈ U such that

|z| < r2(λ, β, γ, δ). We have

∣∣∣∣
zf ′(z)
f(z)

− 1
∣∣∣∣ =

∣∣∣∣∣∣∣∣∣∣

−
∞∑

k=n+1

(k − 1)akzk−1

1−
∞∑

k=n+1

akzk−1

∣∣∣∣∣∣∣∣∣∣

≤

∞∑

k=n+1

(k − 1)ak|z|k−1

1−
∞∑

k=n+1

ak|z|k−1

.

Thus
∣∣∣ zf ′(z)

f(z) − 1
∣∣∣ ≤ 1− δ if

∞∑

k=n+1

(
k − δ

1− δ

)
ak|z|k−1 ≤ 1. (4. 3)

In virtue of ( 3. 1 ) we have

∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)
β|γ| |Γk|ak ≤ 1.

Hence, the inequality ( 4.3 ) will be true if
(

k − δ

1− δ

)
|z|k−1 ≤ [1 + λ(k − 1)](k + β|γ| − 1)

β|γ| |Γk| (k ≥ n + 1)

or if

|z| ≤
[
(1− δ)[1 + λ(k − 1)](k + β|γ| − 1)

(k − δ)β|γ| |Γk|
] 1

k−1

(k ≥ n + 1).

Thus, the proof of our theorem is completed. ¤



On Certain Subclasses of Analytic Functions of Complex Order Defined by Generalized Hypergeometric Functions33

Corollary 10. Let the functionf defined by ( 1. 2 ) be in the classTSl,m(λ, β, γ). Thenf
is convex of orderδ (0 ≤ δ < 1) in |z| < r3(λ, β, γ, δ), where

r3(λ, β, γ, δ) = inf
k≥n+1

[
(1− δ)[1 + λ(k − 1)](k + β|γ| − 1)

k(k − δ)β|γ| |Γk|
] 1

k−1

.

By using the same arguments as in the proofs of Theorems 8 and 9 we can obtain the
radii of close-to-convexity, starlikeness and convexity for the classTRl,m(λ, β, γ).

Theorem 11. Let f given by ( 1. 2 ) be in the classTRl,m(λ, β, γ). Then the functionf
is close-to-convex of orderδ (0 ≤ δ < 1) in |z| < ρ1(λ, β, γ, δ), where

ρ1(λ, β, γ, δ) = inf
k≥n+1

[
(1− δ)[1 + λ(k − 1)]

β|γ| |Γk|
] 1

k−1

.

Theorem 12. Let f given by ( 1. 2 ) be in the classTRl,m(λ, β, γ). Then the functionf
is starlike of orderδ (0 ≤ δ < 1) in |z| < ρ2(λ, β, γ, δ), where

ρ2(λ, β, γ, δ) = inf
k≥n+1

[
k(1− δ)[1 + λ(k − 1)]

(k − δ)β|γ| |Γk|
] 1

k−1

.

Corollary 13. Let f given by ( 1. 2 ) be in the classTRl,m(λ, β, γ). Then the functionf
is convex of orderδ (0 ≤ δ < 1) in |z| < ρ3(λ, β, γ, δ), where

ρ3(λ, β, γ, δ) = inf
k≥n+1

[
(1− δ)[1 + λ(k − 1)]

(k − δ)β|γ| |Γk|
] 1

k−1

.

5. CLOSURE THEOREMS

Let the functionsfj ∈ T (n) (j = 1, 2, . . . , p) defined by

fj(z) = z −
∞∑

k=n+1

ak,jz
k (z ∈ U). (5. 1)

We obtain the following results for the closure of functions in the classesTSl,m(λ, β, γ)
andTRl,m(λ, β, γ).

Theorem 14. Let the functionsfj (j = 1, 2, . . . , p) given by ( 5. 1 ) be in the class

TSl,m(λ, β, γ) and letcj ≥ 0 (j = 1, 2, . . . , p) such that
p∑

j=1

cj = 1. Then the functionh

defined by

h(z) =
p∑

j=1

cjfj

is also in the classTSl,m(λ, β, γ).

Proof. In virtue of the definition ofh, we can write

h(z) =
p∑

j=1

cj

[
z −

∞∑

k=n+1

ak,jz
k

]

=




p∑

j=1

cj


 z −

∞∑

k=n+1




p∑

j=1

cjak,j


 zk
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= z −
∞∑

k=n+1




p∑

j=1

cjak,j


 zk.

Since the functionsfj are inTSl,m(λ, β, γ), for everyj = 1, 2, . . . , p we have
∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk|ak,j ≤ β|γ|.

Hence we get

∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk|



p∑

j=1

cjak,j




=
p∑

j=1

cj

( ∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk|ak,j

)
≤

p∑

j=1

cj(β|γ|) = β|γ|

which implies thath is in the classTSl,m(λ, β, γ). Thus, the proof of the theorem is
completed. ¤

Corollary 15. The classTSl,m(λ, β, γ) is closed under convex linear combination.

Proof. Assume that the functionsfj (j = 1, 2) given by ( 5. 1 ) are in the classTSl,m(λ, β, γ).
It is sufficient to show that the functionh defined by

h(z) = µf1(z) + (1− µ)f2(z) (0 ≤ µ ≤ 1)

is in the classTSl,m(λ, β, γ).
By takingp = 2 , c1 = µ and c2 = 1− µ in Theorem 14 we obtain the corollary.¤

Making use of the same arguments as in the proofs of Theorem 14 and Corollary 15,
closure properties for the classTRl,m(λ, β, γ) can also be obtained.

6. CONVOLUTION AND INTEGRAL PROPERTIES

In this section we shall prove that the classesTSl,m(λ, β, γ) andTRl,m(λ, β, γ) are
closed under convolution and integral operator.

Theorem 16. Letg(z) of the form

g(z) = z −
∞∑

k=n+1

ckzk (0 ≤ ck ≤ 1 , k ≥ n + 1)

be analytic inU. If the functionf belongs to the classTSl,m(λ, β, γ) then the function
f ∗ g is also in the classTSl,m(λ, β, γ).

Proof. Sincef ∈ TSl,m(λ, β, γ) by ( 3. 1 ) we have
∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk|ak ≤ β|γ|.

By making use of the last inequality and the fact that

(f ∗ g)(z) = z −
∞∑

k=n+1

akckzk
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we obtain
∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk|akck

≤
∞∑

k=n+1

[1 + λ(k − 1)](k + β|γ| − 1)|Γk|ak ≤ β|γ|

and hence, in virtue of Theorem 4, the result follows. ¤

Let Ic : T (n) → T (n) be the integral operator defined by

F (z) = Ic(f)(z) =
c + 1
zc

∫ z

0

tc−1f(t)dt (c > −1 , z ∈ U) (6. 1)

We note that iff ∈ T (n) is given by ( 1.2 ) then

F (z) = z −
∞∑

k=n+1

c + 1
c + k

akzk. (6. 2)

Theorem 17. If the functionf is in the classTSl,m(λ, β, γ) then the functionF given by
( 6. 1 ) is also inTSl,m(λ, β, γ).

Proof. From ( 6. 2 ) it results thatF (z) = (f ∗ g)(z) (z ∈ U), where

g(z) = z −
∞∑

k=n+1

c + 1
c + k

zk and 0 ≤ c + 1
c + k

≤ 1.

By Theorem 16, the proof is trivial. ¤

The proofs for the convolution and integral properties for the classTRl,m(λ, β, γ) are
similar.

7. INTEGRAL MEANS INEQUALITIES

In order to prove the results regarding integral means inequalities we need the concept
of subordination between analytic functions and also a subordination theorem due to Lit-
tlewood [11].

Let f andg be two analytic functions inU. The functiong is said to be subordinate
to f ,denoted byg ≺ f , if there exists a functionw(z) analytic inU with w(0) = 0 and
|w(z)| < 1 (z ∈ U) such thatg(z) = f(w(z)) (z ∈ U).

Lemma 18([11]). If f andg are two analytic functions inU such thatg ≺ f then
∫ 2π

0

|g(reiθ)|µdθ ≤
∫ 2π

0

|f(reiθ)|µdθ (µ > 0 , 0 < r < 1).

Theorem 19. Supposef ∈ TSl,m(λ, β, γ) and let the functionf2(z) defined by

f2(z) = z − β|γ|
Φ(λ, β, γ, 2)

z2 (z ∈ U)

whereΦ(λ, β, γ, k) is defined by ( 3 . 4 ).If{Φ(λ, β, γ, k)}∞k=2 is a non-decreasing se-
quence, then

∫ 2π

0

|f(z)|µdθ ≤
∫ 2π

0

|f2(z)|µdθ (z = reiθ , 0 < r < 1 , µ > 0).
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Proof. Let f(z) = z −
∞∑

k=2

akzk. Forz = reiθ (0 < r < 1) andµ > 0 we must show that

∫ 2π

0

|1−
∞∑

k=2

akzk−1|dθ ≤
∫ 2π

0

|1− β|γ|
Φ(λ, β, γ, 2)

z|dθ.

By applying Lemma 18 it would suffice to prove that

1−
∞∑

k=2

akzk−1 ≺ 1− β|γ|
Φ(λ, β, γ, 2)

z (7. 1)

Setting

1−
∞∑

k=2

akzk−1 = 1− β|γ|
Φ(λ, β, γ, 2)

w(z) (z ∈ U)

we find that

w(z) =
∞∑

k=2

Φ(λ, β, γ, 2)
β|γ| akzk−1

which readily yieldsw(0) = 0. Since{Φ(λ, β, γ, k)}∞k=2 is a non-decreasing sequence,
we have

Φ(λ, β, γ, 2) ≤ Φ(λ, β, γ, k) (k ≥ 2).
In virtue of ( 3. 1 ) we obtain

|w(z)| = |
∞∑

k=2

Φ(λ, β, γ, 2)
β|γ| akzk−1|

≤ |z|
∞∑

k=2

Φ(λ, β, γ, k)
β|γ| ak ≤ |z| < 1.

The last inequality shows that we have the subordination ( 7. 1 ), which evidently proves
our theorem. ¤

The proof of the next theorem is the same with the proof of the Theorem (19).

Theorem 20. Supposef ∈ TSl,m(λ, β, γ) and let the functionf2(z) defined by

f2(z) = z − β|γ|
Φ(λ, β, γ, 2)

z2 (z ∈ U)

whereΦ(λ, β, γ, k) is defined by ( 3. 4 ). If{Φ(λ, β, γ, k)}∞k=2 is a non-decreasing se-
quence, then

∫ 2π

0

|f ′(z)|µdθ ≤
∫ 2π

0

|f ′2(z)|µdθ (z = reiθ , 0 < r < 1 , µ > 0).

In the same way we can obtain integral means inequalities for the classTRl,m(λ, β, γ).

Theorem 21. Supposef ∈ TRl,m(λ, β, γ) and let the functionf2(z) defined by

f2(z) = z − β|γ|
Ψ(λ, β, γ, 2)

z2 (z ∈ U)

whereΨ(λ, β, γ, k) is defined by ( 3 . 6 ).If{Ψ(λ, β, γ, k)}∞k=2 is a non-decreasing se-
quence, then

∫ 2π

0

|f(z)|µdθ ≤
∫ 2π

0

|f2(z)|µdθ (z = reiθ , 0 < r < 1 , µ > 0)
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and ∫ 2π

0

|f ′(z)|µdθ ≤
∫ 2π

0

|f ′2(z)|µdθ (z = reiθ , 0 < r < 1 , µ > 0).

8. INCLUSION RELATIONSHIPS INVOLVING THE(n, δ)-NEIGHBORHOODS

In this section we establish some inclusion relationships involving the(n, δ)-
neighborhoods for each of the classesTSl,m(λ, β, γ) andTRl,m(λ, β, γ).

Following the earlier investigations by Goodman [6], Ruscheweyh [19], Silverman
[20]and others ([14], [23]) we define the(n, δ)-neighborhood of a functionf ∈ T (n)
by

Nn,δ(f) =

{
g ∈ T (n) : g(z) = z −

∞∑

k=n+1

bkzk and
∞∑

k=n+1

k|ak − bk| ≤ δ

}
. (8. 1)

In particular, for identity functione(z) = z (z ∈ U) we immediately have

Nn,δ(e) =

{
g ∈ T (n) : g(z) = z −

∞∑

k=n+1

bkzk and
∞∑

k=n+1

k|bk| ≤ δ

}
. (8. 2)

Theorem 22. If {Φ(λ, β, γ, k)}∞k=2 is a non-decreasing sequence and

δ :=
(n + 1)β|γ|

(λn + 1)(n + β|γ|)|Γn+1| (8. 3)

then
TSl,m(λ, β, γ) ⊂ Nn,δ(e).

Proof. Let f ∈ TSl,m(λ, β, γ). Then in view of the assertion ( 3. 1 ) of Theorem 4 and
the given condition

Φ(λ, β, γ, n + 1) ≤ Φ(λ, β, γ, k) (k ≥ n + 1)

we get

Φ(λ, β, γ, n + 1)
∞∑

k=n+1

ak ≤ β|γ|

or

(λn + 1)(n + β|γ|)|Γn+1|
∞∑

k=n+1

ak ≤ β|γ|

which implies that
∞∑

k=n+1

ak ≤ β|γ|
(λn + 1)(n + β|γ|)|Γn+1| . (8. 4)

Applying the assertion ( 3. 1 ) of Theorem 4 again, in conjuction with ( 8. 4 ) we find

(λn + 1)|Γn+1|
∞∑

k=n+1

kak ≤ β|γ|+ (1− β|γ|)(λn + 1)|Γn+1|
∞∑

k=n+1

ak

≤ β|γ|+ (1− β|γ|)(λn + 1)|Γn+1| β|γ|
(λn + 1)(n + β|γ|)|Γn+1|

=
(n + 1)β|γ|
n + β|γ| .
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Hence
∞∑

k=n+1

kak ≤ (n + 1)β|γ|
(λn + 1)(n + β|γ|)|Γn+1| =: δ

which in virtue of ( 8. 2 ), proves our theorem. ¤

Similarly, by applying the assertion ( 3. 5 ) of Theorem 6 instead of the assertion ( 3. 1
) in Theorem 4 we can prove the following theorem.

Theorem 23. If {Ψ(λ, β, γ, k)}∞k=2 is a non-decreasing sequence and

δ :=
β|γ|

(λn + 1)|Γn+1|
then

TRl,m(λ, β, γ) ⊂ Nn,δ(e).

9. NEIGHBORHOODS FOR THE CLASSESTSl,m(λ, β, γ) , TRl,m(λ, β, γ)

In the sequence, we shall determine the neighborhood properties for each of the classes
of functions

TS
(α)
l,m(λ, β, γ) andTR

(α)
l,m(λ, β, γ)

which are defined as follows.
A function f ∈ T (n) is said to be in the classTS

(α)
l,m(λ, β, γ) if there exists a function

g ∈ TSl,m(λ, β, γ) such that
∣∣∣∣
f(z)
g(z)

− 1
∣∣∣∣ < 1− α (z ∈ U , 0 ≤ α < 1) (9. 1)

Analogously, a functionf ∈ T (n) is said to be in the classTR
(α)
l,m(λ, β, γ) if there

exists a functiong ∈ TRl,m(λ, β, γ) such that the inequality ( 9. 1 ) holds true.

Theorem 24. If g ∈ TSl,m(λ, β, γ) and

α := 1− δ(λn + 1)(n + β|γ|)|Γn+1|
(n + 1)[(λn + 1)(n + β|γ|)|Γn+1| − β|γ|] (β|γ| ≥ 1) (9. 2)

thenNn,δ(g) ⊂ TS
(α)
l,m(λ, β, γ).

Proof. Suppose thatf ∈ Nn,δ(g). Then, from definition ( 8. 1 ) we find that

∞∑

k=n+1

k|ak − bk| ≤ δ

which readily implies the inequality
∞∑

k=n+1

|ak − bk| ≤ δ

n + 1
(n ∈ N).

Sinceg ∈ TSl,m(λ, β, γ), from ( 8. 4 ) we have

∞∑

k=n+1

bk ≤ β|γ|
(λn + 1)(n + β|γ|)|Γn+1| .
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It follows that

∣∣∣∣
f(z)
g(z)

− 1
∣∣∣∣ <

∞∑

k=n+1

|ak − bk|

1−
∞∑

k=n+1

bk

≤ δ

n + 1
· (λn + 1)(n + β|γ|)|Γn+1|
(λn + 1)(n + β|γ|)|Γn+1| − β|γ| = 1− α

provided thatα is given by ( 9. 2 ). Thus, the proof of our theorem is completed. ¤

The proof of Theorem 25 below is much akin to that of the Theorem 24.

Theorem 25. If g ∈ TRl,m(λ, β, γ) and

α := 1− δ(λn + 1)|Γn+1|
(n + 1)(λn + 1)|Γn+1| − β|γ| (β|γ| ≥ 1)

thenNn,δ(g) ⊂ TR
(α)
l,m(λ, β, γ).

Remark26. By takingΓn+1 = 1 in Theorem 24 and also in Theorem 25 we obtain the
inclusion relation of Altintaş et al. [1].
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[1] O. Altintaş, Ö. Ȯzkan, H. M. Srivastava,Neighborhoods of a class of analytic functions with negative
coefficients, Applied Math. Letters,13, 63-67(2000).

[2] S. D. Bernardi,Convex and starlike univalent functions, Trans. Amer. Math. Soc.,135, 429-446(1969).
[3] B. C. Carlson, D. B. Shaffer,Starlike and prestarlike hypergeometric functions, SIAM J. Math. Anal.,15,

737-745(1984).
[4] B. C. Carlson,Special Functions of Applied Mathematics, Academic Press, New York, (1977).
[5] J. Dziok, H. M. Srivastava,Certain subclasses of analytic functions associated with the generalized hyper-

geometric functions, Integ. Transf. Spec. Funct.,14, 7-18(2003).
[6] A. W. Goodman,Univalent functions and nonanalytic curves, Proc. Amer. Math. Soc.,8, 598-601(1957).
[7] Yu. E. Hohlov, Operators and operations in the class of univalent functions, Izv. Vyss. Ucebn. Zaved

Matematika,10, 83-89(1978).
[8] F. R. Keogh, E. P. Merkes,A coefficient inequality for certain classes of analytic functions, Proc. Amer.

Math. Soc.,20, 8-12(1969).
[9] A. Y. Lashin,Starlike and convex functions of complex order involving a certain linear operator, Indian J.

Pure and Appl.,34(7), 1101-1108(2003).
[10] R. J. Libera,Some classes of regular univalent functions, Proc. Amer. Math. Soc.,16, 755-758(1965).
[11] J. E. Littlewood,On inequalities in the theory of functions, Proc. London Math. Soc.,23, 481-519(1925).
[12] A. E. Livingston,On the radius of univalence of certain analytic functions, Proc. Amer. Math. Soc.,17,

352-357(1966).
[13] S. Najafzadeh, S. R. Kulkarni, G. Murugusundaramoorthy,Certain class ofp-valent functions defined by

Dziok-Srivastava linear operator, General Mathematics,14(1), 65-76(2006).
[14] H. Orhan, M. Kamali,Neighborhoods of a class of analytic functions with negative coefficients, Acta Math.

Paed. Neyireg,21(1), 55-61(2004).
[15] S. Owa,On the distorsion theorems-I, Kyungpook Math. J.,18, 53-59(1978).
[16] J. K. Prajapat, R. K. Raina, H. M. Srivastava,Inclusion and neighborhood properties for certain classes of

multivalently analytic functions associated with the convolution structure, J. Inequal. Pure and Appl. Math.,
8(1), Art. 7, 1-8(electronic)(2007).

[17] E. D. Rainville,Special Functions, Chelsea Publishing Company, New York, (1960).
[18] S. Ruscheweyh,New criteria for univalent functions, Proc. Amer. Math. Soc.,49, 109-115(1975).
[19] S. Ruscheweyh,Neighborhoods of univalent functions, Proc. Amer. Math. Soc.,81, 521-527(1981).
[20] H. Silverman,Neighborhoods of classes of analytic functions, Far. East J. Math. Sci.,3(2), 165-169(1995).
[21] H. Silverman,Univalent functions with negative coefficients, Proc. Amer. Math. Soc.,51, 109-116(1975).



40 Halit Orhan,Dorina R̆aducanu

[22] H. M. Srivastava, S. Owa,Some characterization and distorsion theorems involving fractional calculus, gen-
eralized hypergeometric functions, Hadamard products, linear operators and certain subclasses of analytic
functions, Nagoya Math. J.,106, 1-28(1987).

[23] H. M. Srivastava, H. Orhan,Coefficient inequalities and inclusion relations fore some families of analytic
and multivalent functions, Applied Math. Letters,20, 686-691(2007).


