Punjab University
Journal of Mathematics (ISSN 1016-2526)
Vol. 44 (2012) pp. 31-37

Action of the mébius group M = (z,y : 22 = 4% = 1) on certain real
quadratic fields

M. Aslam Malik
Department of Mathematics
University of the Punjab
Lahor, Pakistan.
Email: malikpu@yahoo.com

S. M Husnine
Department of Mathematics
National University of Computer and Emerging Sciences
Lahore Campus, Pakistan.
Email: syed.husnine@nu.edu.pk

Abdul Majeed
c/o Department of Mathematics
University of the Punjab
Lahore, Pakistan.
Email: abdul.majeed @nu.edu.pk

Abstract. Let C' = C U {oco} be the extended complex plane and
M = (z,y:2* =y5 =1), where z(z) = 3L and y(z) = 3(2_7_&1) are
the linear fractional transformations from ¢ — C’. Let m be a square-
free positive integer. Then Q*(y/n) = {% sa,c #0,b = “ZT*" €
Z and (a,b,c) = 1} where n = k?m, is a proper subset of Q(/m)
for all k& € N. For non-square n = 3" T, pf"’, it was proved in an
earlier paper by the same authors that the set Q" (\/n) = {$ 1 ac
Q*(v/n),t = 1,3} is M-set V h > 0 whereas if h = 0 or 1, then
Q**y/n) = {@ : @ € Q*(v/n) and 3 | ¢} is an M-subset
of Q"' (v/n) = Q*(v/n) U Q***(v/9n). In this paper we prove that if
h>2.then Q" (Vi) = (Q*(/\Q™(/5))UQ" (vn)uQ™* (Von)
and also determine its proper M-subsets. In particular Q(v/m) \ Q =

uQ" (Vk2m) forall k € N.

AMS (MOS) Subject Classification Codes: 05C25, 11E04, 20G15
Key Words: Mobius Transformations; Orbit; Real quadratic field.

1. INTRODUCTION

Throughout the paper we take m as a square free positive integer. Since every element
of Q(v/m) \ @ can be expressed uniquely as % , where n = k?m, k is any positive
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. 2 . . . .
integer and a, b = “—" and c are relatively prime integers and we denote it by a,,(a, b, ¢)
or a(a, b, c). Then

Q*(ﬁ):{‘”\/ﬁ:a,c,b: o’ —n € Zand (a,b,¢) = 1},

Cc C

1"

Q" (i ={F 10 cQ (V.1 =13},

Q™™ (Vn) = {a—i-\/ﬁ : a—i—c\/ﬁ € Q*(v/n)and 3| ¢}

c
are subsets of the real quadratic field Q(y/m) for all n and Q(y/m) \ @ is a disjoint union
of Q*(y/n) for all n. If a(a, b, ¢) € Q*(y/n) and its conjugate @ have opposite signs then
« is called an ambiguous number [7]. A non-empty set {2 with an action of a group G on
it, is said to be a G -set. We say that 2 is a transitive G-set if, for any p, ¢ in {2 there exists
a g in G such that p9 = q.

We are interested in linear-fractional transformations x, y satisfying the relations 22 =
y" = 1, with a view to studying an action of the group (x,y) on real quadratic fields. If

Yz — Zzzjr“db is to act on all real quadratic fields then a, b, ¢, d must be rational numbers,
2
and can be taken to be integers. Thus (;j_bgc is rational. But if z — Zj:[s is of order of

2
r, one must have (%)
ad—bc

w + w1 is rational, for a primitive 7-th root, only if » = 1,2, 3,4 or 6, so that these are
the only possible orders of 3. The group (x,y : 2 = y" = 1) is cyclic of order 2 or
D (an infinite dihedral group ) according as = 1 or 2. For r = 3, the group (z,y) is
the modular group PSL(2, Z). The fractional linear transformations x, y with z(z) = 3=
and y(z) = 3(;7_&1) generate a subgroup M of the modular group which is isomorphic to
the abstract group (z,y : 22 = y% = 1). Itis a standard example from the theory of the
modular group. It has been shown in [10] that the action of M on the rational projective

line Q U {oo} is transitive.

= w + w~! 4 2, where w is a primitive 7-th root of unity. Now

In our case the set Q(y/m) \ @ is an M-set. It is noted that M is the free product of
Co = (z:2% =1)and Cg = (x : y = 1). The action of the modular group PSL(2, Z)
on the real quadratic fields has been discussed in detail in [1, 6, 8, 9, 11, 12]. The actual
number of ambiguous numbers in Q*(y/n) has been discussed in [8] as a function of n.

In a recent paper [11], the authors have investigated that the cardinality of the set E,,,
p a prime factor of n, consisting of all classes [a, b, c|(mod p) of the elements of Q*(y/n)
is p® — 1 and obtained two proper G-subsets of Q* (/) corresponding to each odd prime
divisor of n. The same authors in [12] have determined the cardinality of the set F,-,
r > 1, consisting of all classes [a, b, c|(mod p") of the elements of Q*(/n) and have deter-
mined, for each non-square n, the G-subsets of an invariant subset Q*(v/n) of Q(v/m)\ Q
under the modular group action by using classes [a, b, ¢](mod n). Real quadratic irra-
tional numbers under the action of the group M have been studied in [3, 4, 5, 7, 10].
Closed paths in the coset diagrams under the action of a proper subgroup of M on Q(/m)
have been discussed in [4]. M. Aslam Malik et al. in [2] have studied the action of
H = (z,y:2? =y* =1), where z(2) = 3 and y(2) = Q(%Jil), on Q(y/m) \ Q. The
same authors, in [3], have discussed the properties of real quadratic irrational numbers un-
der the action of the group M. The authors proved, in [3], thatifn = 1, 3,4, 6 or 7(mod 9)
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then Q***(1/n) is an M-subset of Q(v/m) \ Q and Q" (v/n) = Q*(v/n) U Q***(v/9n).

In this paper we extend these results for all non-square integers n and give some mod-
ifications of Lemma 1.1 of [3] for the case n = 0(mod 9) and prove that Q" (v/n) =
(Q*(v/E) \ @***(1/E)) U Q*(v/) U Q***(+/0m) which shows that Q(y/m) \ Q is the
union of Q"' (vVk?m) Vk € N. However if n and n’ are two distinct non-square positive
integers then Q*(v/n) N Q*(vV/n/) = ¢ whereas Q" (v/n) N Q" (v/n') may or may not be
empty. In particular Q" (v/n) N Q" (v/9n) is not empty. In fact we prove that a superset
namely

Q (VI U {5 o= M e
of Q***(1/9n) is an M-subset of Q(/m) \ Q.

We have also found M-subsets of Q" (v/n) such that these may or may not be transitive.
However they help in determining the transitive M-subsets (M -orbits). The notation is
standard and we follow [3], [9], [11] and [12]. In particular (-/-) denotes the Legendre

Q*(VIn) \ Q***(v9n)}

symbol and z(Y) = {52 : o € Y} for each subset Y of Q(y/m) \ Q. Throughout this
paper, n denotes a non-square positive integer and « denotes # with b = ‘127_” such

that (a, b, c) = 1.
2. PRELIMINARIES
The following results of [3], [11] and [12] will be used in the sequel.
Lemma 1. ([3]). Let o = @ € Q*(v/n) withb = GQT’" Then:
1. If n # 0(mod 9) then § € Q***(\/n) ifand only if 3 | b.
.5 €Q7(VIn) ifand only if 3 1.

Theorem 2. ([3]) The set Q" (v/n) = {2 a €@ (vn), t = 1,3} is invariant under
the action of M.

Theorem 3. (see [3]) For eachn = 1,3,4,6 or 7(mod 9),
. a++/n a++/n *
Qi) = (Y VY () and 3 | )

c
is an M-subset of Q"' (\/n).
Corollary 4. ([3]) Q***(y/n) = 0 if and only if n = 2(mod 3).

It is well known that G = (z,y : 22 = y3 = 1) represents the modular group, where
z(z) = =L, y(z) = 2 are linear fractional transformations.
Theorem 5. ([11]) Let p be an odd prime factor of n. Then both of ST = {« € Q*(\/n) :
(b/p) or (¢/p) = 1} and S§ = {a € Q*(\/n) : (b/p) or (¢/p) = —1} are G-subsets of
Q*(\/n). In particular, these are the only G-subsets of Q*(\/n) depending upon classes
[a, b, ¢]| modulo p.

Theorem 6. ([12]) Let n = 2"’])11“])]2€2 .- -pr where p1,pa, ..., p. are distinct odd primes
such that n is not equal to a single prime congruent to 1 modulo 8. Then the number of
G-subsets of Q*(\/n) is 2" namely S1<;, iy is,....in<2 if K = 0 or 1. Moreover if k > 2,
then each G-subset X of these G-subsets further splits into two proper G-subsets {a €
X :borc=1(mod4)} and {a € X : borc = —1(mod 4)}. Thus the number of
G-subsets of Q*(y/n) is 2”1 if k > 2. More precisely these are the only G-subsets of
Q*(\/n) depending upon classes [a, b, c| modulo n.
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3. ACTIONOF M = (z,y: 22 =yS = 1) oN Q" (\/n)

In this section we establish that if n contains r distinct prime factors then Q' (\/n) \
Q***(y/n) is the disjoint union of 2" subsets which are invariant under the action of M.
However these M invariant subsets may further split into transitive M -subsets (M -orbits)

of Q"' (\/n), for example Q" (v/37) splits into twelve orbits namely (v/37)M, (—v/37)M,
(1+\/ﬁ)M (—1+\/§)M (1+\/ﬁ)M (—1+\/§)M (1+\/§)M (—1+\/§)M (1+\/§)M
4 b 4 b _4 b _4 9 3 9 _3 9 6 9
(FLEYST)M | (L4y/ST)M gng (14ST)M The first six orbits are contained in A37 Uz (A37)
and last four orbits are contained in A37 U z(A37) where A7 = S37\ Q***(v/37) and
AT = ST\ Q" (VD)
Lemma 7. Let n = 1,3,4,6 or 7(mod 9). Let Y = S\ Q***(\/n) where S is any
G-subset of Q*(\/n). ThenY U x(Y) is an M-subset of Q" (v/n) \ Q*** (\/n).

Proof. : By Theorem 3, we know that Q" (y/n) \ Q***(y/n) is an M-set. For any o €
Q" (v/n) \ @**(y/n), Lemma 7 follows from the equations z(a) = 3=, z(52) = a,

yla) = 3(;7_3_1) = 3, where o/ = a + 1and y(52) = g—ﬁl, where 8 = 72 + 1. Since

every element of the group M = <x, y:a?=19y%= 1> is a word in the generators x, y of
the group M and the transformations « — « + 1, @ —— « — 1 belong to both of the
groups G and M. O

The following corollary is an immediate consequence of Lemma 7 since we know by
Corollary 4 that Q***(y/n) = 0 if and only if n = 2(mod 3).

Corollary 8. Lern = 2(mod 3). Let S be any G-subset of Q*(\/n). Then S U z(S) is an
M-subset of Q"' (\/n).

Theorem 9. Let n = 1,3,4,6 or 7(mod 9) be a non-square positive integer such that
p | n. Let AY =S¥\ Q***(y/n) and AY = SY\ Q***(\/n). Then both of A} U z(AY)
and AY U x(AY) are M-subsets of Q" (v/n) \ Q***(/n). Consequently the action of M

117

on @ (yv/n)\ Q***(y/n) is intransitive.

Proof. : follows from Theorem 5 and Lemma 7. O

We now extend Theorem 9 for each non-square n.

Theorem 10. Letn = 2kp]f1p§2 -+ - pkr, where py, pa, ..., p, are distinct odd primes and

k= 0o0r1 Let Ai<iy iig,.ip<2 = Si<isizia,iv<2 \ Q7 (v/n). Then Q" (v/n) \
Q***(\/n) is the disjoint union of 2" subsets A1<i, i.is,...ir<2 U T(A1<iy in ig,..ir<2)
which are invariant under the action of M. More precisely these are the only M -subsets
of Q"' (v/n) \ Q***(\/n) depending upon classes [a, b, ¢] modulo n.

Proof. : follows directly from Theorem 6 and Lemma 7. (I

Theorem 11. Letn = 2kp]f1p’2°2 e p’,fr, where p1,pa, ..., Dy are distinct odd primes and
k > 2. If S is any of the G-subsets given in Theorem 6. Let A = S\ Q***(\/n). Then
AU z(A) is M-subset of Q"' (v/n) \ Q***(\/n). More precisely these are the only M-
subsets of Q" (v/n) \ Q***(\/n) depending upon classes |a, b, ¢] modulo n.

Proof. : Proof follows from Theorem 6 and Lemma 7. O

If n = 0(mod 3), then by Theorem 5, S = {& € X : corb = 1(mod 3)} and
—S={a€ X :corb=—1(mod 3)} are G-subsets whereas if n  0(mod 3), then S
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and —S are not G-subsets of Q* (\/n). However the following lemma shows that S U x(.S)
and —S U x(—S) are distinct M -subsets of Q" (\/n).

Lemma 12. If n # 0(mod 9) and Y be any of the G-subsets of Q*(\/n). Let X =
Y\NQ**(Vn). Let S={a € X :corb=1(mod 3)} and —S ={a € X : corb =
—1(mod 3)}. Then S U x(S) and —S U xz(—S) are both disjoint M -subsets of X U xz(X).
Consequently the action of M on each of X U x(X) is intransitive.

If n = 2,5 or 8(mod 9) then, by Corollary 4, Q***(\/n) is empty. But if n =
1,3,4,6 or 7(mod 9), then, by Theorem 3, Q***(\/n) is an M-subset of Q" (\/n). If
n = 0(mod 9), then Q***(+/n) is not an M-subset of Q" (/n). Instead we later prove that
Q**(V/In) U {3 : o = 35Y98 & Q*(VG)\Q*** (vOm)} is an M-subset of Q" (/).

For this we need to establish the following results.

Lemma 13. Letn =1,3,4,6 or 7(mod 9). Then
1.Q™*(vIn) = Q" (vn) \ Q*(v/n) and
2.Q (V) \ @ (V) = {§ : o = 29291 € Q*(v/9n) \ Q" (v9n)}.

Proof. : 1. Let wf\/ﬁ € Q™ (vVIn) = {Hfm € @*(v9n) and 3 | c}. Then az;%

and £ are both integers and (a, “2;9”,0) = 1. As c and 9n are both divisible by 3, so

3| a Leta = 3d',¢c = 3¢. Now “2’#9” = 3(‘1'20,’") is not divisible by 3 because
otherwise (a, @,C) # 1. So ¢ = 3¢”. This shows that (“/Zi_" is an integer, while
(a/)cﬂ is not an integer for otherwise “2;9” is divisible by 3, a contradiction. Also
(a, =2 ) = 1 & (d, (@)’=n /1) = 1. Therefore atvOn _ ddyn _ dby/n

C,/ SC// bl

where Zﬁ belongs to Q*(y/n). Thus @ belongs to Q" (v/n) \ Q*(\/n).
Conversely let % e Q" (v/n)\ Q*(v/n). Then , by Lemma 1, @ € Q*(v/n)
such that “%” is not divisible by 3 and hence % = % belongs to Q*(v/9n).

Obviously a-g)\c/ﬁ belongs to Q***(1/9n). This completes the first part of Lemma 13.

2. We now prove that {§ : o = M € Q*(vVn) \ Q**(vIn)} = Q*(v/n) \
Q*** (y/n). For this let 292 & Q*(v/9n) \ Q*** (v/9n). Then 2= s an integer and
(3a, 9“2%9", c)=1.As3{cso 9“259" = 9(“2;”) is an integer if and only if (‘ZZT’”) is
an integer and also (3a, %2%9”, c) =1« (a, “t”,c) = 1. This implies that % =
% € Q*(v/n) \ Q***(y/n). Conversely suppose that %ﬁ € Q*(v/n) \ Q***(V/n).
Then clearly ¢ is not divisible by 3 and (a, “2;"70) = 1. Also (a, “26_",0) =1«
(3a, 9“2%9",0) = 1. Thus a+c\/ﬁ = 3‘”3‘0/% = %(3”0‘/%), where M € Q*(vIn)\
Q***(v/9n). Hence the result.

The following theorem is an extension of Lemma 13 to the case for all non-square posi-
tive integers n = 0(mod 9) and its proof is like the proof of Lemma 13.

Theorem 14. Let n = 0(mod 9). Then
1(Q (VDN Q™ (VF) UQ™ (VIn) = Q" (vn) \ Q*(v/n) and
2. QU WM\ QT (V) = {§ = 28 € Q" (V) \ Q" (V).

The following corollary is an immediate consequence of Corollary 4 and Lemma 13.
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Corollary 15. Let n = 2,5 or 8(mod 9). Then:
1. Q*(Von) = Q" (vn) \ Q" (vn) and
2.{§ 1= 200 € Q7 (VO \ Q" (VOn)} = @ (V).

Theorem 16. Let n % 0(mod 9). Then
Q**(VIn)u{§:a= 3a+c\/% € Q*(vIn) \ Q***(v/9n)} is an M-subset of Q"' (\/n).

11

Proof: Let n = 1,3,4,6 or 7(mod 9). Then by Lemma 13, Q***(v/9n) = Q" (v/n) \
Q*(Vn) and {§ : a = 2% € Q*(vOn) \ Q™ (VOn)} = Q" (vn) \ Q" (V/n).

However, if n = 2,5 or 8(mod 9) then,as mentioned earlier, Q***(\/n) is empty. Hence
the above result holds for all n £ 0(mod 9). Thus if n Z 0(mod 9) then

Q***(vIm) U {2 : 808 ¢ O+ (o) \ @ (vm)} = Q" (V) \ Q** (/7).

Ifn = 2,5, or 8(mod 9) then, by Corollary 4, Q***(\/n) is empty. However, if n =
1,3,4,6 or 7(mod 9) then, by Theorem 3, Q***(\/n) is an M-subset of Q" (\/n). Also
since Q*(v/n) is not M-subset so Q*(\/n) \ Q***(y/n) and Q" (v/n) \ Q*(v/n) are not
M-subsets of Q" (\/n). By Theorems 2 and 3, we know that Q" (v/n)\Q*** (/n) is an
M-subset of Q"' (/n) for all n % 0(mod. 9).

Thus Q*** (VIn)U{% : a = @ € Q*(vn) \ Q**(v/9n)} is an M-subset of Q"' (/)
forallm # 0(mod 9).

Following theorem is an extension of Theorem 16 for each non-square n and its proof
follows from Theorem 14.

Theorem 17. Let n = 0(mod 9). Then
Q™ (Von) U {§:a= Sa%\/ﬁ € Q*(v/9n) \ Q***(v/9In)} is an M-subset onl”(\/ﬁ).

Theorem 18. Lern = 0(mod 9). Let a = @ € Q*(v/n) withb = “%” Then:
1. If 31 a then & belongs to Q***(/9n).

2.If3 | a then § belongs to Q*(\/7) \ Q*** (\/F) or Q***(v/9n) according as

0 € Q" (VI)\ Q" (i) or @ (V).

Proof. Letn = 0(mod 9). Let a = @ € Q*(y/n) with b = “27’" Then:
(1)If 3t a then be = (a® —n) = 1,4 or 7(mod 9) so 3 1 b. Therefore, by Lemma 1(2), &
belongs to Q***(v/9In).

(2)If 3 | a then (a? — n) = 0(mod 9). So b, c cannot be both divisible by 3, as otherwise
(a,b,c) # 1. Thus exactly one of b, ¢ is divisible by 3. Therefore, again by second part of
Lemma 1, if b is not divisible by 3 then ¢ belongs to @***(v/9n). But if b is divisible by
3 then, from the proof of Lemma 13(2), & belongs to Q*(/%F) \ @***(,/%). Thatis, &
belongs to Q@*(1/7) \ @***(1/3) or Q***(v/9n) according as o € Q*(v/n) \ Q***(\/n)
or @ (v/n). U

Following example illustrates the above theorem.

Example 19. Let n = 27. Then o = Y27 € Q*(V2T) bur & = 1527 = 30213 ¢
Q™ (VZE). Also § = 2T € Q*(V2T) bur § = 55 € Q*(v3)\ Q™ (V3).

Similarly v = 3%@ € Q™*(V/27) whereas 3 = 21213 € Q***(1/243).

Summarizing the above results we have the following
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Theorem 20. Letn = 0(mod 9). Then Q" (v/n) = (Q*(/2)\ Q***(/2)) UQ*(v/n) U
Q™ (v9n).

Proof. Follows from Theorems 17 and 18. U

We conclude this paper with the following observations.
Ifn = 2,5 or 8(mod 9), then Q"' (v/n), Q" (v9n) \ Q" (/n) are both M-subsets of
QW(\/%) and in particular Ql”(\/ﬁ) C QW(\/%). Ifn = 1,3,4,6 or 7(mod 9),
then Q"' (y/n) \ Q***(v/n), and Q" (v/9n) \ Q" (v/n) are all M-subsets of Q" (v/9n).
In particular Q"' (v/n) \ Q**(vn) € Q" (VIn). That is Q" (v9n) N Q" (vn) =
Q" (vn)\Q***(\/n). For the cases n # 0(mod 9). Forn = 2, 9n = 18, Q***(v/2) = {},
Q" (V3) = (VDY U (VD) Mand Q" (V) \ Q" (v3) = (VIE)M U (—VIE).

1"

So Q" (\V/18) has exactly 4 orbits under the action of M. Also if n = 3, In = 27,
Q (V3\Q™(V3) = (V3)MU(-VB)M, Q" (V2T\Q (V3) = (V2D MUu(—v2D)M.
So Q (\/ﬁ) has exactly 4 orbits under the action of M. Similarly if n = 5, 9n = 45,
Qm(\/g) _ (\/5)M U (_\{/g)M U (1+2\/5)M U (1—2x/5)M7 (1+5/R)1V[ U (1—;/R)M U
(V45)M U (—/45)M. So Q" (v/45) splits into exactly 8 orbits under the action of M.
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