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Abstract. We give some sulfficient conditions of existence of total differ-
ential at a point (which may be a boundary point)for almost quasiconfor-
mal mappings.
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1. AUXILIARY CONCEPTS

1.1. LetD beadomainiiR™andf : D — R™ be a vector function. The vector function
f: D — R™ has at a point € D atotal differential if there exists a constant matrix

C=AC s,
such that
f@)—fla)=C- (x—a)+o(lx—a|]) (x—a, =z€D). (1. 1)
It is known, that a functiorf has a total differential at a poiate D, if in a neighbor-
hood ofa there exist partial derivative8f;/ 0z, (i =1,...,n,j =1,...,m), which are

continuous at.. There are examples which show that the continuity of partial derivatives
ata is not a necessary condition for the existence a total differential at
1.2. Letf: D c R® — R™ be a mapping of the clawlf)’C"(D). We put

oh  0h
dry " Oy
1/2
’ 7 . ; (9.%‘7‘ :
afm 6fm =1 j=1 .

We shall say, that a mapping: D c R” — R”" belongs to a clasg/" (D), if for an
arbitrary subdomaiD’ CC D there exists a constapt> n which, in general, depends
on D', such thatf € W1P(D’). A continuous mapping : D C R™ — R" is almost
quasiconformain D with a measurable functioR () > 0 and locally integrable function
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§(z) : D — R, if f € Wh™(D) and almost everywhere di the following property holds

loc
I @)™ < K(x) [J(, )] + () , 1.2
where
J(@, f) = det (f'(x)) -

The concept of almost quasiconformal maps belongs to Callender [6], however we note
that the condition ( 1. 2 ) has in [6] a different form. Namely, in [6] it is assumed that
K (z) = const, and instead of.J (z, f)| it is written J(z, f). Thus the class of maps con-
sidered here is essentially wider than the class considered by Callender in [6]. In particular,
our definition permits to consider degenerate quasiconformal maps.

Under condition of preservation of the Jacobian sign and the assumptions

K =const >0, §=0,

the supposition ( 1. 2') means that the mappfrig quasiregular [233 Ch. 1], [25, Sect.
14.1]. It should be noted that in the case of quasiregular maps it is assumed only that the
vector-functionf is continuous and belongs i&,." (D), and the suppositionV,." (D)
holds automatically.

The assumption (1. 2 ) does not require that the sigiteof( f'(x)) is constant. Thus,
almost quasiconformal maps can change their orientation.

The following simple statement [12, Sect. 8.1] shows that the class of considered maps
is very wide.

Proposition 1. Let f : D — R™ be a mapping and moreover
f€ACL(D) and esssup,cpllf(z)]] <g¢<oo.

Thenf is almost quasiconformal with’ = e n™/2 andé = (1 + ¢) ¢", wheree = const >
0 is arbitrary.

1.3 Inthe case, iD C R? anda € 0D is a multiple point of a boundary, the relation (
1. 1) can depend on a direction of the approach to the pdirdm D and, consequently,
the definition of the total differential must be more precise.

We define ends of a domaib using analogy with the Caratbdory theory of prime
ends (see, for example, [163]).

For an arbitrary sel/ C D we put[U] = U \ 9D, whereU is the closure with respect
toR™. Let{U}, k = 1,2,... be a family of subdomaing;, C D with properties:

(i) foreveryk =1,2,... [Ug41] C Us,
(i) (3 (03] = 0.
k=1

An arbitrary sequenc€Uy, } with these properties is callecchainin D.

Let {U.}, {U//} be two chains of subdomains &f. We say, thal/; is containedin
{U}'}, if for everym > 1 there is a numbek(m) such that for alk > k(m) the following
property holddJ;, C U)/. Two chains are calledquivalent if each of them is contained
in the other one. The classes of equivalefiog chains are calledndsof D.

To define an end it is sufficient to set even one representative of the class of equiva-
lence. If an end is defined with a chaigUy, }, then we writef < {Uj}.

A bodyof a end¢ =< {Uy} is the set

‘f| = ﬂ;’ilﬁ‘



On The Total Differential of Aimost Quasiconformal Mappings 43

It is clear, that this set does not depend on the choice of a ¢baih.

Let{x,,}>°_, be a sequence of points, € D which does not have condensation point
in D. Such sequences are callsahconvergenin D.

Letae € || be an arbitrary point. A nonconvergentinsequence of points, € D
converges to a pointe with respect to the topology & if 2z, — a¢ (with respect to
the topologyR™) and for some chaifUy} € ¢ the following property holds: for every
k=1,2,...thereis a numben(k) such that:,, € Uy for arbitrarym > m(k).

Let D be a domain iR™, £ be an end oD, a; € |¢| be a point. We shall say, that
a subdomainD’ of D adjoinsat ae, if a¢ € 9D’ and any sequence of pointg € D/,
converging taze with respect to the topologiR™, converges to this point with respect to
the topology of. We shall say, that a vector-functigh D — R satisfies to the property

lim f(z)=A, A=(A1,...,An)

flzy) = A as xp — ae
along every sequence of point € D, which converges ta, with respect to the topology
of £. The vectorA is denoted byf (a¢).
Suppose that a vector-functigh: D — R™ and a point, are such thaf (a¢) exists.
We say, thatf has atotal differential at a boundary pointe, if there exists a constant
matrixC' = {C;} isign, for which

fx) = flag) =C- (v —a¢) +o(|lxr —ae]) (r—ae, xe€D). (1. 3)
As in the case of an inner point, we shall say that
df(ae) =C - (x — ag)
is a differential off ata.

The differential of the vector-function at the boundary point need not be unique (see
corresponding examples in [9]).

2. The weighted modulus

2.1.Recall the definition of the classCLY. Let D C R™ be anopen set. Fix 1 <i < n,
and denote byD! an orthogonal projection ab onto the hyperplane; = 0. For an
arbitrary locally summable i function f we put

fr@it 2!y = fler, ooy @im1, 6 Tt 1y oo, )

xgz(xl,...,l‘i_l), x;/:(l'i+17--~7xn)-

Next, let
D;(z, 2y = {(«},t,2) e R™ : (2£,0,2) € D}}.

A continuous functionf : D — R is calledabsolutely continuous on linger shortly,
ACL), if for everyi = 1, ..., n, the coordinate functiong’ (z}, ¢, z') are absolutely con-
tinuous (with respect to the variabiginside the union of linear interval® N D, (x, «!/)
for H"~!-almost all pointgz’,0,2") € D;. (Here and below the symbdi? means an
element ofp-dimensional Hausdorff measure.)

Every ACL-function f : D — R has partial derivative8f/0x; (i = 1,...,n) almost
everywhere inD. By the symbolf’ = (0f,/0x;) we denote a formal derivative ¢f at
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points, where all partial derivatives exist. At points, in which the maffiis not defined,
let us agree to take allf; /0z; = +oo (i =1,...,n;5=1,...,m).
Leto : D — R! be a nonnegative measurable function, which is defined almost every-

where inD, and letp > 1 be a constant. The clagsCL? (D) is the set ofACL-functions
in D, for which

JIr @I o ant < oo.

In the case, if the weight functiom = 1, we have the well known classCL” (D),
which coincides with the set of continuolig) (D)-functions [17, Theorems 5.6.2-3].

2.2. Let D be a domain ilR™, m > 1, letU C D be a countablf**, k)-rectifiable
set,1 < k < m, and letc : U — R! be a nonnegativé(*-measurable function. Fix a
constanty > 1 and for an arbitrary family" of locally rectifiable arcsy C U, we define a

(p, o)-modulus
/ PP o dH*

mod, ,(T;U) = inf —7 (2. 4)

P L
: 1
inf [ pan
vy
where the infimum is taken over all nonnegative, Borel measurable fungiiong/. If
I' = 0, then we puinod,, ,(I'; U) = oc.
In the casd/ = D we have a standard definition of the weigh{edo)-modulus of the

family " in R™ (see, for example, [18, Sect. 3.2]).

2.3. Lety anda be a pair of points such thgte D and eitheta is an interior point of
D, ora = a¢ € ||, wheret is an end of the domaiP C R™. We say that a simple Jordan
arc~, defined by a parametrizatiar{r) : [0,1) — D, leads fromy to q, if 2(0) =y and

limlm(r) =a as a€D
and there is a sequeneg — 1, along which
limlx(Tk) =acs as ac€lf.
Tk—
We consider a familyi® of all locally rectifiable, simple Jordan aresC D, leading

from y to a. We put
mod, ,I'(y,a; D) = mod, ,(I'; D) . (2. 5)

24. LetD C R" be a domain and = a¢ be its interior or boundary point. Fix
a continuous vector-function : D — RF, 1 < k < oo and putB¥(a,r) = {z €
D : |v(x) — v(a)|] < r}. By BY(a,r) we denote a connected componentBif(a, r),
containinga if a is an interior point ofD, and adjoining at if a € |¢].
By S%(a,r) we denote the relative boundary
Shla,r) =90Bh(a,r)\ dD.
In the case/(z) = z we shall use notationB™(a, ), B} (a,r) andS%(a,r), respec-
tively.
Suppose that(x) is locally Lipschitz. Leth(z) = |v(z) — v(a)| and let
0 <ess inf |Vh(z)| <ess sup |Vh(z)| < oo (2. 6)
xeD’ €D’
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on every subseb’ € D.

By Theorem 3.2.15 [16] (see also [18, Theorem 1.6.1]) fortaceR! the setsS%,(a, t)
are countablyH" 1, n — 1)-rectifiable.

Fix a countably(H"~!,n — 1)-rectifiable setS% (a,t) and a measurable functien:
S%(a,t) — R, LetU be a connected component$jf (a, t). For a pair of points, as €
UletT = TI'(a1,as) stands for the family of all locally rectifiable args C U, joining
pointsa; anda,. We define a weighted modulus

mod(ay,az;0) = mod, (I'(a1, az) . 2.7)
Next, let
k(Sh(a,t),0) = 1r[}f alglszUmOd(al,ag;O')7 (2. 8)

where the first of infimums is taken over the collectigi} of all connected components
U of S%(a,t).
We put
g

VAl
whereo : D — R! is a nonnegative measurable function.

k"(a,t) = k(Sp(a,t),0%), o

2.5. We shall need the following multidimensional version of known "Length and Area
Principle” (see, for example, [19], [13]).

Lemma 2. [7] LetD be adomainiiR™, leta = a¢ € D, leta vector-functiom : D — R¥
satisfy( 2. 6 )ando(z) : D — R! is a nonnegative, measurable function. lfet D —
R™ be a vector-function of the clageCL, (D). Then for arbitraryt’, ¢t € h(D),t' < t”,
the following inequality holds

t/l X

[ortspanwanis [ Ir@re@daee. @9

t’ D(t',t'")

Here
D' t")={x e D:t <|v(z)—v(a)| <t'},

Q(f, S (a. 1)) = suposc (£, V)
U

and the infimum is taken over all connected compongnt§SY, (a, t).

3. MAIN RESULTS

3.1 LetD C R”™ be an open set. We say that a functibpn D — R™, m > 1, is
monotoneif for every subdomai/ C D the following property holds

osc (f,U) <osc (f,0'U), dU=0U\D.
Here and below by the symbol

osc (¢, E) = sup |p(x) — o(y)]

z,yel
we denote the oscillation of a functighon E.
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Let h(t) : [0,00) — [0,00) be an upper semicontinuity function. We shall say, that
f:D — R™ m >1,is h-monotongif for every subdomaitt/ C D we have

h (osc (f,U)) < osc (f,0'U),

and isa-monotone0 < « = const < oo, if f is h-monotone witha(t) = t«.
Some examples af-monotone functions were given in [8].

Fix a continuous vector-function: D — R¥. We say, that a vector-functioh: D —
R™, m > 1, isweakly(h, v)-monotone close to a point= a, (interior or boundary), if

lim sup h(osc (f, Bp(a, 1)) < 0, (3. 10)
r—0 0sC (fa (CL T))
andweakly(«, v)-monotone close to a poiat if f is weakly(h, v)-monotone close to
for h(t) = t*.
Itis clear, that every monotone in the Lebesgue sense function is weakty-monotone,
«a = 1, close to every point.

3.2 For an arbitrary continuous mappipg= ¢(z) : D C R* — R™ and forase!d C D
by N (y; ¢, A), we shall denote the number of preimages of a pgiatR™ in A. Next we
put

n(z; o, A) = N(y;0,A), where y= ().

3.3. The following statement is the main result of this paper

Theorem 3. Suppose that a vector-functigh: D — R™ is an almost quasiconformal
mapping of a domai® C R” in the sensé 1. 2 ), for which

0(x) dx
/ K@) < 00. (3.11)

Then for every subdomait C D the following inequality holds

1 @) d
R (o) n(a: £, A) = eV / K@) n(a: o - @1
A

On the other hand, let = a¢ € D be an interior or boundary point of the domain and
letv : D — R* be a continuous vector-function satisfyi. 6 ). If

i) for somep > n and some constant matriX = (C;;)7*;_, the following assumption

holds
lim supv—a / If'(x) = C||? dx
" ey B ME S Bplaria )
p(a,r(ay
= .1

r?mod,, o, Iy, a; B (a, 7(a,y))) 0, (3. 13)

where
1
r(a,y) =inf{t >0:y € BY(a,t)}, o.(z)= 3. 14)

K(x)n(z; f, Bp(a,r))

or
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i1) the vector-functiory (z) — C - x is weakly(«, v)-monotone close ta and there is a
constant\ > 1, for which

Ar(a,y)
~ I|f'(z) — C||" dx / dt
1 no v t = 0
lglf;p / K(z)n(z; f, B% (a,r(a,y)) rla,y) w(a, 1) t ’
vEP By (aAr(ay)) r(a,y) ( )
3.15

then f has at the point. = a, the total differentialC’ - dx.

3.4. Consider some particular cases of Theorem.bet f(z) : D C C! — C! be a
generalized solution of a Beltrami equation

fz=u(2) f2, (3. 16)
wherep(z) is a measurable complex-valued function, and by symbols
1 . 1 .
fzzi(fz_lfy)v f?zi(fz‘f'zfy)
we denote formal derivatives.

Note that in contrast to the traditional case (see, for example, [10, Ch. V], [11, Ch. 1])
we do not assume here, tHatz)| < 1.

We have
J(z ) =P = =P = (1= |uz) )| £
and
17117 = £ + 1212 = U+ ) )
Thus,
1+ [pf
FIP < =——5 (= f
171 TESpE (2, f)]
and (1. 2) holds with
1+ |pu(2)?
K(z)=—FFF=%=, d(z)=0.
O = e '
The assumption ( 3. 11) holds always.
Here we have also
1 1= |u(2)?]

7 = Kynla: . Bplar) (1 )P (s £ Bpla,r)

For schlicht maps.(z; f, BY (a,r)) = 1 and

11— |u(=)?]
M T e
Theorem connects the differentiability fat a singular point = a¢ with the behavior
of the characteristigi(z) close to its neighborhood. In the caseg s an inner point, see
[1], [2], [3, Ch. VI], [4, Ch. 11]. In the case, i = a¢ is a boundary point and(z) = 0,
see related results in [5, Ch. 11].

In the case, if the matrig’ is orthogonal, Theorem gives conditions, under which maps
f D — R™ are conformal at = a.
For space quasiregular maps, near questions were being considered in [24, Ch. VI].
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4. PROOF OFTHEOREM

Letyp: D C R™ — R™ be a continuous mapping. This mappipgs calledabsolutely
continuous if for everye > 0 there isé > 0 such that for an arbitrary measurable set
E C D, mes, E < §, we havemes, p(FE) < e. In particular, every absolutely continuous
mapping possesses the Lusinproperty.

Lemma 4. [20] If a mappingyp is continuous and belongs to the clasy:" (D), theny is
absolutely continuous on every subdomBihe D.

Applying Lemma 2, we conclude that the following statement holds (see, for example,
[22]).

Lemma 5. If a mappingyp is continuous and belongs Wl (D), then for an arbitrary
integrable inp(D) functionu(y), the function(u o p)(z )|J(x )| is integrable inD, and
moreover

/ uly) N(y; o, A) dy = / (wo o)) [ (z, ) da (4. 17)

»(D) A
In particular, if we observe that
Tz, ) Iy, ™) =1, y=9p(),

1
") = Nyrp Ay

and set

then using (4. 17 ) we have

mes,, (¢(A)) = / dy:/mdx'
@(A) A o

From this, using (1. 2 ) we conclude that

£ (= II"* )
/ W@ A )dxgmesn(f(A)),

and, thus, we obtain (3. 12).

Consider the family of locally rectifiable ar€$y, a; B (a, |y—al)), lying in BY (a, |y—
al) and joining the poiny € BY,(a, |y—al) with the pointa. Choose in (2. 4) the function
p(z) = || f'(x) — C|. We find

1 () = CllPo(x) dH"

Bp(a;ly—al)

5 -
—C|| |dz
"/GF(ZJGB (a ly—al)) (/ I I |)

(4. 18)

mod, ,T'(y, a; Bp(a, [y — al)) <

If ~ is an arc of the famil['(y, a; B¥ (a, |y — a|)), then

F(y) - fla) - C *a|</||f _ollant.
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Thus using (4. 18), for every poipte D we have
If'(z) = Cl[Po(x) dH"

BY,(a,ly—al)

4.19
mody 5 (7, 0 By (a, Ty —al) #.19)

[f(y) = fla) =C-(y—a)l” <
By virtue of (4. 19) the assumption ( 3. 13 ) implies realization (1. 1) (respectively, (
1. 3)) and, thus, the existence in the cgsef the total differential at = a..
We first prove the statement in the case Fix a pointy € D and consider the subdo-
main
Bpa.r), a=ac, r=r(ay),
adjoining at the ang and containingy in its closure. We puf*(z) = f(z) — f(a) — C -
(z — a). Applying Lemma 1 by virtue of (2. 9), we have
Ar(a,y)
Q" (f7,5pla,t)) k" (a,t) dt < / 1) @)™ oxr (o) () dH™ ()
(a,y) D(r(ay),Ar(a,y))

whereoy, (4., (z) is defined in ( 3. 14).
The mappingf*(z) is weakly(«, v)-monotone close ta and by virtue of ( 3. 10 ) for
everyt, r(a,y) < t < Ar(a,y), and some constamt < oo the following estimates hold

|f*(y) — f*(a)|* < osc™(f*, Bp(a,t) < AQ(f*,Sh(a,t)).
From this we obtain

Ar(a,y)
P @) - FH (@) / K (a,t) dt <
r(a,y)
< An / 1F(@) = CI" s ag (2) dH" ().

D(r(a,y),Ar(a,y))
The assumption ( 3. 15) implies (1. 1) (and, respectively, (1. 3)). Theorem is pifdved.
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