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Abstract.In this paper we give a refined upper bound for unit, or smaller
intervals and refinement of Hermite Hadamard Inequality for s—convex
functions in second sense. We also establish several Hadamard type In-
equalities for differentiable and twice differentiable functions based on
concavity and s—convexity with applications for some special means.
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1. INTRODUCTION

Let f: I C R — R be a convex mapping defined on the interval I of real numbers and
a,b € I, with a < b. The following double inequality:

() # I C R, is said to be convex on I if inequality

f@r+(1-t)y) < tf(z) + (1-1)f(y)

holds for all z,y € I and ¢t € [0, 1]. Geometrically, this means that if P, Q and R are three

distinct points on graph of f with Q between P and R, then Q is on or below chord PR.

In the paper [6], H. Hudzik and L. Maligranda considered, among others, the class of
51
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functions which are s—convex in the second sense. This class is defined as follows:
A function f : [0,00) — R is said to be s—convex in the second sense if

fe+(1-t)y) < t°f(z) + (1-1)° fy) (1.2)
holds for all z,y € [0,00), t € [0, 1] and for some fixed s € (0, 1]. It may be noted that
every 1-convex function is convex. In the same paper [6] H. Hudzik and L. Maligranda
discussed a few results connecting with s—convex functions in second sense and some
new results about Hadamard’s inequality for s—convex functions are discussed in [1, 2, 8],
while on the other hand there are many important inequalities connecting with 1-convex
(convex) functions [4], but one of these is the classical Hermite-Hadamard inequality de-
fined by [10]

a+b
<
(*50) <
for [a,b] C R.
In [5], S. S. Dragomir et al. proved a variant of Hermite-Hadamard’s inequality for
s—convex functions in second sense.

fla) + f(b)
2

x)dr <

Theorem 1. Suppose that f : [0,00) — [0, 00) is s—convex function in the second sense,
where s € (0,1], and let a,b € [0,00), a < b. If € L[a,b], then the following inequality

holds
a+b
951 <
f( ! >_

The constant k = 5-1%1 is the best possible in the second inequality in (1.3). Their result
was improved in [7], where Jagers gave both the upper and lower bound for the constant

¢(s) in the inequality
b
d@f(“* ><
2
He proved that

24 1 o1 (28—1>si1 et Mt

_f@)+ o)
- s+1

(1.3)

< ¢fs) < 25F1
s+2 s+1

In [3, 4] S. S. Dragomir et al. discussed inequalities for differentiable and twice differen-
tiable functions connecting with the H-H Inequality on the basis of the following Lemmas.

S

Lemma 2. Let f : [ C R — R be twice differentiable function on I1° with " € L'[a, b],
then

f();‘f bia/ f b—a) A t(l—t)f”(t(l-i-(l—t)b)dt,

Lemma 3. Let f : I C R — R be differentiable function on I°, a,b € I° with a < b and

f’ € LY[a,b], then
— (b4a)2/01(1t) {f/(taJr(lt) ;rb>+

s <a+b)
i (tb—i— (1 —t)a+b>} dt.

2
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We give here definition of Beta function of Euler type which will be helpful in our next
discussion, which is for z, y > 0 defined as

1
ﬂ(erl,erl):/O 7 (1 —t)Y dt.

This paper is organized as follows. After this Introduction, in section 2 we discuss some
s—Hermite Hadamard type inequalities for differentiable functions, in section 3 we give
applications of the results from section 2 for special means and in section 4 we will dis-
cuss refinement of s—Hermite Hadamard inequality and its refined upper bound for unit,
or smaller, intervals.

2. INEQUALITIES FOR DIFFERENTIABLE FUNCTIONS

Theorem 4. Let f : I — R, I C [0,00), be a differentiable function on I° such that
f € L'[a,b], where a,b € I,a < b.If| f' |9 is s-convex on [a, b] for some fixed s € (0, 1]
and q > 1, then

a-+b 1 b
|f( ) -t |t
- 2,%{If’(a)l‘w(s+1)|f’(”1‘2”’)Iq}a N
((s+1)(s+2)}7

ot LSO T4+ | f

,{a+b
()

(ms LB s +21) +

= 277 [(ﬁ(s—&- 1,2)|f'(a)|? + B(s +2,1)

Proof. By Lemma 3
a+b 1 b
’f< )t | S
b—a)? [ [ b
< ! 4a) UO (1-1t) f’(ta—&—(l—t)a;— )‘dﬂ—

/01 1-1t)|f (tb—i—(l—t)a;b)’ dt] 2.2)

|f'] is s—convex on [a, b] for t € [0, 1]

a+b
2

r(45)

f’(ta+(1—t) )‘ < t|f'(a)|+ (1 —¢)°
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/01(1—t) ’(ta+(1—t)a+b>’ dt

|/ ‘i —vdiss <a+b)

Bs+1,2) ()| + B(1, 5 +2) (—;b)‘

[f' (@) + (s+ 1) | £ (452)]
(s+1)(s+2)

/01(115) ’(ta+(1t)a;rb>’ dt
= /01 (1—t)'"e(1—t)s

By Hoélder’s Inequality for ¢ > 1 with p = %1

/01(1—15) ’(ta+(1—t) ;b>’dt
< (/01(1—15) ’(ta+ 1—ta+b>
_2_p</01(1t) <ta+(1t)

- [lf'(anq | ()
(s+1)(s+2)

IN

(1—t)' = dt

Now

’(taJr(lt)a;rb)‘ dt

-

o) ([fo-0m)
)

1
q

IN

(2.3)

1

T

2% [|f’(a)|q6(s+ 1,2) + B(1,s+2)

)

Analogously

/01(”)

dt

’(thr(lt)a;rb)

. [f()l“ +<s+1>!f’<“¥”>|qr 04

B (s+ 1)(s+2)
= 2% {|f’(b)|‘1,6’(s+ 1,2) + B(1,s+2) | <az+b> ] '
By using (2.3) and (2.4) in (2.2) we get (2.1). o

Theorem 5. Let f : I — R, I C [0,00), be a differentiable function on I° such that
1 7 ) o) ; p—

'€ L'a,b], where a,b € I,a < b. If | f' |7 is concave on [a,b] for ¢ > 1 withp = ﬁ,

then

f<a+b) _a/ i —+al); [f,<3a4+b>+f/(azsb)]

(2.5)

-

IN

1




Hadamard-type inequalities for s —convex functions I.... 55

Proof. Similarly as in Theorem 4 by using Holder’s Inequality for ¢ > 1 with p = qﬁ—l we
obtain

/01(1—@

1 (ta—k(l—t)a;_b)‘ dt

1 L 1
</ (lt)pdt) (/ f’<ta+(1t)a+b)
0 0 2
1
(p+1)"» (/ f’(ta+(1—t)a+b)
0 2
| f/ |7 is concave on [a, b], by Integral Jensen’s Inequality (cf. [9]) we obtain
1 q 1
/ f’(ta+(1—t)a+b> dt = / 0 f’(ta+(1—t)a+b>
0 2 0 2

! O (ta+ (1 —t)aEt) ar
(/0 +0 dt) f 0 (f01 ; dt)

([ (-3

IN

1
q q
dt)

N
dt) (2.6)

q
dt

IN

= |f (3a4+ b) ' 2.7)
Analogously
/01 f (tb—k(l—t)a;b)th < f’(a23b>q (2.8)
By using (2.6) — (2.8) in (2.2) we get (2.5). ul

Theorem 6. Let f : I — R, I C [0,00), be a differentiable function on I° such that
f € L[a,b], where a,b € I,a < b. If |f'|9 is s—convex on [a, b] for some fixed s € (0, 1]
and g > 1 withp = ﬁ, then

‘f(‘j”) bia/ab f(w) da
53 () o
(1701 +
)
(1o +|r (“5°)

IN

()
,(a+0b
(%)

a\ 7
) ] 2.9)

(b—a)?
A(p+1)¥

(17l +

q>;]
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Proof. We proceed similar to proof of Theorem 5.
By s—convexity of | f'|? we obtain

1 q / ! (atb) |9
+b (@)l + | (452)]
Nta+ (-2 ar< 2 /| 2.10
[l (rara-052) ] ar < RS @10
Analogously
1 q / 1 (atb) |9
+b @)1 + [ (452)]
b+ (-] dt < 2 /1 2.11
[l (e a-0t) e EEES @1
By using (2.10), (2.11) and (2.6) in (2.2) we get (2.9).
And the second inequality follows from the facts
s € (0, 1]andq>1wehave(i1)5 <1. O

Theorem 7. Let f : I — R, I C [0,00), be a differentiable function on I° such that
f € LY a,b], where a,b € I, a < b. If| [ |1 is s—concave on [a,b] for some fixed
s € (0,1] and ¢ > 1 withp = 15, then

‘f<a+b)
< (b—a)? 2;1[
Ap+1)r

Proof. we proceed similarly as in Theorem 6.
By s—concavity of | f’|? we obtain

3a+b , (a+3b
() ()] e

1 q
/0 f (ta+(1—t) ;rb> f’(ga:b>

1 q q
fbr (ra-0t32) (=)

Now (2.12) is immediate from (2.2). o

Variants of these results for twice differentiable functions are given below. These can be
proved in a similar way based on Lemma 2.

dt < 2571

Analogously

dt < 2571

Theorem 8. Let f : I — R, I C [0,00), be twice differentiable function on I° such that
f" € L[a,b],where a,b € I,a < b.If|f"|? is s—convex on [a, b] for some fixed s € (0, 1]
and q > 1, then

f@esw 1 (b—a)? [1/"(@)]" + | f"®)]7]
2 bfa/a flw) d) < 2x6q;[ (s+2)(s 1 3)
—a)? 1
- 2(b6) s +2.2){] f"(a) |7 + | £(b) |7}]

Theorem 9. Ler f : I — R, I C [0,00), be twice differentiable function on I° such that
f" € L'[a,b], where a,b € I, a,b. If| " |1 is concave on |a,b] for ¢ > 1 with p = qi

then o
fla) +
2 —a / Ut

1°

b—a)
2

<

! (T)‘ [B(p+1,p+ 1.
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Theorem 10. Let f : I — R, I C [0,00), be twice differentiable function on I° such
that f" € L'[a,b], where a,b € I, a < b. If | f"|? is s—convex on [a,b] for some fixed
s € (0,1] and g > 1 withp = %5, then

fla) + f(b) Lo
| 5 —b_a/ f(x)dx

<

(b—a)?
2

Theorem 11. Let f : I — R, I C [0,00), be twice differentiable function on I° such
that f"' € L'[a,b], where a,b € I, a < b. If| f" |7 is s—concave on [a, b] for some fixed
s € (0,1 and ¢ > 1 withp = 25, then

fl@+fo®) 1 f°
_b—a/a f(z)dx

(1" (@) + |7 (1)) 7 (s + 1)~ [B(p + 1,p + 1)]7.

s—1—gq

<277 (b—a)?

2 2

1 <a+b) ‘ [Bp+1,p+1)]P.

Remark 12. For s = 1, relations (2.1), (2.5), (2.9) and (2.12) provide the right estimate
of left classical Hadmard difference, that is, the new improvements of left Hadamard in-
equality.

Remark 13. For s = 1, relations in Theorems 8-11 provide the right estimate of right
classical Hadmard difference, that is, the new improvements of right Hadamard inequality.

3. APPLICATIONS FOR SPECIAL MEANS

Let us recall the following means for two positive numbers.
(1) The Arithmetic mean
a+b

A= Aa,b) = 5 a,b>0

(2) The Harmonic mean

2ab

H=H(a,b) = — b>0
(a,0) = ——, a,b>
(3) The p—Logarithmic mean
a, ifa=1"b; a,b>0
Ly = Lp(aa b) = pptl_gptl ¥ .
[(pfl)(b—a)} , ifazb
(4) The Identric mean
a, ifa=0b; a,b>0
I=1(ab)= =
(.5) L&) ifat,
(5) The Logarithmic mean
_ a, ifa="5b; a,b>0
L:L(G”b)* { lnbb:alna’ lfa#b

The following inequality is well known in the literature:
HLSLLSI<A

It is also known that L,, is monotonically increasing over p € R, denoting Ly = I and
L_,=1L.
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Proposition 14. Lerp > 1,0 < a < band q = ]%. Then one has the inequality.

-1 -1 (b—a) 3¢ 13
[H™H(a,0) = L7H(a,b)] < "oy AV (™, 6%) 3.1)
Proof. By Theorem 8 applied for the mapping f(z) = 1 for s = 1 we have
q q 1/
%—!—%ilnb—lna <(b—a)2 e+ & !
2 b—a |~ 2x6/r 12 ’
which is equivalent to (3.1). a

Another result which is connected with p—Logarithmic mean L, (a,b) is the following
one:

Proposition 15. Letp > 1,0 <a < bandq = ﬁ, then

p(p— 1)(b*a)2 1/ (p—2) 19(p—2)
P pP P < q(qa a(p
|A(a ,0P) Lp(a,b)| 12 A (a b )

Proof. Follows by Theorem 8, setting f(z) = P for s = 1. a
Another result which is connected with p—Logarithmic mean L, (a,b) is the following
one:

Proposition 16. Letp > 1,0 < a < band q = p%l, then
A(a,b) 3-1/a
< exp
I(a,b) 2
Proof. Follows by Theorem 4, setting f(z) = —Inxz for s = 1. a

{(a*q + 247 a, b))l/q + (bfq 4247, b))1/q}}

Remark 17. By selecting some other convex functions, in the same way as above, we can
find out some new relations connecting to some special means.

4. REFINEMENT AND NEW REFINED UPPER BOUND FOR S-HERMITE HADAMARD
INEQUALITY

To find new refined upper bound we integrate (1.2) w.r.t ¢ over [a, b] C [0, 1]

1 zb+(1-b)y
e Fu)du < (b= a) [L(ab) f(2) + L3(0— a1~ ) f(y)],
YJza+r(1—a)y

where,
ﬂp+1 — oPtl
Lb(, B) = B-a)p+1n “ # B, p>0.

For better right bound of Hermite Hadamard Inequality for s-convex function in second,
we compare the above bound with usual one, w

Suppose the above is less than the usual upper bound, that is,
s+1_ s+l _p)stl_(1_gq)stt =
b =2 f(z) — (1-b) 8+(11 ) fly) < £( zi{(y)
or, B —atf(@) +[1-a) ™ = (1 -0 fy) < fl)+ f(y).
Consider b = a + A for A > 0 such that its cube and higher powers approaching zero.

[(a+2) ! — a1 f(2) +[(1 = a)"™ = (1 —a =N f(y) < f(x) + fy)
So, all we need, for the above being true, is that
(a+ Nt — gt <1 1—a)y™t—(1-a-N*Tt<1
s s+1
ie, @t [(142) -1 <1 (-t {1 -(1- ) ] <1

a
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By binomial expansion,

et [+ L] <1 (1-apt [ - 2 <

S s—1 12 S S s—1 12 S 1
Z - <0 ——(1— 1— - — < 4.1
2a AN +a® A ST 1 0; , 2( a) M4+ (1-a)’ A . 1_0( )

From (4.1) we get A < 1.

This means we have improved the upper bound of Hermite Hadamard inequality for s—convex
function in second sense, when the distance between a and b is almost one. The most in-
teresting thing is that all linking work is with the interval [0, 1] better than other. This
discussion gives the following result.

Theorem 18. Let f : [a,a+ A\] — R be s—convex function in second sense for 0 < A < 1,
0<a<1lands e (0,1 then

o1, (20+ ) 1 et 1 5 1o .
o (M5) = g s gy [{5e ea) s
S

{-30 -7 N 4 -y A} f)]

The following result is related with the improvement of inequality (1.3).

Theorem 19. Suppose that f : [0,00) — [0,00) is an s-convex function in the second
sense, where s € (0, 1], and let a,b € [0,00), a < b. If f € L'[a,b], then

a ’ '
MO0 L i@ > | [ 10 @+ a-0r so)a-

s+1

1
/ | f(ta+(1—1t)b)| dt 4.2)
0

b
L sz (220)
1

1
7/ | f(tat(1—t)b)+ f(tb+(1—1t)a)| di+
0
Proof. From inequality (1.2)

28
AC VI
£ f(@) + (11 70) ~ f(tat (1))
= [ f(a) + (1= 1) F6) ~ flta+ (1-0)b) |
> (] f@) + (=07 F0) | = | feat(1-0D)] .

Integrating w.r.t ¢ over [0,1]

fla)+ 7)) /1f(ta+(1t)b)dt
0

and

> 28—1

s+1

Y

/0 [ fla) + A=) f(0) | = | fta+ (1 —1)b) [ ] di.

v

‘/0 {1t° fla) + A=) fO)| = [f(ta+ (A =)b)[}di|,
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which is equivalent to (4.2).

Again by definition
(Epr) < d )
fx );f() f< y> _ ‘f(x)tf(y)f(x;y)‘

Y

[ b ()

By setting, z — ta+ (1 —¢)b and y—tb+ (1 —t)a for te€]0,1], wehave

a+b
el
Integrating w.r.t ¢ over [0,1]

21{/01 f(ta—i—(l—t)b)dt—i—/ol f(tb+(1—t)a)dt} —f(“;b) >

/;{‘f(ta—i-(l—t) b))+ f(tb+(1—t)a ’f(a—i_b)’}dt‘.

flta+ (1 —1t)b)+ f(tb+ (1 —t)a) a+b
25 f( 2 )Z

Hf(ta+(1—t)b)+f(tb+(1—t)a)
25

25
From here we get (4.3). a
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