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1. INTRODUCTION

Atanassove[3] introduced and studied the concept of intuitionistic fuzzy sets as a gener-
alization of fuzzy sets. In 2004, Park[9] defined the notion of intuitionistic fuzzy metric
space with the help of continuous t-norms and continuous t-conorms. Recently, in 2006,
Alaca et al.[2] using the idea of Intuitionistic fuzzy sets, defined the notion of intuitionistic
fuzzy metric space with the help of continuous t-norm and continuous t- conorms as a gen-
eralization of fuzzy metric space due to Kramosil and Michalek[7]. In 2006, Turkoglu[12]
proved Jungck’s[6] common fixed point theorem in the setting of intuitionistic fuzzy met-
ric spaces for commuting mappings. In this paper, we use the notion of E.A. property
in intuitionistic fuzzy metric space and prove a common fixed point theorem for weakly
compatible mappings using this property.

2. PRELIMINARIES

The concepts of triangular norms (t -norm) and triangular conorms (t -conorm) are known
as the axiomatic skelton that we use, are characterization of fuzzy intersections and union
respectively. These concepts were originally introduced by Menger [8] in study of statisti-
cal metric spaces.

Definition 1. A binary operationx : [0, 1] x [0,1] — [0, 1] is continuous t-norm if * is
satisfies the following conditions:
51
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(i) * is commutative and associative;

(ii)* is continuous;

(i) ax 1 =aforalla in [0,1];

(iv) a x b < ¢« dwhenever < candb < d for all a, b, ¢,d € [0, 1].

Definition 2. A binary operatioro : [0, 1] x [0,1] — [0, 1]is continuous t-conorm i is
satisfies the following conditions:

(i) « is commutative and associative;

(i) © is continuous;

(i) ao0=aforalac [0,1];

(iv) a0 b < codwhenever < candb < dforall a,b,c,d € [0,1].

Alaca et al.[2] defined the notion of intuitionistic fuzzy metric space as follows :

Definition 3. A 5-tuple (X, M, N, x,¢) is said to be an intuitionistic fuzzy metric space
if X is an arbitrary set, * is a continuous t-normajs a continuous t-conorm and M, N are
fuzzy sets onX? x [0, co) satisfying the following conditions:

(i) M(x,y,t) + N(z,y,t) < 1forall x,yin Xandt > 0;

(i) M(x,y,0) =0forall x,yinX;

(iiiy M(z,y,t) =1forallx,yin Xandt > 0ifandonly ifx = y;

(iv) M(z,y,t) = M(y,z,t) forall x, y in X and¢ > 0;

(V) M(z,y,t) « M(y,z,8) < M(z,z,t+s)forallx,y, zin Xands,t > 0;

(vi) forall x, yin X, M(z,y,.) : [0,00) — [0,1] is left continuous;

(vii)tlirgO M(z,y,t) =1forallx,yin Xandt > 0;

(viii) N(z,y,0) =1forallx,yinX;

(iX) N(z,y,t) =0forall x,yin Xandt > 0if and only if x = y;

(X) N(z,y,t) = N(y,x,t) forall x, y in X and¢ > 0;

(Xi) N(z,y,t) o N(y,2,8) > N(x, z,t+ s)forall x,y, zin Xands, ¢t > 0;

(xii) for all x, y in X, N(z,y,.) : [0,00) — [0, 1] is right continuous;

(xiii) tli)rgo N(z,y,t) =0forall x,yinX.

Then (M, N) is called an intuitionistic fuzzy metric. The functions M(x, y, t) and N(x,
y,t) denote the degree of nearness and the degree of non-nearness between x and y w.r.t. t
respectively.

Remarkd4. Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric space of
the form(X, M, 1 — M, *,¢) such that t-norm * and t-conormare associated aso y =
1—((1—2)*(1—y))forallx,yinX.

Remark5. [2] In intuitionistic fuzzy metric spacéX, M, N, x,o), M(x, y, *) is non-
decreasing and/ (z, y, ) is non-increasing for all x, y in X.

Definition 6. [2] Let (X, M, N, ,¢) be an intuitionistic fuzzy metric space. Then
(a) a sequencézx,, } in X is said to be Cauchy sequence if, for alt> 0 andp > 0,
lim M(zptp,xn,t) =1and im N(z,4p, Tpn,t) = 0.

n—oo

(b) a sequencéx,, } in X is said to be convergent to a poimte X if, for all ¢ > 0,
lim M(zp,x,t) =1and lim N(z,,z,t) =0.

n—o0 n—oo
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(c) (X, M, N, x,0) is said to be complete if and only if every Cauchy sequence in X is
convergent.

Example 1.Let X ={1/n:n =1,2,3,...} U{0} and let * be the continuous t-norm and
be the continuous t-conorm defined by a * b = ab ardh = min{1, a + b} respectively,
for all a,b € [0,1]. For eacht € (0,00) and x, y in X, define (M, N) by M(x, y, t) =
m if t >0, M(x,y,t)=0if t = 0, and N(x, y, t) :tfl;f‘y‘ if £ >0, N(x, y, )=1if
t = 0. Clearly,(X, M, N, x,¢) is complete intuitionistic fuzzy metric space.

Definition 7. [12] A pair of self mappings ( f, g ) of a intuitionistic fuzzy metric space
(X, M, N, x,0) is said to be commuting if
M( fgx, gfx,t)=1and N(fgx, gfx,t)=0forall xin X.

Recently, Amari and Moutawakil[1] introduced a generalization of non compatible maps
as E.A. property.

Definition 8. [1] Let A and S be two self-maps of a metric space (X,d). The pair (A,S) is
said to satisfy E.A. property, if there exists a sequeheg} in X such thatlim Az,, =

3 n—oo
lim Sz, =t, forsometin X.

n—oo

Example 2.Let X = [0, +00). Define S, T: X— X by Tx = £ and Sx =32 , for all x in X.
Consider the sequende:,,} = {1/n} . Clearly lim Sz, = lim Tz, = 0. Then S and

T satisfy E.A. property. e

Example 3. Let X = [2, +00). Define S, T : XoX by Tx = x+1 and Sx = 2x+1 for all
x in X. Suppose that the E.A. property holds. Then, there exists in X, a seq{enge
satisfying lim Sz, = lim Tz, = z for some z in X. Thereforelim z,, = z — 1 and

n—oo n—oo n—oo

—1 L _ . . .
lim z, = ZT Thus, z = 1, which is a contradiction, is said to satisfy the E.A. property

n—oo

if there exist a sequende,, } in X such that since 1 is not contained in X. Hence Sand T
do not satisfy E.A. property.

Definition 9. A pair of self mappings ( f, g ) of a intuitionistic fuzzy metric space
(X, M, N,x,0) is said to satisfy the E.A. property if there exist a sequepeg} in X
such thatlim M (fz,,gx,,t) =1and lim N(fx,,gz,,t) =0.

Example 4. Let X = [0,00). Let us considefX, M, N, x,¢) be an intuitionistic fuzzy
metric space as in example 1. Define T, S +X[0, 00) by Tx = £ and Sx :%7”. Now,
lim M(Sz,,Tz,,t) =1and lim N(Sz,,Tz,,t) = 0. Clearly S and T satisfies E.A.

property.
Jungck [6] introduced the notion of weakly compatible maps as follows:

Definition 10. A pair of self mappings ( f, g ) of a intuitionistic fuzzy metric space
(X, M, N, x,0) is said to be weakly compatible if they commute at the coincidence points
i.e. Tu=Su for someuin X, then TSu = STu.
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Alaca [2] proved the following result:

Lemma 11. Let (X, M, N, ,¢) be intuitionistic fuzzy metric space and for all x , y in
X ,t > 0 and if for a numbert € (0,1), M(x,y, kt) > M(z,y,t) and N(z,y, kt) <
N(z,y,t) thenx =y.

3. WEAKLY COMPATIBLE MAPS AND E.A. PROPERTY

Turkoglu et al.[12] proved the following Theorem:

Theorem 12. Let A, B, S and T be self maps of complete intuitionistic fuzzy metric space
(X, M, N, x,¢) with continuous t-norm and continuous t- conorm defined:Bya > a
and(l—a)o(1—a) <(1—a)forallain|0,1], satisfying the following conditions:

(1) AX) Cc T(X),B(X) C S(X),

(2) S and T are continuous,

(3) The pairs (A, S) and (B, T) are compatible maps,

(4) forallx,yin X, kin(0,1),¢ >0

M(Ax, By, kt) > M(Sz,Ty,t) * M(Ax,Sz,t) « M(By,Ty,t) x M(By, Sz, 2t) *
M(Az,Ty,t) and

N(Az, By, kt) < N(Sx,Ty,t)oN(Ax, Sz, t)oN (By, Ty, t)oN(By, Sz, 2t)oN (Azx, Ty, t),
Then A, B, S and T have a unique common fixed point in X.

Now,we generalize theorem 12 for weakly compatible maps using E.A property. Our
theorem generalise theorem 12 in the following way:

(a) relaxing the continuity requirement of maps and,
(b) relaxing the completeness of the space X.

Theorem 13.Let A, B, S and T be self maps of intuitionistic fuzzy metric spEca/, N, x, ¢)
with continuous t-norm and continuous t- conorm definecilyb = min{a,b} and
a o b= maxz{a,b} forall a, bin |0, 1] satisfying the following conditions:

() forallx,yin X, kin(0,1),t >0

(i) (A, S) and (B, T) are weakly compatible,

(i) (A, S) or (B, T) satisfies E.A. property,

(iv) A(X) CcT(X), B(X) C S(X),

If one of A, B, S and T is a complete subspace of X then A, B, S and T have uniqgue common
fixed point in X.

Proof: Suppose the pair (B, T) satisfies the E.A. property. Then there exists a sequence
{zn}in X such thatlim Bz, = lim Tz, = pfor some pin X. SinceB(X) C S(X),
there exists a sequen¢eg, } in X such thatBz,, = Sy, = p. Hence lim Sy, = p. We
shall show thatlim Ay, = p. From (i), we have
M(Ayy, Bxy, kt) > M(Syn, Txp, t) * M(Ayn, Syn,t) * M(Byp, Tyn, t)*
M (Bxy, SYn, 2t) x M(Ay,, Tx,,t) and
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N(Ayn, Bxy, kt) < N(Syn, Txp,t) © N(Ayn, Syn,t) © N(Bxy, Ta,,t)o

N(Bzp, Syn,2t) © N(Ayp, Ty, t),

Taking limit asn — oo, we getM (Ay,,p,kt) > M(Ay,,p,t) and N(Ay,,p, kt) <
N(Ayn,p,t).

Using Lemma 11, we havehm Ay, = lim Sz, = p. Suppose that S(X) is a com-

n—o0

plete subspace of X. Then p Su for some u in X. Subsequently, we havedy, =

n— o0

lim Sz, = lim Bz, = hm Tz, = p = Su. Now, we shall show that Au = Su. From

n—o0 n—oo

(4), we have

M(Au, Bxy, kt) > M(Su, Txy, t)« M (Au, Su, t)« M (Bxy, Txy, t)* M (B, Su, 2t)*
M(Au,Tx,,t) and

N(Au, Bxp, kt) < N(Su, Txy,,t) o N(Au, Su,t) o N(Byn, Txy,t) o N(Bx,, Su, 2t) o
N(Au,Tx,,t),

Taking limit asn — oo we getM (Au, Su, kt) > M(Au, Su,t) and N (Au, Su, kt) <
N(Au, Su,t).

Now by using Lemma 11, we have Au = Su. Therefore (A, S) have coincidence point.
The weak compatibility of A and S implies that ASu = SAu and thus AAu = ASu = SAu
= SSu. AsA(X) C T(X), there exists v in X such that Au = Tv. We claim that Tv =
Bv. From (i), we have M(Au, By, kty> M (Su,Tv,t) * M(Au, Su,t) « M(Bv,Tv,t) %

M (Bwv, Su,2t) * M(Au,Tv,t) and N(Au, Bv,kt) < N(Su,Tv,t) o N(Au, Su,t)
N(Bv,Tv,t) o N(Bv, Su,2t) o N(Au,Tv,t), Now by using Lemma 11, we have Au =
Bv. Hence, Tv = Bv. Thus we have Au = Su = Tv = Bv. The weak compatibility of B and
T implies that BTv = TBv = TTv = BBv. Finally, we show that Au is the common fixed
point of A, B, S and T. From (i), we have

M (Au, AAu, kt) = M(AAu, B, kt) > M(SAu, Tv, t)«M(AAu, SAu, t)xM (Bv, Tv, t)*
M(Bv, SAu, 2t) x M(AAu,Tv,t) and N (Au, AAu, kt) = N(AAu, Bv, kt)

< N(SAu,Tv,t)o N(AAu, SAu,t)o N(Bv, Tv,t)o N(Bv, SAu, 2t)o N(AAu, Tv,t),

we haveM (Au, AAu, kt) = M (AAu, Bv, kt) > M(AAu, Bu,t)

andN (Au, AAu, kt) = N(AAu, Bv, kt) < N(AAu, Bv,t).

Now, the use of Lemma 11 gives AAu = Bv =Au and thus, AAu = Au. Therefore, Au
= AAu = SAu is the common fixed point of A and S. Similarly, we prove that Bv is the
common fixed point of B and T. Since Au = Bv, Au is common fixed point of A, B, S, and
T. The proof is similar when T(X) is assumed to be a complete subspace of X. The cases
in which A(X) or B(X) is a complete subspace of X are similar to the cases in which T(X)
or S(X), respectively is complete subspace of XHs() C T(X) and B(X) C S(X).
Finally now we show that the common fixed point is unique. If possible;Jeindy, be

two common fixed points of A, B, S, and T. Then by condition (i),

M(:L‘o, Yo, kt) = M(Tl‘o, Byo, kt)

> M (Sxo, Tyo, t)xM (Azg, Szo,t)* M (Byo, Tyo, t)*M (Byg, Sto, 2t)x M (Azxg, Tyo, t)
andN(xo, Yo, k}t) = N(TJTO, Buyo, k’t)

< N(Szo, jjy()7 t)ON(AI(), SZZ?(), t)ON(Byo, jjy()7 t)ON(Byo, Sl’o, 2t)<>N(AIO, jjy()7 t),

By fixed point property and using intuitionistic fuzzy metric space, we get

M(l‘o, Yo, kt) > M(l‘o, Yo, t) andN(a:o, Yo, k‘t) < N(LC()7 Yo, t) .

This implies, by using Lemma 11 that = yo. Therefore, the mappings A, B, S, and T
have a unique common fixed point.

Example 5. Let (X, M, N, %,¢) be a intuitionistic fuzzy metric space with X[8, 1], t
norm * and t-conormy defined bya * b = min{a, b} anda ¢ b = maxz{a, b} where a, b
in [0, 1], respectively. Let (M, N) is the intuitionistic fuzzy set 6f* x (0, ), defined
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by M(x, vy, t)= (expd“%y'))—1 forall t > 0, M(X, y, t)= 0 whent = 0 and N(x, vy, t)
=[(exp(4)) - 1][(exp(Z74)) =11, N(x, y, t) = 1 whent = 0. Then it is well known that
(X, M, N, x,0) is a intuitionistic fuzzy metric space. Let us define self maps A, B, S, and
TonXsuchthat Ax =5 , Tx=5 ,Bx =45, Sx =% thenfork € [1/16,1)
M (Az, By, kt) = (exp(L2522) =
>(exp(LLFL2) =1 = M(Sx, Tx, 1)
> M(Sz,Ty,t) * M(Ax,Sz,t) * M(Bzx,Ty,t) * M(By, Sz,2t) * M(Axz,Ty,t) and
N(Az, By, kt)=[(exp(LA222) —1][(exp(1L4222) =1
<[(exp(“L722) —1][(exp(A722h) =] = N(Sa, Ty, t)
< N(SX, Ty, t)o N(AX, SX, t)o N(BX, Ty, t) o N(BYy, Sx, 2t)¢ N(AXx, Ty, t).

Clearly,
(a) condition (i) of above theorem holds,
(b) for sequencéx,, } = {1/n}, pairs (A, S) and (B,T) satisfies E.A. property,
() A(X) Cc T(X),B(X) C S(X),
(d) one of A(X), B(X),S(X) or T(X) is complete subsets of X,
(e) the pairs (A, S) and (B, T) are weakly compatible at x = 0 which is the coincident
point of the maps A, B, Sand T.
Thus all the conditions of Theorem 13 are satisfied and also x = 0 is the uniqgue common
fixed point of A, B, Sand T.
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