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Abstract. In this paper, we prove the sharp function inequality for some
multilinear commutators related to certain integral operators. By using
the sharp inequality, we obtain the weighted LP-norm inequality for the
multilinear commutators. The integral operators include the Littlewood-
Paley operator, Marcinkiewicz operator and Bochner-Riesz operator.
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1. INTRODUCTION

As the development of singular integral operators, their commutators have been well
studied (see [1-4]). Let T" be the Calder6n-Zygmund singular integral operator, a classi-
cal result of Coifman, Rocherberg and Weiss (see [2]) states that commutator [b, T|(f) =
T(bf)—bT(f)(where b € BMO(R™))is bounded on LP(R™) for 1 < p < oo. In [4][11-
13], the sharp estimates for some multilinear commutators of the Calderén-Zygmund sin-
gular integral operators are obtained. The main purpose of this paper is to prove the sharp
function inequality for some multilinear commutators related to certain integral opera-
tors. By using the sharp inequality, we obtain the weighted LP-norm inequality for the
multilinear commutators. The integral operators include the Littlewood-Paley operator,
Marcinkiewicz operator and Bochner-Riesz operator.

2. NOTATIONS AND RESULTS

First let us introduce some notations (see [3][14][15]). In this paper, ) will denote a
cube of R" with sides parallel to the axes, and for a cube Q let fo = |Q| ™ [, o f(x)dz and
the sharp function of f is defined by

1
# _ _
f (ﬁ)—g; |Q|/Q|f(y) foldy.

It is well-known that (see [3])

Q>x ¢€C

(@) ~ sup in ﬁ /Q F(y) - Cldy.
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We say that b belongs to BMO(R™) if b# belongs to L>°(R™) and define ||b||pp0 =
|[b%|| L. It has been known that (see [14])

[1b = bargllBrro < CK|[b||Brro-
Let M be the Hardy-Littlewood maximal operator, that is

M(f)(e) = sup Q] / F@)ldy.

We write that M,(f) = (M(|f|P))"/? for 0 < p < oo. For b; € BMO(R™)(j =
1,---,m), set

m
18l Baco = [T IIbslBrr0-

j=1
Given some functions b; (j = 1,---,m) and a positive integer m and 1 < j < m, we
denote by C7" the family of all finite subsets ¢ = {0 (1), - -,0(j)} of {1,- - -,m} of j
different elements. For o € CT", set 0¢ = {1,---,m} \ 0. For b = (b1,- - -, by,) and

= {o(1), - o()} € C setby = (bor)s * bo()s bo = bo(ry - + - by(j) and
1651 Bar0 = byl B210 -+ * [1bo )| BaTO-

In this paper, we will study some multilinear commutators as follows.

Definition 1. Suppose b;(j = 1,--- ,m) are the fixed locally integrable functions on R™.
Let F}(x,y) define on R™ x R"™ x [0, +00). Set

(D) = [ Fie.)f )y

and
m

FEP@ = [ TI0s() - b Ee s )y,

for every bounded and compactly supported function f. Let H be the Banach space
(H,|| - ||) such that, for each fixed = € R", Fy(f)(x) and F?(f)(z) may be viewed as

the mappings from [0, +00) to H. The multilinear commutator related to F} is defined by
T3(f)(x) = |IEL) () (@),

where F; satisfies: for fixed e > 0

1Fu (2, 9)]] < Cla—y[™"
and
1Fi(y, ) — Fi(z,2)|| + | Fy(z,y) — Fi(z, 2)|| < Cly — 2[ e — 27",
if 2|y — 2| < |z — z|. We also define that T'(f)(x) = || F.)(f)()]].

Note that when by = - - - = by,, T} is just the m order commutator (see [1][13]). It
is well known that commutators are of great interest in harmonic analysis and have been
widely studied by many authors (see [1-2][4][11-13]). Our main purpose is to establish the
sharp inequality for the multilinear commutator.

Now we state our theorems as following.
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Theorem 2. Let b; € BMO(R") for j = 1,--- ,m. Suppose that T is bounded on
LU(R™) forall 1 < g < co. Then for any 1 < r < o0, there exists a constant C' > 0 such
that for any f € C§°(R™) and any x € R",

(Ty(f)*(x) < Ol Bro (Mr(f)(x) +Z Z M, (T (f))(@) :

j=1oeCy

Theorem 3. Let b; € BMO(R") for j = 1,--- ,m. Suppose that T is bounded on
LA(R™) for all 1 < q < co. Then Ty is bounded on LP(R™) for 1 < p < oo.

3. PROOFS OF THEOREMS

To prove the theorems, we need the following lemma, which is well known.

Lemmad4. Let1 < g < 00, b; € BMO(R"™) forj =1,--- k. Then

|Q|/ H|b baldy < ¢ [T sllowo

Jj=1

and
1/q

k
al,L H|b ottty | < CTLIMllavo:

Jj=1

Proof. Proof of Theorem 1. It suffices to prove for f € C§°(R™) and some constant Cj,
the following inequality holds:

/ Ty (@) — Coldz < Cllfllsnio | M@ + 3 S Mu(T; (H@) |-
al Z 2

Fix a cube Q = Q(zo,d) and & € Q.
We first consider the Case m = 1. Write, for f1 = fx2q and f2 = fx(2q)->

F} ()(@) = (b1(2)=(01)20) Fo () (2) = Fo((b1—(b1)2) 1) ()~ Fo (b1 = (b1)2q) f2) ().

Then,

To, () (@) = T(((br)2q — b1) f2) (o)
= |IIE (D@ = [[F(((b1)2q — br).fo) (o)
1 (£)(@) = Fe(((b1)2q — bu) f2) (o)l

IAIA

[1(01(2) = (b1)2@) Fr(f) (@) + [ Fr((b1 — (b1)2q) f1)()]|
FHF((br = (b1)2) f2) () — Fi((br — (b1)2q) f2) (z0)|
A(z) + B(z) + C(z).

For A(z), by Holder’s inequality with exponent 1/r + 1/7' = 1, we get
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|22/Amdx

_ |Q‘/ 1b1(2) — (b1)20||T(f)(x)|dx

1/r! 1/r
(I2Q|/ o1(@) = (ba)al” dm) <|Q|/' 'dx)

< ClbllBaoM(T(f))(@).

), choose s, ¢ such that 1 < s,¢q < oo and r = gs, by the boundedness of T on
and Holder’s inequality, we obtain

@/ B(z)dx
- |Q|/ ~ (b)) ) (@)l

(|@/ (T((b1 = (b1)2)fx20) (@ )]qd:r>1/q

1/q
|Q‘1/q (/ b1 () = (b1)20"|f (= )X2Q($)|qd$)
Ja+1/gs"+1/ Has
—1/q+1/qs’+1/qs - o qs’
ClQ| <|2Q| /2Q|b1(x) (b1)20] d:p)
1 ’ 1/gs
(251 ] ) fds )

< Clbl[eamo M (f)(Z).
For C'(z), by Minkowski’s inequality, we obtain, for x € @,

IN

For B(z
Li(R")

IA

IN

IN
X

C(x) =

[ 010) = 01)20) ) Fio)  Filan, )|

< / 01(y) = (b1)2[f W Fi(, y) — Fi(zo, y)ll|dy
(2Q)¢

< C b1(y) — (b1)aollf ()| 2=y

" Jeor R
|zg — |

< C b b —d

< E /k+1Q\2kQ| 1 —( 1)2Q||f(y)|\a:0—y|n+f Y

IN

1 1/r
CY 27k ( "d > x
; PLaEte] Wl@lf(y)l Yy

(1 baly) - <b1>2Q|T’dy) '

[2KH1Q| Jok+1g

C Z k27% b1 || Baro M- (f)(2)

k=1
C|lb1||Bmo M. (f)(Z),

IA

IN
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thus

1 ~
|Q|/QC(:E)d:c < Cllb1l|lBmo M- (f)(Z).

Now, we consider the Case m > 2, we have known that, for b = (b1, -, by,),

m

Fi(h@ = [ {H(bjm - bj<y>>] File,5)f ()dy

= /n[(bl(w) — (b1)2@) — (b1(y) = (b1)2@)] - - - [(bm () = (bm)2q) — (bm(y) —
(bm)2@) ] Fi(z,y) f(y)dy

= Y ()™ b(@) — (B)20)s / (b(y) — (0)20)o Fs (2. 4) F(5)dy

j=0ceCm R
= (b1(x) = (b1)2q) * + + (b (@) — (bm)20) 2 (f)(2)
H(=1)™Fy((br = (b1)2) -+ * (b — (bin)2@) ) (2)

= (01(z) = (b1)2q) - - - (b () = (bm)2@) Fi(f)()
F(=D)™E((br = (b1)2@) - - - (b = (bm)2) ) ()

+ (=)™ (b(z) = (b)2q)o I (f)(2),

thus

IT;;(f)(JU) = T(((b1)2@ = b1) -+ ((bm)2@ — bm)) f2) (o)
IELCH) @) = [[F(((b1)ag = br) -+ (bn)2Q = byn) f2) (o) |
P(1)(@) = Fo(b1)ag = br) -+ (b2 — bm) f2) (o) |

< |FEP)
< (b () = (b1)2q) - -
(b (2) = (bm)20) Fx () (@)
ST S 1G(@) — (bm)ea)o FY (£)(@)]]
j=1 occC™
+ E((br = (01)30) - (b — (b)2g) f1) ()]
+ HFt((bl (51)20) -+ (b — (bn)2) f2) (@) — Fu((b1 — (b1)20)
>
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For I (z), by Holder’s inequality with exponent 1/p; + -+ + 1/p,, + 1/r = 1, where
1<pj<oo, j=1,---,m, we get

ﬁ/ I (x)dx

< |Q/Ibl = (01)2¢ -+ - [bm(2) = (bm)2|T(f)(2)|dx

1/p; 1/r
: (|Q/'b 2‘9'?]) (QI/T 'dx)

< C||b||BMOMr(T(f))(‘%)'

For I, (x), by the Minkowski’s and Ho6lder’s inequality, we get

IN

IN

IN

ﬁ /Q Z S lb(=) — (B)2q)o FE () (@)da
_’ 5 ﬁ /Q |(b() = (8)20)0||Ty, . (f)(x)|dz

Z > lbollro M (T; (£))().

secr

For I5(z), choose 1 < s,q < oo with r = g¢s, by the boundedness of 7" on LI(R™) and
Holder’s inequality, we get

1
Q|/ng(x)dx

1/q
(|Q| /w H 7)20) fx20) (x )lqd:ﬂ>
" 1/4q
|Q\1/q (/ H bj)20)||f(z )XzQ($)|qu)

1/qs’
C|Q‘—1/q+1/qs +1/qs (|2Q|/ H (b;)20)]% dac)

1/qs
qs
(g L, o)

C[b)| Baro M, (f)(2).

IN

IN

IN

IN
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For I4(z),choose 1 < p; <ocoj=1,--- ,msuchthatl/p; +---+1/pp, +1/r =1, we
obtain, by Holder’s inequality,

14 (JC)

thus

IN

IN

IN

IN

IN

IN

1FL (b1 = (b1)2Q) -+ (b — (bm)2@) f2) () — Fy((br — (b1)2q) - -
(b = (bm)2@) f2) (o)

[T = b))l |20y W Fi) = Filao,)dy

m |

¢ [ TT05() = B)20)l1f ()]

Q) o |zo — y|nte

.130|6 dy

oo

CZ/Q & = ol |0 — 1~ <”+f>|H (b5)20)I1f ()ldy

= k+1Q\2KQ
1/7‘
|f (y)lrdy)

> 1
—ke
€32 (|2k+1c2

m 1/p;
H <|2k+1Q| 2k+1Q 105(y) = (bj)2Q|p]dy>

j=1

czkmz—kemb 530 Mo (£)(2)

j=1

C||b|| aro My (f)(Z),

2k+1Q

ﬁ /Q Li(@)dz < C|B|| prro Me(f) ().

This completes the proof of the theorem.

O

Proof. Proof of Theorem 2. Choose 1 < r < p in Theorem 1. We first consider the case
m=1, we have

1M (Ty, ()2 < CI(To, (1)) |20
ClIMAT(f)ze + ClIM(f)]l Lo
CIIT(f)llze + ClIM(f)| Lo
Cllfllce + ClI fll e

Cllfllzr-

[Ty, (f)lle

(VAN VAN VAR VAN VAN

When m > 2, we may get the conclusion of Theorem 2 by induction. This finishes the

proof.

O

4. APPLICATIONS

Now we give some applications of the theorems in this paper.
Application 1. Littlewood-Paley operator.
Fixed ¢ > O Let 1) be a fixed function which satisfies the following properties:

(D Jn ¥(

x)dx =0,

2) |¢(z >|<C<1+Ix\> (n+1)
3) [v(z+

) — ()] < Clyl*(1+ [af) =149 when 2ly| < [z].
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The Littlewood-Paley multilinear commutator is defined by
; X dt)
A =([TIFHO@ET)

m

FED@) = [ T10:0) = bi0)ste = )1 w)dy

1

where

and ¢ (z) = t~™p(x/t) for t > 0. Set F(f)(y) = f * ¢(y). We also define that
o 1/2
s =([TIRO@EY)

which is the Littlewood-Paley operator(see [15]). Let H be the space

H = {h: Ihl] = (/Oo |h<t>2dt/t)l/2 < oo} ,

then, for each fixed z € R", th( f)(z) may be viewed as the mappings from [0, +00) to
H, and it is clear that

9y (@) = [[F7 (@), go(f)(@) = [[F(f)(@)]].
It is easily to see that g, satisfies the conditions of Theorems 1 and 2 (see [5-7]), thus
Theorems 1 and 2 hold for gi’;.
Application 2. Marcinkiewicz operator.
Fixed 0 < 7 < 1. Let Q be homogeneous of degree zero on R" with [, Q(2")do(2") =
0. Assume that Q € Lip,(S™~1). The Marcinkiewicz multilinear commutator is defined

by
- o 1/2
wb@ = ([T
where
3 _ T o () b (o) &~ Y)
() () = /qujr_[l(b]( )= b)) e ).
Set

F(f)(z) = /| UE=Y) p)ay.

z—y|<t |1’ - y|n—1

(e = ([ IRwrs) "

which is the Marcinkiewicz operator(see [16]). Let H be the space

H= {h Jh| = </0°° h(t)|2dt/t3)1/2 < oo}.

Then, it is clear that

i () (@) = |FE @) na(f)(@) = 1B @)]]-

It is easily to see that uq satisfies the conditions of Theorems 1 and 2 (see [8][16]), thus

‘We also define that

Theorems 1 and 2 hold for z,.
Application 3. Bochner-Riesz operator.
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Letd > (n—1)/2, B (f)(€) = (1—t2[¢[*)3 f(€) and B (2) = t "B (z/t) for t > 0.
Set

Fun@ = [ T10:@ - bw)Bie -
nil
The maximal Bochner-Riesz multilinear commutator is defined by
B (@) = sup | B, (1)(a)].

We also define that
Bs.(f)(@) = sup 1By (f)(2)]

which is the maximal Bochner-Riesz operator(see [10]). Let H be the space H = {h :
||h]| = sup |h(t)| < oo}, then
>0

B3, (f)(@) = [|Bs (N @)l, B2(f)(x) = [|1B} (f)(@)]]-
It is easily to see that Bg* satisfies the conditions of Theorems 1 and 2 (see [9]), thus
Theorems 1 and 2 hold for Bg,*.
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