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1. INTRODUCTION

N. Levine [11] introduced the notion of semi-open sets in topological spaces. A. Csaszar
[7,8] defined generalized open sets in generalized topological spaces. In 1975, Mahesh-
wari and Prasad [12] introduced concepts of séimbspaces and senity-spaces. In 1979,

S. Kasahara [10] defined an operati@ron topological spaces. Carpintero, et. al [6] in-
troduced the notion afi-semi-open sets as a generalization of semi-open sets. B. Ahmad
and F.U. Rehman [1, 14] introduced the notiongydhterior, y-boundary andy-exterior
points in topological spaces. They also studied properties and characterizatigngiof (
)-continuous mappings introduced by H. Ogata [13]. In [2-4], B. Ahmad and S. Hussain in-
troduced the concept af-compact; *-regular,y-normal spaces and explored their many
interesting properties. They initiated and discussed the conceptssami-open setsy*-
semi-closed sets;*-semi-closure;*-semi-interior points in topological spaces [5,9]. In
[9], they introduced\?-set andA*” -set by usingy*-semi-open sets. Moreover, they also
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introducedy-semi-continuous function angtlsemi-open (closed) functions in topological
spaces and established several interesting properties.

In this paper, we continue studying the properties-femi-continuous functions and
~-semi-open function introduced by B. Ahmad and S. Hussain [5].

Hereafter, we shall write space in place of topological space in the sequel.

2. PRELIMINARIES

We recall some definitions and results used in this paper to make it self-contained.

Definition 1. [13] Let (X,7) be a space. An operation: 7 — P(X) is a function fromr
to the power set of X such that¥ V7, for each Ve 7, whereVV” denotes the value of
at V. The operations defined bfG) = G,~(G) = cl(G) andy(G) = intcl(G) are examples
of operationy.

Definition 2. [13] Let A be a subset of a space X. A pointxA is said to bey-interior
point of A, if there exists an open nbd N of x such thé&t C A. The set of all such points
is denoted bynt. (A). Thus

inty(A)={x € A:xe NerandNY C A} C A.
Note that A isy-open [13] iff A =int,(A). A set A is calledy- closed [13] iff X-A is -
open.

Definition 3. [10] A point x € X is called ay-closure point of AC X, if U7 N A # ¢, for
each open nbd U of x. The set of gliclosure points of A is calleg-closure of A and is
denoted byl (A). A subset A of X is calledy-closed, ifcl,(A) CA. Note thatcl,(A) is
contained in every-closed superset of A.

Definition 4. [14] The ~y-exterior of A, writtenext. (A) is defined as the-interior of
(X — A). Thatis,int(A) = ext, (X — A).

Definition 5. [14] The ~v-boundary of A, writterbd, (A) is defined as the set of points
which do not belong te-interior or they-exterior of A.

Definition 6. [13] An operationy on 7 is said be regular, if for any open nbds U,V o&x
X, there exists an open nbd W of x such thatn V7 2> W,

Definition 7. [13] An operationy on 7 is said to be open, if for every open nbd U of each
x € X, there existg-open set B such thate B andU” C B.

Definition 8. [2] Let A C X. A pointz € X is said to bey-limit point of A, if U N {A —
{z}} # ¢, where U is ay-open set in X. The set of all-limit points of A denotedAﬁ is
called~-derived set.

Definition 9. [9] A subset A of a space (X,) is said to be a*-semi-open set, if there
exists ay -open set O such th& C A C ¢l,(O). The set of alh*-semi-open sets is
denoted bySO,,- (X).

Definition 10. [5] A function f : (X,7) — (Y, 7) is said to bey-semi-continuous, if for
any~-open B of Y, f~1(B) is v*-semi-open in X.

Definition 11. [5] A function f : (X,7) — (Y, 7) is said to bey-semi-open (closed), if
for eachy-open (closed) set U in Xf(U) is v*-semi-open (closed) in Y.
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Definition 12. [5] A set A in a space X is said to bg*-semi-closed, if there exists a
v-closed set F such thatt., (F) C A C F.

Proposition 13. [5] A subset A of X is*-semi-closed if and only X — A isy*-semi-open.

Definition 14. A subset A of X is said to be-semi-nbd of a point € X, if there exists
a~y*-semi-open set U such thate U C A ..

Definition 15. [9] Let A be a subset of space X . The intersection of&Hsemi-closed
sets containing A is calleg*-semi-closure of A and is denoted byl.,« (4). Note that A
is v*-semi-closed if and only ifcl,- (A) = A.

Definition 16. [5] Let A be a subset of a space X . The union of-gitsemi-open sets of
X contained in A is called/*-semi-interior of A and is denoted tynt.,- (A) .

Lemma 17. Let A be a subset of a space X. There scl,-(A) if and only if for any
~-semi-nbdV,, of x in X,AN N, # ¢.

Proof. Letz € scl,-(A) .Suppose on the contrary, there existg-semi-nbdN,, of X in
X such thatd N N, # ¢. Then there exist§/ € SO,«(A) such thatr € U C N,.
Therefore,U N A = ¢, sothatA C X — U. Clearly X — U is v*-semi-closed in X
and hencescl,-(A) € X — U. Sincex ¢ X — U, we obtainz ¢ scl,«(A). This is
contradiction to the hypothesis. This proves the necessity.

Conversely, suppose that eversemi-nbd of x in X meets A. It ¢ scl,- (A), then by
definition there exists a*-semi-closed F of X such that C F andx ¢ F. Therefore we
haver € X —F € SO4-(X). HenceX — F is y-semi-nbd of x in X. BUu{X —F)NA = ¢.
This is contradiction to the hypothesis. Thug scl,-(A). O

3. v-SEMI-OPEN FUNCTIONS

Theorem 18. Let f : X — Y be a function from a space X into a space Y and an
open, monotone and regular operation. Then the following statements are equivalent:
(1) f is y-semi-open.

(2) f(inty(A)) C sin-(f((A)) for each subset A of X.

(3) For eachz: € X and eachy-open-nbd U of x, there existsyasemi-nbd V off () such
thatV C f(U).

Proof. (1) = (2). Suppose thaff is y-semi-open, and let A be an arbitrary subset
of X. Since f(int.,(A)) is v*-semi-open and (int,(A)) C f(A), then f(int,(A)) C
sina- (£((A).

(2) = (3). Let U be an arbitraryy-open-nbd ofr € X. Then there existg-open set
O such that: € O C U. By hypothesis, we havg(O) = f(int,(0)) C sin-(f((O))
and hencef (O) C siny-(f((O)). Therefore it follows thaff (O) is ~-semi-open-nbd in
Y such thatf(z) € f(O) C f(U). This proves (3).

(3) = (1). Let U be an arbitraryy-open set in X. For each € f(U), by hypothesis
there exists ay-semi-nbdV,, of y in Y such thatV,, C f(U). SinceV, is ay-semi-
nbd of y, there exists g*-semi-open setl, in Y such thaty € A, C V,. Therefore
f(U)=U{4, :y € f(U)} isav*-semi-openin Y, since is regular [9]. This shows that
f is ay-semi-open function. O

Theorem 19. A bijective functiorf : X — Y is~-semi-open if and only if ~* (scl.,« (B))
C cl,(f~1(B)) for every subset B of Y, whetes an open operation.
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Proof. Let B be an arbitrary subset of Y. Put
U=X —cly(f'(B)) (3.1)

Clearly U is ay-open set in X. Then by hypothesis(U) is ay*-semi-open set in Y, or
Y —f(U)is~*-semi-closed setin Y. Sincgis onto, from (3. 1), itfollowsB C Y —f(U).
Thus we havescl,-(B) C Y — f(U). Sincef is one-one, we havé¢ ! (scl,-(B)) C
YY) - ffU) = X - fFUf(U) € X —U = c,(f*(B)). This proves the
necessity.

Conversely, let U be an arbitrary -open set in X. Put= Y — f(U). Sincef is
bijective, therefore by hypothesig(U) N scl.,«(B) = f(U N f~Y(scl,+(B))) C f(UN
cl,(f~1(B))). Since U isy-open, therefore by Lemma 2(3) [14], we hdVecl, (f~*(B))
C c,(U N f~1(B)). Moreover, it is obvious that/ N f~!(B) = ¢. Thus we have
f(U) N scly«(B) = ¢ and hencecl,-(B) C Y — f(U) = B. Therefore B is a*-semi-
closed in Y and hencé(U) is ay*-semi-open set in Y. This proves that f is-&emi-open
mapping. O

Definition 20. [13] A function f : (X, 7,v) — (Y, 4, () is said to bgy, 3)-continuous, if
for eachz € X and each open set V containirfigr), there exists an open set U such that
x € Uandf(U") C VP, wherey andj3 are operations on andd respectively.

Definition 21. [13] A function f : (X, 7,~v) — (Y, 4, ) is said to bg, 3)-open (closed),
if for any y-open (closed) set A of Xf(A) is v-open (closed) in V.

Theorem 22. [1] Let f : (X, 7,v) — (Y, 4, 3) be a function andi be an open operation
on Y. Thenf is (v, 3)-continuous if and only if for each¥-open set V in Yf~1(V) is
~-open in X.

Theorem 23. [1] Let f : (X, 7,v) — (Y, 4, 3) be a function andi be an open operation
on Y. Then the following are equivalent:

(1) f is (v, 3)-open..

() £ (clp(B)) C el (F71(B)).

(3) f~1(bds(B)) C bd,(f~1(B)) for any subset B of Y.

Theorem 24. If a function f : (X,7,7) — (¥,4,0) is a (v, )-open and a(v, 5)-
continuous, then the inverse imagie'(B) of eachs*-semi-open set B in Y ig*-semi-
open in X, whergj is an open operation on Y.

Proof. Let B be an arbitrary3*-semi-open set in Y. Then there exigtsopen set V in
Y such thatV € B C cig(V). Since f is(y, 8)-open, using Theorem 23, we have
F7H(V) C fF7Y(B) C f~cs(V)) C cy(f~H(V)). Since fis(y,3)-continuous and
V is 3-open in Y, by Theorem 22f~1(V) is v-open in X. This shows that ~*(B) is
~*-semi-open set in X. O

Theorem 25. Let X, Y and Z be three spaces andfletX — Y be afunctiong:Y — Z
be an injective function angbf : X — Z is ay-semi-open function. Then we have:
(1) If fis (v, B)-continuous and surjective, then gyssemi-open.

(2) If g is (8, @)-0pen, (3, a)-continuous and injective, then fissemi-open, wherg is
open operation on Y.

Proof. (1) Let V be a3-open set in Y. Therf =1 (V) is v-open in X, becausg is (v, 3)-
continuous. Sincegof is y-semi-open and is surjective, therefore
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g(V) = (gof)(f~1(V)) is a*-semi-open in Z. This shows that g isyasemi-open func-
tion.

(2) Since g is injective, therefore fot C X, f(A4) = g~ *(g9(f(A))). Let U be ay-open
set in X, thengof(U) is a*-semi-open. Thus by Theorem 24,1 (g(f(U))) = f(U) is

G*-semi-open in Y. This shows thgtis a~y-semi-open function. O

Let B C X,~ : 7 — P(X) be an operation. We defings : 75 — P(X) as
v8(U N B) =~(U) N B. From hereyp is an operation and satisfies thaf, (U N B) C
c,(UNB) Ccly(U) Nel,(B). Using this fact we prove the following:

Theorem 26. Let X be a space and B+-semi-open set in X containing a subset A of X.
If A is v*-semi-open in the subspace B, then Afissemi-open in X, wherg is a regular
operation.

Proof. Let A be~j-semi-open in the subspace B. Then there exists-apen seUg in B
suchthat/p C A C ¢l (Ug). SinceUg is yg-open in B, there existsgopen set U in
Xsuch that/p = U N B[4]. Thuswe havd/ N B C A C ¢l,,(UNB) Ccl,(UNB) =
cly(A) Nel,(B). Since B isy*-semi-open set in X and U ig-open in X, thereforé/ N B
is y-open in X. Consequently, A is-@‘-semi-open set in X. O

Theorem 27. Let X and Y be spaces. If a bijective functipn X — Y is a~y-semi-open,
then for eachy-open seV (# ¢) in Y f|;-1(v) : f~1(V) — V isy-semi-open, where is
a regular operation.

Proof. Let Uy be an arbitraryy;—1(y)-open set inf~1(V). Then there exists-aopen set
Uin X such that’y = U N f~1(V). Now we havef| ;-1 |(Uy) = f(UNf71(V)) =
f(U)NV. Sincef(U) isy*-semi-open and V is-open,f (U)NV is v*-semi-open. Hence
[f]t-=1»)](Uy) is alsoy;,-semi-open in V. This shows th@t ;-1 : f71(V) — Visa
~-semi-open mapping. O

Theorem 28. A bijective functionf : X — Y is y-semi-open if and only if for any subset
V of Y and for anyy-closed set F of X containing=!(V'), there exists a*-semi-closed
set G of Y containing V such tht ' (G) C F.

Proof. Let V C Y and F be ay-closed set of X containing=! (V). PutG =Y — f(X —
F). Sincef is y-semi-open, so G is*-semi-closed sets in Y . Afis bijective, it follows
from f=1(V) C F thatV C G. Calculations givef~1(G) C F.

Conversely, suppose U igopen set. Puv = Y — f(U). ThenX — U is ~-closed
set in X containingf (V). By hypothesis, there existsyd-semi-closed set G of Y such
thatV C G and f~!(G) C (X — U). On the other hand, it follows frolr C G that
fU)=( —V)C (Y —G). Therefore, we obtairf(U) = (Y — G) € SO,-(Y). This
shows thatf is v-semi-open. O

Lemma 29. [5]The following properties of a subset A of X are equivalent:
(1) Aisy*-semi-closed.

(2)int,(cl,(A)) C A.

(3) X — A is~y*-semi-open.

Theorem 30. If f : X — Y is (v, 3)-open and(~, 3)-continuous mapping, then the
inverse imagef ~! (B) of each3*-semi-closed B in Y is*-semi-closed in X, wheréis an
open operation on Y.

Proof. This follows from Theorem 24 and Lemma 29. O
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Theorem 31. Let f : X — Y be surjective andg : Y — Z be an injective function and
letgof : X — Z be avy-semi-closed function. Then

(1) If fis (v, B)-continuous and surjective, then gdssemi-closed.

(2) If g is (8, «)-open, (3, a)-continuous and injective, thehis v-semi-closed, wherg
is an open operation on Y.

Proof. (1) Suppose H is an arbitraggrclosed set in Y. Therf ~!(H) is y-closed in X be-
causef is (v, 3)-continuous. Sincegof is~y-semi-closed and is surjectivegof(f~1(H))
C g(f(f~Y(H))) = g(H), is a*-semi-closed in Z. This implies that g j&-semi-open
function. This proves (1).

(2) Since g is injective so for every subset A of X(4) = g~ *(g(f(A))). Let F be an
arbitraryv-closed set in X. Thegof(F) is v*-semi-closed. It follows immediately from
Theorem 30 thaf (F') is v*-semi-closed set in Y. This implies that fissemi-closed. O

4. ~v-SEMI-CLOSED FUNCTIONS

Theorem 32. Let v be an open and monotone operation. A functjfon X — Y is
v-semi-closed if and only if(cl, (A)) 2 int,(cl,(f(A))) for every subset A of X.

Proof. Supposef is ay-semi-closed mapping and A is an arbitrary subset of X. Then
f(cl,(A)) isy*-semi-closed in Y. Then by Lemma 29, we obtain
flcly(A)) 2 inty(cly(f(cly(A)))) D inty(cly(f(A))). This implies thatf(cl,(A)) 2
int, (cl (f(A))).

Conversely, suppose that F is an arbitrarglosed set in X. Then by hypothesis, we
haveint. (cl,(f(F))) C f(cl(F)) = f(F). By Lemma 29,f(F') is v*-semi-closed in
Y. This implies thatf is v-semi-closed. O

Recall [9] that the intersection of all*-semi-closed sets containing A is called
semi-closure of A and is denoted byl (A). Clearly A isy*-semi-closed if and only
if scl,«(A) = A.

Theorem 33. Let v be an open and monotone operation. A functjfon X — Y is
v-semi-closed if and only ¥cl.-(A) C f(cl,(A)) for every subset A of X.

Proof. Supposef is a~y-semi-closed mapping and A is an arbitrary subset of X. Then
f(cl,(A)) isy*-semi-closed. Sincg(A) C f(cl,(A)), we obtain
scly=(f(A)) C f(cly(A)). Thisimpliesscly-(f(A)) C f(cly(A)). |

Sulfficiency follows from Theorem 32.

Theorem 34. A surjective functiory : X — Y is y-semi-closed if and only if for each
subset B in Y and eachropen set U in X containing~!(B), there exists ay*-semi-
open set V in Y containing B such thgat! (V) C U, wherey is a monotone and regular
operation.

Proof. Suppose B is an arbitrary subsetin Y and U is an arbitsaopen set in X contain-
ing f~(B). We put

V=Y-f(X-0) 4.2
ThenV isy*-semi- open setinY. Slncﬁ— (B) C U, calculations giveB C V. Moreover,
by 4. 2, we have/ "' (V) = f~1(Y) — fTH(f(X —U)) = X — fH(f(X - U)) C
X-(X-U)=U.

Conversely, suppose that F is an arbitrarglosed set in X. Let y be an arbitrary point

inY — f(F), thenf~'(y) € X — f7'(f(F)) € X — F, andX — F is y-open in
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X. Hence by the hypothesis, there exists*asemi-open seV, containing y such that
f~X(V,) € X — F. This implies thaw € V,, C Y — f(F). We obtain that’” — f(F) =
U{Vy 1y € Y — f(F)} is y*-semi-open in Y, since union of any collectiongf-semi-
open sets ig*-semi-open. Thereforg(F) is y*-semi-closed. O

5. 7-SEMI-CONTINUOUS FUNCTIONS

Theorem 35.Let f : X — Y be afunction and is an open operation. Then the following
are equivalent:

(1) f isy-semi-continuous.

(2) int, (cly(f~1(B))) C f~*(cly(B)) for each subset B of Y.

(3) f(inty(cly(A))) C cl,(f(A)) for each subset A of X.

Proof. (1) = (2). Let B be an arbitrary subset of Y. Then by (1);* ( +(B)) is a
v*-semi-closed set of X. Sinc& C cl,(B), by Lemma 29, we gef~'(cl,(B)) 2
int(cly (f~1(cly(B)))) 2 intv(clv(ffl(B)))mplles that

inty (cly(f7H(B))) € 7 (cly(B)).

(2) = (3). Let A be an arb|trary subset of X. P@it = f(A). ThenA C f~1(B).
Therefore by hypothesis, we hawet (cl,(A)) C int,(cl,(f~*(B))) € f~*(cly(B)).
Consequently, we havﬁ(intn,(clv(A))) - ff_l(clw(B)) Ccly(B) = cl,(f(A)). This

gives (3).
(3) = (1). Let F be an arbitrary-closed set of Y. Pufl = f~1(F), thenf(A) C F.
Therefore by hypothesis, we have

finty (c1y(4))) C el (f(4)) € el (F) = F (5.3)

By 5.3, we haveant, (cl,(A)) C f~"f(int,(cl,(A))) C f~(cl,(f(A))) C
Il (F)) = f7HF), orinty(cly(A4)) C f~Y(F),. By Lemma 29,f~Y(F)is ay*-
semi-closed set in X. This implies thétis v-semi-continuous. O

Definition 36. Let X be a spacel C X andp € X. Then p is ay*-semi-limit point of
A, for all v*-semi-open set U containing p such that (A — {p}) # ¢. The set of all
~v*-semi-limit point of A is said to be*-semi-derived set of A and is denoted dai, - (A).

Clearly if A C B then
Sd,y* (A) g Sd,-y* (B) (5. 4)

Remark37. From the definition, it follows that p is&*-semi-limit point of A if and only
if p € scly« (A —{p}).

Theorem 38. They*-semi-derived sekd,«, has the following properties:
(1) scly+(A) = AU sdy-(A).

(2) sdy« (AU B) = sd+(A) U sd~(B). In general

(3) U, sdy- (A;) = sdy- (U (A1)

(4) sdy-(sdy-(A)) C sdy-(A).

(5) SCl»Y* (Sd»y* (A)) = Sday* (A)

Proof. (1) Letx € scl,«(A). Thenz € C, for every~y*-semi-closed superset C of A. Now
() If z € A, thenz € AU sd.,~(A).

(ii) If = ¢ A, then we prove that € scl,~(A).

To prove (i), suppose U is*-semi-open set containing x. Thém A # ¢, for otherwise,

A C X —U = C, where C is ay*-semi-closed superset of A not containing x. This
contradicts the fact that x belongs to ever{rsemi-closed superset C of A. Therefore
x € sdy-(A) givesz € AU sd+(A).
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Conversely, suppose thate A U sd,~(A), we show thatr € scl,-(A). If z € A
thenz € scly-(A). If z € sdy-(A), then we show that x is in every*-semi-closed
superset of A. We suppose otherwise that therg*isemi-closed superset C of A not
containing x. Ther € X — C = U(say), which isy*-semi-open and’ N A = ¢. This
implies thatz ¢ sd.-(A). This contradiction proves that € scl,-(A). Consequently
scly«(A) = AU sdy«(A). This proves (1).

(2) sdy+ (AU B) C sdy+(A) U sdy«(B).

Letz € sdy«(AUB). Thenz € scly-((AUB)—{z}) orz € scly-((A—{z})U(B—{z})
impliesz € scly-(A — {z}) orz € scly-(B — {z}). This givesz € sd-(A) orz €
sdy-(B) . Thereforex € sdy-(A) U sdy-(B) . This provessd,- (AU B) C sd-(A) U
sd+(B)

Converse follows directly by using the property 5. 4.

(3) The proof is immediate by property 5. 4.

(4) Suppose that ¢ sd.-(A). Thenz ¢ scl,«(A — {z}). This implies that there
is v*-semi-open set U such that € U andU N (A — {z}) = ¢. We prove that
x ¢ sdy-(sdy<(A)). Suppose on the contrary that € sd,-(sdy-(A)). Thenz €
sclyx(sdy+(A) — {x}). Sincex € U, we havell N (sd.,- (A) — {z}) # ¢. Therefore there
is ag # x such thay € U N (sdy-(A)). Itfollows thatg € (U — {z}) N (sdy-(A) — {z}).
Hence(U —{z}) N (sd,- (A) —{z}) # ¢, a contradiction to the fact th&t/ N (sd,-(A) —
{z}) = ¢. This implies that: ¢ sd,-(sd,-(A)) and sosd- (sd-(A)) C sd-(A). This
proves (4).

(5) This is a consequence of (1), (2) and (4). |

Theorem 39. [5] Let f : X — Y be a function. Then the following are equivalent:
(1) f: X — Y is~y-semi-continuous.
(2) scly=(f71(A)) € f~*(cly(A)) for each subset A of Y.

Theorem 40. Letf : X — Y be afunction and is an open operation. Then the following
are equivalent:

(1) f : X — Y is~y-semi-continuous.

(2) f(sdy«(A)) C cly(f(A)) for any subset A of X.

Proof. (1) = (2). Suppose thaf is y-semi-continuous. Let A be any set in X. Since
cl,(f(A)) is v-closed in Y. f~1(cl,(A)) is v*-semi-closed in X.A C f~1(f(A)) C

£ el (F(A))) givessely-(A) C sclo-(f71(cly (f(A)) = (el (f(A))). There-
fore f(sdy-(A)) C f(scly=(A)) C ff71(cl,(f(A4))) C cl,(f(A)). Consequently,
F(sd(4)) C el (f(A)).

(2) = (1). Suppose thaf( sdy+(A)) Ccly(f(A)), for A C X. Let B be anyy-closed
subset of Y. We show thgt™! (B) isy*-semi-closed in X. By hypothesig(sd. - (f~*(B)))
C ey (f(f~1(B))) € ch,(B) = B or f(sd;- (/~(B))) C B gvessd,. (/) (B)) C
1 fsdy- (F1(B)) C F3(B) o sda (f1(B)) C f1(B) implies £~ (B) is 7*-

semi-closed in X. Thug is w-semi—continuous O

Theorem 41. [5] Let f : X — Y be afunction and: € X. Thenf is y-semi-continuous
if and only if for eachy-open set B containing f(x), there existse SO.-(X) such that
x € Aand f(A) C B, wherey is a regular operation.

We use Theorem 41 and prove the following:

Theorem 42. Let f : X — Y be an injective function. If is v-semi-continuous then
f(sdy+(A)) C (f(A))2 for everyA C X, wherey is a regular operation.
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Proof. Suppose thaf is y-semi-continuous. Led C X, a € sd,-(X) and V be ay-open-
nbd of f(a). Sincef is «-semi-continuous then by Theorem 41, there existssemi-
open-nbd U of a such thgt(U) C V. Buta € sd,~(A), therefore there exists an element
a1 € UNAsuchthat # aq1;thenf(a;) € f(A) and since fis an injectiofi(a) # f(a1).
Thus everyy-open-nbd V off (a) contains an elemerfi(a, ) of f(A) different fromf(a).
Consequentlyf(a) € (f(A))2. We have thereforef,(sd- (4)) € (f(A4))2. O

The following theorem follows from Theorem 40:

Theorem 43. Let f : X — Y be a function. If for everyl C X, f(sd+(A)) C (f(A))ﬁ,
thenf is v-semi-continuous, whergis an open operation.

Theorem 44. A functionf : X — Y is y-semi-continuous if and only ff~!(int. (B)) C
sint(f~1(B)))), for eachB C Y, wherey is a regular operation.

Proof. ForanyB C Y, int,(B) =Y — cl,(Y — B) [14]. This impliesf ! (int,(B)) =
7YY —cy(Y = B)) = X — f~}cl,(Y — B)). Since f isy-semi-continuous, by
Theorem 39 we havecl,-(f~(Y — B)) C f~*(cl,(Y — B)). Hencef ' (int.,(B)) C
X — scly-(f7YY — B)). Thus f~!(int,(B)) C X — scl,~(X — f~1(B)). Hence
f7(int,(B)) C X — scly«(X — f7Y(B)) = sint,~(f~1(B)))).

Conversely, let B be an arbitraryropen set in Y. Thenint,(B) = B. By hypothesis
F~YB) = f~(inty(B)) C sint,-(f~1(B)) implies f~1(B) C sint,-(f~'(B)). But
sinty-(f~4(B)) C f~Y(B). Therefore,f~!(B) = sint,-(f~*(B)). Thusf~(B)is
~*-semi-open. Consequently,is v-semi-continuous. |
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