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1. INTRODUCTION

N. Levine [11] introduced the notion of semi-open sets in topological spaces. A. Csaszar
[7,8] defined generalized open sets in generalized topological spaces. In 1975, Mahesh-
wari and Prasad [12] introduced concepts of semi-T1-spaces and semi-R0-spaces. In 1979,
S. Kasahara [10] defined an operationα on topological spaces. Carpintero, et. al [6] in-
troduced the notion ofα-semi-open sets as a generalization of semi-open sets. B. Ahmad
and F.U. Rehman [1, 14] introduced the notions ofγ-interior, γ-boundary andγ-exterior
points in topological spaces. They also studied properties and characterizations of (γ ,β
)-continuous mappings introduced by H. Ogata [13]. In [2-4], B. Ahmad and S. Hussain in-
troduced the concept ofγ0-compact,γ∗-regular,γ-normal spaces and explored their many
interesting properties. They initiated and discussed the concepts ofγ∗-semi-open sets ,γ∗-
semi-closed sets,γ∗-semi-closure,γ∗-semi-interior points in topological spaces [5,9]. In
[9], they introducedΛγ

s -set andΛsγ

-set by usingγ∗-semi-open sets. Moreover, they also
57



58 Sabir Hussain, Bashir Ahmad and Takashi Noiri

introducedγ-semi-continuous function andγ-semi-open (closed) functions in topological
spaces and established several interesting properties.

In this paper, we continue studying the properties ofγ-semi-continuous functions and
γ-semi-open function introduced by B. Ahmad and S. Hussain [5].

Hereafter, we shall write space in place of topological space in the sequel.

2. PRELIMINARIES

We recall some definitions and results used in this paper to make it self-contained.

Definition 1. [13] Let (X,τ ) be a space. An operationγ : τ → P(X) is a function fromτ
to the power set of X such that V⊆ V γ , for each V∈ τ , whereV γ denotes the value ofγ
at V. The operations defined byγ(G) = G,γ(G) = cl(G) andγ(G) = intcl(G) are examples
of operationγ.

Definition 2. [13] Let A be a subset of a space X. A point x∈ A is said to beγ-interior
point of A, if there exists an open nbd N of x such thatNγ ⊆ A. The set of all such points
is denoted byintγ(A). Thus

intγ (A) = {x ∈ A : x ∈ N ∈ τ andNγ ⊆ A} ⊆ A.

Note that A isγ-open [13] iff A =intγ(A). A set A is calledγ- closed [13] iff X-A is γ-
open.

Definition 3. [10] A point x∈ X is called aγ-closure point of A⊆ X, if Uγ ∩A 6= φ, for
each open nbd U of x. The set of allγ-closure points of A is calledγ-closure of A and is
denoted byclγ(A). A subset A of X is calledγ-closed, ifclγ(A) ⊆A. Note thatclγ(A) is
contained in everyγ-closed superset of A.

Definition 4. [14] The γ-exterior of A, writtenextγ(A) is defined as theγ-interior of
(X −A). That is,intγ(A) = extγ(X −A).

Definition 5. [14] The γ-boundary of A, writtenbdγ(A) is defined as the set of points
which do not belong toγ-interior or theγ-exterior of A.

Definition 6. [13] An operationγ on τ is said be regular, if for any open nbds U,V of x∈
X, there exists an open nbd W of x such thatUγ ∩ V γ ⊇ W γ .

Definition 7. [13] An operationγ on τ is said to be open, if for every open nbd U of each
x ∈ X, there existsγ-open set B such thatx ∈ B andUγ ⊆ B.

Definition 8. [2] Let A ⊆ X. A point x ∈ X is said to beγ-limit point of A, if U ∩ {A−
{x}} 6= φ, where U is aγ-open set in X. The set of allγ-limit points of A denotedAd

γ is
calledγ-derived set.

Definition 9. [9] A subset A of a space (X,τ ) is said to be aγ∗-semi-open set, if there
exists aγ -open set O such thatO ⊆ A ⊆ clγ(O). The set of allγ∗-semi-open sets is
denoted bySOγ∗(X).

Definition 10. [5] A function f : (X, τ) → (Y, τ) is said to beγ-semi-continuous, if for
anyγ-open B of Y,f−1(B) is γ∗-semi-open in X.

Definition 11. [5] A function f : (X, τ) → (Y, τ) is said to beγ-semi-open (closed), if
for eachγ-open (closed) set U in X,f(U) is γ∗-semi-open (closed) in Y.
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Definition 12. [5] A set A in a space X is said to beγ∗-semi-closed, if there exists a
γ-closed set F such thatintγ(F ) ⊆ A ⊆ F .

Proposition 13. [5] A subset A of X isγ∗-semi-closed if and only ifX−A isγ∗-semi-open.

Definition 14. A subset A of X is said to beγ-semi-nbd of a pointx ∈ X, if there exists
aγ∗-semi-open set U such thatx ∈ U ⊆ A .

Definition 15. [9] Let A be a subset of space X . The intersection of allγ∗-semi-closed
sets containing A is calledγ∗-semi-closure of A and is denoted bysclγ∗(A). Note that A
is γ∗-semi-closed if and only ifsclγ∗(A) = A.

Definition 16. [5] Let A be a subset of a space X . The union of allγ∗-semi-open sets of
X contained in A is calledγ∗-semi-interior of A and is denoted bysintγ∗(A) .

Lemma 17. Let A be a subset of a space X. Thenx ∈ sclγ∗(A) if and only if for any
γ-semi-nbdNx of x in X,A ∩Nx 6= φ.

Proof. Let x ∈ sclγ∗(A) .Suppose on the contrary, there exists aγ-semi-nbdNx of x in
X such thatA ∩ Nx 6= φ. Then there existsU ∈ SOγ∗(A) such thatx ∈ U ⊆ Nx.
Therefore,U ∩ A = φ, so thatA ⊆ X − U . Clearly X − U is γ∗-semi-closed in X
and hencesclγ∗(A) ⊆ X − U . Sincex /∈ X − U , we obtainx /∈ sclγ∗(A). This is
contradiction to the hypothesis. This proves the necessity.

Conversely, suppose that everyγ-semi-nbd of x in X meets A. Ifx /∈ sclγ∗(A), then by
definition there exists aγ∗-semi-closed F of X such thatA ⊆ F andx /∈ F . Therefore we
havex ∈ X−F ∈ SOγ∗(X). HenceX−F isγ-semi-nbd of x in X. But(X−F )∩A = φ.
This is contradiction to the hypothesis. Thusx ∈ sclγ∗(A). ¤

3. γ-SEMI-OPEN FUNCTIONS

Theorem 18. Let f : X → Y be a function from a space X into a space Y andγ is an
open, monotone and regular operation. Then the following statements are equivalent:
(1) f is γ-semi-open.
(2) f(intγ(A)) ⊆ sinγ∗(f((A)) for each subset A of X.
(3) For eachx ∈ X and eachγ-open-nbd U of x, there exists aγ-semi-nbd V off(x) such
thatV ⊆ f(U).

Proof. (1) ⇒ (2). Suppose thatf is γ-semi-open, and let A be an arbitrary subset
of X. Sincef(intγ(A)) is γ∗-semi-open andf(intγ(A)) ⊆ f(A), thenf(intγ(A)) ⊆
sinγ∗(f((A)).

(2) ⇒ (3). Let U be an arbitraryγ-open-nbd ofx ∈ X. Then there existsγ-open set
O such thatx ∈ O ⊆ U . By hypothesis, we havef(O) = f(intγ(O)) ⊆ sinγ∗(f((O))
and hencef(O) ⊆ sinγ∗(f((O)). Therefore it follows thatf(O) is γ-semi-open-nbd in
Y such thatf(x) ∈ f(O) ⊆ f(U). This proves (3).

(3) ⇒ (1). Let U be an arbitraryγ-open set in X. For eachy ∈ f(U), by hypothesis
there exists aγ-semi-nbdVy of y in Y such thatVy ⊆ f(U). SinceVy is a γ-semi-
nbd of y, there exists aγ∗-semi-open setAy in Y such thaty ∈ Ay ⊆ Vy. Therefore
f(U) =

⋃{Ay : y ∈ f(U)} is aγ∗-semi-open in Y, since isγ regular [9]. This shows that
f is aγ-semi-open function. ¤

Theorem 19. A bijective functionf : X → Y is γ-semi-open if and only iff−1(sclγ∗(B))
⊆ clγ(f−1(B)) for every subset B of Y, whereγ is an open operation.
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Proof. Let B be an arbitrary subset of Y. Put

U = X − clγ(f−1(B)) (3. 1)

Clearly U is aγ-open set in X. Then by hypothesis,f(U) is aγ∗-semi-open set in Y, or
Y−f(U) isγ∗-semi-closed set in Y. Sincef is onto, from ( 3. 1 ), it followsB ⊆ Y−f(U).
Thus we havesclγ∗(B) ⊆ Y − f(U). Sincef is one-one, we havef−1(sclγ∗(B)) ⊆
f−1(Y ) − f−1f(U) = X − f−1f(U) ⊆ X − U = clγ(f−1(B)). This proves the
necessity.

Conversely, let U be an arbitrary -open set in X. PutB = Y − f(U). Sincef is
bijective, therefore by hypothesis,f(U) ∩ sclγ∗(B) = f(U ∩ f−1(sclγ∗(B))) ⊆ f(U ∩
clγ(f−1(B))). Since U isγ-open, therefore by Lemma 2(3) [14], we haveU∩clγ(f−1(B))
⊆ clγ(U ∩ f−1(B)). Moreover, it is obvious thatU ∩ f−1(B) = φ. Thus we have
f(U) ∩ sclγ∗(B) = φ and hencesclγ∗(B) ⊆ Y − f(U) = B. Therefore B is aγ∗-semi-
closed in Y and hencef(U) is aγ∗-semi-open set in Y. This proves that f is aγ-semi-open
mapping. ¤

Definition 20. [13] A functionf : (X, τ, γ) → (Y, δ, β) is said to be(γ, β)-continuous, if
for eachx ∈ X and each open set V containingf(x), there exists an open set U such that
x ∈ U andf(Uγ) ⊆ V β , whereγ andβ are operations onτ andδ respectively.

Definition 21. [13] A functionf : (X, τ, γ) → (Y, δ, β) is said to be(γ, β)-open (closed),
if for any γ-open (closed) set A of X,f(A) is γ-open (closed) in Y.

Theorem 22. [1] Let f : (X, τ, γ) → (Y, δ, β) be a function andβ be an open operation
on Y. Thenf is (γ, β)-continuous if and only if for eachβ-open set V in Y,f−1(V ) is
γ-open in X.

Theorem 23. [1] Let f : (X, τ, γ) → (Y, δ, β) be a function andβ be an open operation
on Y. Then the following are equivalent:
(1) f is (γ, β)-open .
(2) f−1(clβ(B)) ⊆ clγ(f−1(B)).
(3) f−1(bdβ(B)) ⊆ bdγ(f−1(B)) for any subset B of Y.

Theorem 24. If a function f : (X, τ, γ) → (Y, δ, β) is a (γ, β)-open and a(γ, β)-
continuous, then the inverse imagef−1(B) of eachβ∗-semi-open set B in Y isγ∗-semi-
open in X, whereβ is an open operation on Y.

Proof. Let B be an arbitraryβ∗-semi-open set in Y. Then there existsβ-open set V in
Y such thatV ⊆ B ⊆ clβ(V ). Since f is(γ, β)-open, using Theorem 23, we have
f−1(V ) ⊆ f−1(B) ⊆ f−1(clβ(V )) ⊆ clγ(f−1(V )). Since f is(γ, β)-continuous and
V is β-open in Y, by Theorem 22,f−1(V ) is γ-open in X. This shows thatf−1(B) is
γ∗-semi-open set in X. ¤

Theorem 25. Let X, Y and Z be three spaces and letf : X → Y be a function,g : Y → Z
be an injective function andgof : X → Z is aγ-semi-open function. Then we have:
(1) If f is (γ, β)-continuous and surjective, then g isγ-semi-open.
(2) If g is (β, α)-open,(β, α)-continuous and injective, then f isγ-semi-open, whereβ is
open operation on Y.

Proof. (1) Let V be aβ-open set in Y. Thenf−1(V ) is γ-open in X, becausef is (γ, β)-
continuous. Sincegof is γ-semi-open andf is surjective, therefore
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g(V ) = (gof)(f−1(V )) is α∗-semi-open in Z. This shows that g is aγ-semi-open func-
tion.
(2) Since g is injective, therefore forA ⊆ X, f(A) = g−1(g(f(A))). Let U be aγ-open
set in X, thengof(U) is α∗-semi-open. Thus by Theorem 24,g−1(g(f(U))) = f(U) is
β∗-semi-open in Y. This shows thatf is aγ-semi-open function. ¤

Let B ⊆ X, γ : τ → P (X) be an operation. We defineγB : τB → P (X) as
γB(U ∩ B) = γ(U) ∩ B. From hereγB is an operation and satisfies thatclγB

(U ∩ B) ⊆
clγ(U ∩B) ⊆ clγ(U) ∩ clγ(B). Using this fact we prove the following:

Theorem 26. Let X be a space and B aγ∗-semi-open set in X containing a subset A of X.
If A is γ∗-semi-open in the subspace B, then A isγ∗-semi-open in X, whereγ is a regular
operation.

Proof. Let A beγ∗B-semi-open in the subspace B. Then there exists aγB-open setUB in B
such thatUB ⊆ A ⊆ clγB

(UB). SinceUB is γB-open in B, there exists aγ-open set U in
X such thatUB = U ∩B[4]. Thus we haveU ∩B ⊆ A ⊆ clγB

(U ∩B) ⊆ clγ(U ∩B) =
clγ(A)∩ clγ(B). Since B isγ∗-semi-open set in X and U isγ-open in X, thereforeU ∩B
is γ-open in X. Consequently, A is aγ∗-semi-open set in X. ¤
Theorem 27. Let X and Y be spaces. If a bijective functionf : X → Y is aγ-semi-open,
then for eachγ-open setV (6= φ) in Yf |f−1(V ) : f−1(V ) → V is γ-semi-open, whereγ is
a regular operation.

Proof. Let UV be an arbitraryγf−1(V )-open set inf−1(V ). Then there exists aγ-open set
U in X such thatUV = U ∩ f−1(V ). Now we have[f |f−1(V )](UV ) = f(U ∩ f−1(V )) =
f(U)∩V . Sincef(U) isγ∗-semi-open and V isγ-open,f(U)∩V is γ∗-semi-open. Hence
[f |f−1(V )](UV ) is alsoγ∗V -semi-open in V. This shows thatf |f−1(V ) : f−1(V ) → V is a
γ-semi-open mapping. ¤
Theorem 28. A bijective functionf : X → Y is γ-semi-open if and only if for any subset
V of Y and for anyγ-closed set F of X containingf−1(V ), there exists aγ∗-semi-closed
set G of Y containing V such thatf−1(G) ⊆ F .

Proof. Let V ⊆ Y and F be aγ-closed set of X containingf−1(V ). PutG = Y − f(X −
F ). Sincef is γ-semi-open, so G isγ∗-semi-closed sets in Y . Asf is bijective, it follows
from f−1(V ) ⊆ F thatV ⊆ G. Calculations givef−1(G) ⊆ F .

Conversely, suppose U isγ-open set. PutV = Y − f(U). ThenX − U is γ-closed
set in X containingf−1(V ). By hypothesis, there exists aγ∗-semi-closed set G of Y such
that V ⊆ G andf−1(G) ⊆ (X − U). On the other hand, it follows fromV ⊆ G that
f(U) = (Y − V ) ⊆ (Y −G). Therefore, we obtainf(U) = (Y −G) ∈ SOγ∗(Y ). This
shows thatf is γ-semi-open. ¤
Lemma 29. [5]The following properties of a subset A of X are equivalent:
(1) A isγ∗-semi-closed.
(2) intγ(clγ(A)) ⊆ A.
(3) X −A is γ∗-semi-open.

Theorem 30. If f : X → Y is (γ, β)-open and(γ, β)-continuous mapping, then the
inverse imagef−1(B) of eachβ∗-semi-closed B in Y isγ∗-semi-closed in X, whereβ is an
open operation on Y.

Proof. This follows from Theorem 24 and Lemma 29. ¤
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Theorem 31. Let f : X → Y be surjective andg : Y → Z be an injective function and
let gof : X → Z be aγ-semi-closed function. Then
(1) If f is (γ, β)-continuous and surjective, then g isβ-semi-closed.
(2) If g is (β, α)-open,(β, α)-continuous and injective, thenf is γ-semi-closed, whereβ
is an open operation on Y.

Proof. (1) Suppose H is an arbitraryβ-closed set in Y. Thenf−1(H) is γ-closed in X be-
causef is (γ, β)-continuous. Sincegof isγ-semi-closed andf is surjective,gof(f−1(H))
⊆ g(f(f−1(H))) = g(H), is α∗-semi-closed in Z. This implies that g isβ-semi-open
function. This proves (1).
(2) Since g is injective so for every subset A of X,f(A) = g−1(g(f(A))). Let F be an
arbitraryγ-closed set in X. Thengof(F ) is γ∗-semi-closed. It follows immediately from
Theorem 30 thatf(F ) is γ∗-semi-closed set in Y. This implies that f isγ-semi-closed. ¤

4. γ-SEMI-CLOSED FUNCTIONS

Theorem 32. Let γ be an open and monotone operation. A functionf : X → Y is
γ-semi-closed if and only iff(clγ(A)) ⊇ intγ(clγ(f(A))) for every subset A of X.

Proof. Supposef is a γ-semi-closed mapping and A is an arbitrary subset of X. Then
f(clγ(A)) is γ∗-semi-closed in Y. Then by Lemma 29, we obtain
f(clγ(A)) ⊇ intγ(clγ(f(clγ(A)))) ⊇ intγ(clγ(f(A))). This implies thatf(clγ(A)) ⊇
intγ(clγ(f(A))).

Conversely, suppose that F is an arbitraryγ-closed set in X. Then by hypothesis, we
haveintγ(clγ(f(F ))) ⊆ f(clγ(F )) = f(F ). By Lemma 29,f(F ) is γ∗-semi-closed in
Y. This implies thatf is γ-semi-closed. ¤

Recall [9] that the intersection of allγ∗-semi-closed sets containing A is calledγ-
semi-closure of A and is denoted bysclγ∗(A). Clearly A isγ∗-semi-closed if and only
if sclγ∗(A) = A.

Theorem 33. Let γ be an open and monotone operation. A functionf : X → Y is
γ-semi-closed if and only ifsclγ∗(A) ⊆ f(clγ(A)) for every subset A of X.

Proof. Supposef is a γ-semi-closed mapping and A is an arbitrary subset of X. Then
f(clγ(A)) is γ∗-semi-closed. Sincef(A) ⊆ f(clγ(A)), we obtain
sclγ∗(f(A)) ⊆ f(clγ(A)). This impliessclγ∗(f(A)) ⊆ f(clγ(A)). ¤

Sufficiency follows from Theorem 32.

Theorem 34. A surjective functionf : X → Y is γ-semi-closed if and only if for each
subset B in Y and eachγ-open set U in X containingf−1(B), there exists aγ∗-semi-
open set V in Y containing B such thatf−1(V ) ⊆ U , whereγ is a monotone and regular
operation.

Proof. Suppose B is an arbitrary subset in Y and U is an arbitraryγ-open set in X contain-
ing f−1(B). We put

V = Y − f(X − U) (4. 2)

Then V isγ∗-semi-open set in Y. Sincef−1(B) ⊆ U , calculations giveB ⊆ V . Moreover,
by 4. 2 , we havef−1(V ) = f−1(Y ) − f−1(f(X − U)) = X − f−1(f(X − U)) ⊆
X − (X − U) = U .

Conversely, suppose that F is an arbitraryγ-closed set in X. Let y be an arbitrary point
in Y − f(F ), thenf−1(y) ⊆ X − f−1(f(F )) ⊆ X − F , andX − F is γ-open in
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X. Hence by the hypothesis, there exists aγ∗-semi-open setVy containing y such that
f−1(Vy) ⊆ X − F . This implies thatv ∈ Vy ⊆ Y − f(F ). We obtain thatY − f(F ) =⋃{Vy : y ∈ Y − f(F )} is γ∗-semi-open in Y, since union of any collection ofγ∗-semi-
open sets isγ∗-semi-open. Thereforef(F ) is γ∗-semi-closed. ¤

5. γ-SEMI-CONTINUOUS FUNCTIONS

Theorem 35. Letf : X → Y be a function andγ is an open operation. Then the following
are equivalent:
(1) f isγ-semi-continuous.
(2) intγ(clγ(f−1(B))) ⊆ f−1(clγ(B)) for each subset B of Y.
(3) f(intγ(clγ(A))) ⊆ clγ(f(A)) for each subset A of X.

Proof. (1) ⇒ (2). Let B be an arbitrary subset of Y. Then by (1),f−1(clγ(B)) is a
γ∗-semi-closed set of X. SinceB ⊆ clγ(B), by Lemma 29, we getf−1(clγ(B)) ⊇
intγ(clγ(f−1(clγ(B)))) ⊇ intγ(clγ(f−1(B)))implies that
intγ(clγ(f−1(B))) ⊆ f−1(clγ(B)).

(2) ⇒ (3). Let A be an arbitrary subset of X. PutB = f(A). ThenA ⊆ f−1(B).
Therefore by hypothesis, we haveintγ(clγ(A)) ⊆ intγ(clγ(f−1(B))) ⊆ f−1(clγ(B)).
Consequently, we havef(intγ(clγ(A))) ⊆ ff−1(clγ(B)) ⊆ clγ(B) = clγ(f(A)). This
gives (3).

(3) ⇒ (1). Let F be an arbitraryγ-closed set of Y. PutA = f−1(F ), thenf(A) ⊆ F .
Therefore by hypothesis, we have

f(intγ(clγ(A))) ⊆ clγ(f(A)) ⊆ clγ(F ) = F (5. 3)

By 5. 3 , we haveintγ(clγ(A)) ⊆ f−1f(intγ(clγ(A))) ⊆ f−1(clγ(f(A))) ⊆
f−1(clγ(F )) = f−1(F ), or intγ(clγ(A)) ⊆ f−1(F ),. By Lemma 29,f−1(F ) is aγ∗-
semi-closed set in X. This implies thatf is γ-semi-continuous. ¤
Definition 36. Let X be a spaceA ⊆ X andp ∈ X. Then p is aγ∗-semi-limit point of
A, for all γ∗-semi-open set U containing p such thatU ∩ (A − {p}) 6= φ. The set of all
γ∗-semi-limit point of A is said to beγ∗-semi-derived set of A and is denoted bysdγ∗(A).

Clearly if A ⊆ B then
sdγ∗(A) ⊆ sdγ∗(B) (5. 4)

Remark37. From the definition, it follows that p is aγ∗-semi-limit point of A if and only
if p ∈ sclγ∗(A− {p}).
Theorem 38. Theγ∗-semi-derived set,sdγ∗ , has the following properties:
(1) sclγ∗(A) = A ∪ sdγ∗(A).
(2) sdγ∗(A ∪B) = sdγ∗(A) ∪ sdγ∗(B). In general
(3)

⋃
i sdγ∗(Ai) = sdγ∗(

⋃
i(Ai)).

(4) sdγ∗(sdγ∗(A)) ⊆ sdγ∗(A).
(5) sclγ∗(sdγ∗(A)) = sdγ∗(A).

Proof. (1) Letx ∈ sclγ∗(A). Thenx ∈ C, for everyγ∗-semi-closed superset C of A. Now
(i) If x ∈ A, thenx ∈ A ∪ sdγ∗(A).
(ii) If x /∈ A, then we prove thatx ∈ sclγ∗(A).
To prove (ii), suppose U isγ∗-semi-open set containing x. ThenU ∩A 6= φ, for otherwise,
A ⊆ X − U = C, where C is aγ∗-semi-closed superset of A not containing x. This
contradicts the fact that x belongs to everyγ∗-semi-closed superset C of A. Therefore
x ∈ sdγ∗(A) givesx ∈ A ∪ sdγ∗(A).
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Conversely, suppose thatx ∈ A ∪ sdγ∗(A), we show thatx ∈ sclγ∗(A). If x ∈ A
thenx ∈ sclγ∗(A). If x ∈ sdγ∗(A), then we show that x is in everyγ∗-semi-closed
superset of A. We suppose otherwise that there isγ∗-semi-closed superset C of A not
containing x. Thenx ∈ X − C = U (say), which isγ∗-semi-open andU ∩ A = φ. This
implies thatx /∈ sdγ∗(A). This contradiction proves thatx ∈ sclγ∗(A). Consequently
sclγ∗(A) = A ∪ sdγ∗(A). This proves (1).

(2) sdγ∗(A ∪B) ⊆ sdγ∗(A) ∪ sdγ∗(B).
Letx ∈ sdγ∗(A∪B). Thenx ∈ sclγ∗((A∪B)−{x}) or x ∈ sclγ∗((A−{x})∪(B−{x})
implies x ∈ sclγ∗(A − {x}) or x ∈ sclγ∗(B − {x}). This givesx ∈ sdγ∗(A) or x ∈
sdγ∗(B) . Thereforex ∈ sdγ∗(A) ∪ sdγ∗(B) . This provessdγ∗(A ∪ B) ⊆ sdγ∗(A) ∪
sdγ∗(B)

Converse follows directly by using the property 5. 4 .
(3) The proof is immediate by property 5. 4 .
(4) Suppose thatx /∈ sdγ∗(A). Thenx /∈ sclγ∗(A − {x}). This implies that there

is γ∗-semi-open set U such thatx ∈ U and U ∩ (A − {x}) = φ. We prove that
x /∈ sdγ∗(sdγ∗(A)). Suppose on the contrary thatx ∈ sdγ∗(sdγ∗(A)). Then x ∈
sclγ∗(sdγ∗(A)−{x}). Sincex ∈ U , we haveU ∩ (sdγ∗(A)−{x}) 6= φ. Therefore there
is aq 6= x such thatq ∈ U ∩ (sdγ∗(A)). It follows thatq ∈ (U −{x})∩ (sdγ∗(A)−{x}).
Hence(U −{x})∩ (sdγ∗(A)−{x}) 6= φ, a contradiction to the fact that(U ∩ (sdγ∗(A)−
{x}) = φ. This implies thatx /∈ sdγ∗(sdγ∗(A)) and sosdγ∗(sdγ∗(A)) ⊆ sdγ∗(A). This
proves (4).

(5) This is a consequence of (1), (2) and (4). ¤

Theorem 39. [5] Letf : X → Y be a function. Then the following are equivalent:
(1) f : X → Y is γ-semi-continuous.
(2) sclγ∗(f−1(A)) ⊆ f−1(clγ(A)) for each subset A of Y.

Theorem 40. Letf : X → Y be a function andγ is an open operation. Then the following
are equivalent:
(1) f : X → Y is γ-semi-continuous.
(2) f(sdγ∗(A)) ⊆ clγ(f(A)) for any subset A of X.

Proof. (1) ⇒ (2). Suppose thatf is γ-semi-continuous. Let A be any set in X. Since
clγ(f(A)) is γ-closed in Y.f−1(clγ(A)) is γ∗-semi-closed in X.A ⊆ f−1(f(A)) ⊆
f−1(clγ(f(A))) givessclγ∗(A) ⊆ sclγ∗(f−1(clγ(f(A)))) = f−1(clγ(f(A))). There-
fore f(sdγ∗(A)) ⊆ f(sclγ∗(A)) ⊆ ff−1(clγ(f(A))) ⊆ clγ(f(A)). Consequently,
f(sdγ∗(A)) ⊆ clγ(f(A)).

(2) ⇒ (1). Suppose thatf(sdγ∗(A)) ⊆ clγ(f(A)), for A ⊆ X. Let B be anyγ-closed
subset of Y. We show thatf−1(B) isγ∗-semi-closed in X. By hypothesis,f(sdγ∗(f−1(B)))
⊆ clγ(f(f−1(B))) ⊆ clγ(B) = B or f(sdγ∗(f−1(B))) ⊆ B givessdγ∗(f−1(B)) ⊆
f−1f(sdγ∗(f−1(B))) ⊆ f−1(B) or sdγ∗(f−1(B)) ⊆ f−1(B) implies f−1(B) is γ∗-
semi-closed in X. Thusf is γ-semi-continuous. ¤

Theorem 41. [5] Let f : X → Y be a function andx ∈ X. Thenf is γ-semi-continuous
if and only if for eachγ-open set B containing f(x), there existsA ∈ SOγ∗(X) such that
x ∈ A andf(A) ⊆ B, whereγ is a regular operation.

We use Theorem 41 and prove the following:

Theorem 42. Let f : X → Y be an injective function. Iff is γ-semi-continuous then
f(sdγ∗(A)) ⊆ (f(A))d

γ for everyA ⊆ X, whereγ is a regular operation.
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Proof. Suppose thatf isγ-semi-continuous. LetA ⊆ X, a ∈ sdγ∗(X) and V be aγ-open-
nbd of f(a). Sincef is γ-semi-continuous then by Theorem 41, there exists aγ-semi-
open-nbd U of a such thatf(U) ⊆ V . But a ∈ sdγ∗(A), therefore there exists an element
a1 ∈ U ∩A such thata 6= a1; thenf(a1) ∈ f(A) and since f is an injectionf(a) 6= f(a1).
Thus everyγ-open-nbd V off(a) contains an elementf(a1) of f(A) different fromf(a).
Consequentlyf(a) ∈ (f(A))d

γ . We have therefore,f(sdγ∗(A)) ⊆ (f(A))d
γ . ¤

The following theorem follows from Theorem 40:

Theorem 43. Letf : X → Y be a function. If for everyA ⊆ X, f(sdγ∗(A)) ⊆ (f(A))d
γ ,

thenf is γ-semi-continuous, whereγ is an open operation.

Theorem 44. A functionf : X → Y is γ-semi-continuous if and only iff−1(intγ(B)) ⊆
sintγ∗(f−1(B)))), for eachB ⊆ Y , whereγ is a regular operation.

Proof. For anyB ⊆ Y , intγ(B) = Y − clγ(Y −B) [14]. This impliesf−1(intγ(B)) =
f−1(Y − clγ(Y − B)) = X − f−1(clγ(Y − B)). Since f isγ-semi-continuous, by
Theorem 39 we havesclγ∗(f−1(Y − B)) ⊆ f−1(clγ(Y − B)). Hencef−1(intγ(B)) ⊆
X − sclγ∗(f−1(Y − B)). Thusf−1(intγ(B)) ⊆ X − sclγ∗(X − f−1(B)). Hence
f−1(intγ(B)) ⊆ X − sclγ∗(X − f−1(B)) = sintγ∗(f−1(B)))).

Conversely, let B be an arbitraryγ-open set in Y. Thenintγ(B) = B. By hypothesis
f−1(B) = f−1(intγ(B)) ⊆ sintγ∗(f−1(B)) impliesf−1(B) ⊆ sintγ∗(f−1(B)). But
sintγ∗(f−1(B)) ⊆ f−1(B). Therefore,f−1(B) = sintγ∗(f−1(B)). Thusf−1(B) is
γ∗-semi-open. Consequently,f is γ-semi-continuous. ¤
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