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Abstract. We prove semilocal convergence of Werner’s method for ap-
proximating locally unique solution of nonlinear equation in a Banach
space setting. Using our new idea of recurrent functions, we provide es-
timates on the distances involved and information on the location of the
solution.A numerical example shows that our results can apply to solve
equations but the Kantorovich’s sufficient convergence condition is unap-
plicable [7].
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally unique
solution z* of equation
F(z) =0, (1.1)
where ' is a twice Fréchet—differentiable operator defined on a convex subset D of a
Banach space X with values in a Banach space ).
A large number of problems in applied mathematics and also in engineering are solved by
finding the solutions of certain equations. For example, dynamic systems are mathemati-
cally modeled by difference or differential equations and their solutions usually represent
the states of the systems. For the sake of simplicity, assume that a time—invariant sys-
tem is driven by the equation & = T'(x), for some suitable operator T', where z is the
state. Then the equilibrium states are determined by solving equation (1.1). Similar equa-
tions are used in the case of discrete systems. The unknowns of engineering equations
can be functions (difference, differential and integral equations), vectors (systems of linear
19



20 Toannis K. Argyros, Said Hilout

or nonlinear algebraic equations), or real or complex numbers (single algebraic equations
with single unknowns). Except in special cases, the most commonly used solution meth-
ods are iterative-when starting from one or several initial approximations a sequence is
constructed that converges to a solution of the equation. Iteration methods are also applied
for solving optimization problems. In such cases, the iteration sequences converge to an
optimal solution of the problem at hand. Since all of these methods have the same recursive
structure, they can be introduced and discussed in a general framework.

We revisit Werner’s method [9], [10]:

Tpi1 =2, — AL F(z,), A, =F ("
(1.2)

Ynt1 = Tnt1 — A0 F(zp1), (n>0), (20,y0 € D).

The local convergence of Werner’s method (1.2) was given in [9], [10] under Lipschitz
conditions on the first and second Fréchet—derivatives given in non—affine invariant form
(see (2.52) and (2.53)). The order of convergence of Werner’s method (1.2) is 1 + V2.
The derivation of this method and its importance has well been explained in [9], [10] (see
also [3]). The two—step method uses one inverse and two function evaluations. Note that if
To = Yo, then (1.2) becomes Newton’s method [1]-[11].

We provide a semilocal convergence analysis using our new idea of recurrent functions.
Our Lipschitz hypotheses are provided in affine invariant form. As far as we know the
semilocal analysis of Werner’s method has not been studied in this setting. We are mostly
interested in finding weak sufficient convergence conditions, so as to extend the applica-
bility of the method.

Our new approach can also be used on other one—step or two—step iterative methods [1],
(31, [4]-[11].

The semilocal convergence is examined in Section 2 and a numerical example is given in
Section 3.

2. SEMILOCAL CONVERGENCE ANALYSIS OF WERNER’S METHOD

It is convenient for us to define some auxiliary functions appearing in connection to
majorizing sequences for Werner’s method (1.2).
Letly > 0,£>0,a>0,7>0,7>nand 8 =1+ « be given constants. It is convenient
for us to define function f; on [0, +-oc) by

Fity=0t7 +405t—2. (2.1)
We have:
f1(0)=-2<0. (2.2)
There exists sufficiently large v > 0, such that:
f1t) >0, t>u. (2.3)

It follows from (2.2), (2.3) and the intermediate value theorem that there exists v € (0, u),
such that

fi(v) =0. (2.4)
The number v is the unique positive zero in (0, +00) of function f;, since
Fi) =08t +46,>0 (t>0). 2.5)

That is function f is increasing and as such it crosses the positive axis only once.
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Moreover, define function g on [0, +00) by
gt) =2l P +2 Ly 2+ 0 ™ t — 0 n°.
We have as above:
9(0)=—Ln* <0
and
gt)>0  (t>()
for sufficiently large { > 0.
Hence, as above there exists d; € (0, ¢), such that:

9(64) =0.

The number 4. is the unique positive zero of function g on (0, +00), since

gt)=6L 2 +4 Ll t+Ln*>0 (t>0).

Set 5
ln
bp= ——F——, Y4 7 1,
0 Tty (1 +7) o (n+m) #
Voo =1—24y 7
and

5 = max{%o7 04}

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

@2.11)
2.12)

(2.13)

We can show the following result on majorizing sequences for Werner’s method (1.2):

Lemmal. Letly >0,¢(>0,a>0,n>0,72>nand =1+ « be given constants.

Assume:
bm+m) <l n<v
and
61 S Voo,

where, v, 01, 04, Vo, Were defined by (2.4), (2.13), (2.9) and (2.12), respectively.

Choose:
b€ [(51, 'Uoo]-
Then, sequence {t,} (n > 0), generated by
E (tn—i-l - tn)lJrB

to=0, t1=mn, tnt2 =tpt1 + 9 (

with,
¢ (tn+2 - tn+1>1+6

1-—- ZO (tn+1 + SnJrl))’

= O7 = 77 = t
50 51 =17, Snt2 =lnia+ 21—t (¢
is non—decreasing, bounded above by:
2n
t** —
2—96
and converges to its unique least upper bound t* with
t* € [0,t™].
Moreover the following estimates hold for all n > 0:
tn < Sn,
1)

(5 n+1
0 < tn+2 - tn—i—l S 5 (tn+1 - tn) S (2> n

nt1 + Snt1))’

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)

2.21)

(2.22)
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and
5 5 n+2
0< Sn42 — tn+2 < 5 (SnJrl - tn+1) < <) n- (223)

Proof. We shall show using induction on m:

14 (thrl - tm)/H

0<tmao —tm tima1 — tm
B o % (1 =4y (tmg1 + Sma1)) (Emea ) (2.24)
< = _
~ 2 (tm-l-l tm)a
E (tm+2 - tm+1)5
0< Sm - tm == tm - tm
- - <25 (1 —="Lo (tmy1 + Smr1)) (fmnt2 - (2.25)
< Z _
>~ 2 (tm+2 tm+1)
and
lo (tma1 + Sm+1> < 1. (2.26)
Estimates (2.24)—(2.26) for m = 0 will hold if:
0 (ty —to)? (P
= =0 <9, 2.27
1—lo(ti+s1) 1-lbo(ntm 22
5 B
0ty —t,)P ¢ (2 77) _
< =0 < g <4 2.28
L—ly (hts) " T—b(m+m) "~ "7 (2:28)
and
Lo (tl + 81) =Y (T] —|—ﬁ) <1, (2.29)

respectively, which are true by (2.16) and (2.14). Let us assume (2.21)—(2.26) hold for all
n<m-+1.
Then, we get from (2.24) and (2.25):

m+2
)
- Ty (2.30)
2

tmy2 <

and

(; m+2
5\ 2 1- <2) 5\ ™2
Sm42 < bmyo + (2> n < {5 + () } 1. 2.31)

L9 2
2

We shall only show (2.24), since (2.25), will then follows (as (2.28) follows from (2.27)).
Using the induction hypotheses, (2.24) certainly holds if:

C(tmgr = tm)” + 00 6 (tmg1 + Smy1) = <0

or,

5 m—+1 6 m—+1
s\™ 18 1(2> 1<2) s\t
tals) np +hod + +{3 n—46<0,
1-— - 1—- -
2 2
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or, since § > 1

5 m—+1
2

5 m 1< 5 m—+1
() s (Y e e
1—

2

2o | o >—

6
We are motivated from (2.32) to define functions f,,, (m > 1) on [0, +0o0), for v = 3 and
show instead of (2.32):
fm(@) = o™ Il 426 2(Q4+v+-+0™) +omH)n—2<0. (2.33)
We need a relationship between two consecutive functions f,:
fa1(v) = L™ P 4240 2 (A +v+-+omTh) 4 omF2) n -2
= LvmpfHlomTl gl —pmTl pfy
2002 (14+v+---+om) +omTt pgmtl pgm+2)y n 2 (2.34)
— fm(U) +€ ™ 77'8 v ,Um—l 776 +92 ZO (Um'H +Um+2) n
= fm(v) +g(v) v 1,
where, function g is given by (2.6).
We have by (2.33):
f1O)=¢nP +410,n-2<0, (2.35)
fm(0)=4/lyn—2<0 (m>1) (2.36)
and for sufficiently large v > 0:
fm(v) > 0. (2.37)
It follows from (2.35)—(2.37), and the intermediate value theorem that there exists v,, >
0, such that f,,(v,,) = 0. Moreover, each v,, is the unique positive zero of f,,, since
7 (v) > 0forv € [0, +00).

‘We shall show
fm(w) <0 forall vel0,v, (m>1). (2.38)

0
If there exists m > 0, such that v,,, 1 > 5 then, using (2.6) and (2.34), we get:

f7n+1 (UnL+1) = .fm (U7n,+1) + g(v7n+1) UTTH__% n
or
fm(vm—&-l) <0,
since fr4+1(Um41) = 0 and g(vpm41) vf;jr% 1 > 0, which imply v,,,11 < vp,.
We can certainly choose the last of the v,,,’s denoted by v, (obtained from (2.32) by letting
m — oo and given in (2.12)), to be v, 4 1.
It then follows sequence {v,,} is non—increasing, bounded below by zero and as such it

converges to its unique maximum lowest bound v* satisfying v* > v.
Then estimate (2.38) certainly holds, if

< Voo,

[NJ ST

which is true by hypothesis (2.15).

Finally, sequences {t, }, {s,} are non—decreasing, bounded above by ¢**, given by (2.20).
Hence, they converge to their common, and unique least upper bound ¢* satisfying (2.20).
That also completes the proof of Lemma 1. (]
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We can also provide a second majorizing result.
Let us define function h,, (m > 1) as f,, by:

hm(s) = £s™m il +dly (1+s+---+5™)n—2, (2.39)
= P+ P Ze 16 by L
5, Lt VE P16l Ly (2.40)
8 (o
S tn"" (n+7) #1 (2.41)
071*60(’]7+ﬁ)’ 077 77 K *
_ 5o
01 = max{g, o4} (2.42)
and
Voo = Uso. (2.43)

Then, with the above changes and simply following the proof of Lemma 1, we can pro-
vide another result on majorizing sequences for Werner’ s method (1.2), using a different
approach than in Lemma 1:

Lemma2. Letly > 0,£>0,a>0,7>0,0<7 <nand B = 1+« be given constants.
Assume:

b (n+7) <1 (2.44)
and

61 < Voo, (2.45)

where 81, T, 0 are given by (2.42), (2.43) and (2.40), respectively.
Choose

§ € [61, Voo)- (2.46)
Then, scalar sequence {v,} (n > 0), given by

0 (Vpy1 —vp)tHP

2 (1 =4y (vpt1 -|-§n-|-1))7

Vo = 0) v =1, Un+4+2 = Un+1 + (247)
with,

4 (Un+2 - Un+1)1+,8

2 (1 - EO (vn+1 +§n+1))
is non—decreasing, bounded above by t** and converges to its unique least upper bound t*
with t* € [0,t**], where t** is given by (2.19).

Moreover; the following estimates hold for all n > 0:

7 (2.48)

So=0, $1=7, Spt2=vUpt2+

t**

5p < Uy, (2.49)
6 (5 n+1
0< Un+2 — Un+41 < 5 (Uvz+1 - 'Un) < (2> n (250)
and
5 5 n+2
0 <vpy2 —Spy2 < 3 (Un41 — Sny1) < (2) 7. (2.51)
We also need a lemma due to Werner [9, Lemma 1, p. 335]:
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Lemma3. Let G : D C X — Y be a twice Fréchet differentiable operator.
Assume that there exist a positive constants Ly, Ly o and o € [0, 1], such that:

| G'(x) = G'(y) IS Ly |z—y| (2.52)
and
| G"(x) = G"(y) I Lo |z —y|* (2.53)

forallz,y € D.
Then, the following estimates hold:

I G(z) = Gly) = G'(2) (x —y) HSLl/O A=t y+tz—z| d [[z—y]

for all z,y,z € D
(2.54)
and
for0 €[0,1), 2,y €D, zg=0 x4+ (1 —-0) y:

2 T — 24«
fetw e =) ezl = <i+(";> ) L?&”n <ay+”2> *

1
05| lz—yl?.

Ly

(2.55)
We can show the following semilocal convergence result for Werner’s method (1.2):

Theorem 4. Let ' : D C X — Y be a twice Fréchet differentiable operator.
Assume:
There exist points xo,Yyo € D, Ly > 0, a € [0,1] and Lo o, > 0, such that for all z,y € D:

Ayt e LY, X), (2.56)

_ o + o +
| AT F/ @) = P I Ly o= 222, @sm)
| Agt [F"(x) = F" W) I€ Loy 2=y % (2.58)
Yo €U(z0,t") ={z€X, |2 -2 |[<t*} C D, (2.59)
I A5t F(xo) [I< n, (2.60)
| Agt Fa) <, (2.61)
where,
@1 = g — F’(IOTWJ)*I F(x0) (2.62)
and
Conditions of Lemma 1 hold, with
L Lo
by = 2 2 (2.63)

2 Tagaes

Then sequence {x.,} defined by Werner’s method (1.2) is well defined, remains in U (¢, t*)
forallm > 0 and converges to a unique solution x* of equation F(x) = 0 in U(zg, t*).
Moreover the following estimate holds for all n > 0:

| xp — 2" <t —ty, (2.64)

where, sequence {t,} (n > 0) is given in Lemma 1.



26 Toannis K. Argyros, Said Hilout

Proof. We shall show using induction on the integer m:

H Tm+1 — Tm ||§ tmtr1 — tm (2.65)
and
|| Ym+1 — Tm+1 ||§ Sm+1 — tm+1~ (266)

Estimates (2.65) and (2.66) hold for m = 0 by the inigal conditions.
Let us assume (2.65), (2.66) hold true and x,,,, y,, € U(xo,t*) foralln < m + 1.
Using (2.58), we obtain:

Tn + Yn Zo + Yo

A7l (A — A, < L —
143" (Ao— A | < Lo | 1y
< Lo ||xn—xo|+|yn—yo||>
L2 (2.67)
< B (-4 o= t0)

= 0o (ta+52) <1 (by (2.26)).

It follows from (2.67) and the Banach lemma of invertible operators [4], [7], that A,‘L1
exists so that

1
AT A I ———————. 2.68
145 40 1< T oy 2.68)
In view of (1.2), we obtain the approximations:
wm + m
F(wmi1) = F@mi1) = F(om) — F/(%) (Tm+1 — Tm) (2.69)
xm + m
Flams) = Flam) = F(ome) = F(2) (Yt = 2ms). (270)
1
By composing both sides of (2.69), (2.70) by Aj!, using Lemma 3 for § = 5 G =
Ay L P, we obtain:
_ Lo
Ag (i, < 20— 1 — T [PTOSL (bngr — )P (2271
|| 0 ('I +1)H_4(OL+1)(O{+2) ||.'L' +1— T || = ( +1 ) ( )
and
_ Ly
A lF m <—’a m - 4m 2+o¢<€ tm _tm 1+8
| Ay~ F(z +2)\L4(a+1)(a+2) | Ttz = Togr |77 L (Emz +1) 7,
(2.72)
respectively.

Using (1.2), (2.68), (2.17), (2.18), (2.71) and (2.72), we obtain:

| Zmi2 = Tmir || <l Ar_n{i-l Ao |l Aal F(zmy1) ||
¢ (tm-‘rl - tm)1+ﬂ

<
- 2 (]- - EO (tm—l-l + 5m+1))
= lmy2 = lmy1
and
lymez = zmaz | < [ Az Ao || | A" F@mea) |
< ¢ (tm+2 - tm+1)1+

2 (1="Lo (tms1 + Sm+1))
Sm+2 — b2,

which complete the induction for (2.65) and (2.66).



On the Semilocal Convergence of Werner’s Method for Solving Equations Using Recurrent Functions 27

By Lemma 1, (2.65) and (2.66), sequence {x,,} (n > 0) is Cauchy sequence in a Banach
space X' and as such it converges to some x* € U (g, t*) (since U (zg,t*) is a closed set).
By letting m — oo in (2.71), we obtain F'(z*) = 0.

Finally to show uniqueness, let y* € U(xo, t*) be a solution of equation F'(z) = 0.

Let:

1
M = / F'(z* 4+t (y* —2%))dt. (2.73)
0

Using (2.58), we obtain in turn:

1
_ Zo + Yo *
145" (o= M) | < Lo [ 202~ @ ey —a) |
0
1 * *
To—T7)+ -
< Lo/((l—t) ||(O )2(y0 )H+
0
(o —y*) + (z0 — y*)
t - | )t
(2.74)
LO * * *
< gl lTwo—a" [ +1lyo—2™ [+ y" —zo [l +
v =l )
Lo * *
< T 4t =Lot* <1 (by (2.26)).
In view of (2.74) and the Banach lemma on invertible operators, M —1 exists.
It follows from the identity:
0=F(") = F(y") = M(z" —y"),
that
T =y*.
That completes the proof of Theorem 4. (]
Remark 5. (a) The most appropriate choices for ¢ in Lemmas 1 and 2 seem to be

& = 61 and § = Iy, respectively.

(b) Note that the conclusions of Theorem 4 hold if Lemma 1 is replaced by Lemma 2
and (2.18) by (2.48).

(c) The limit point t* (see Theorem 4) can be replaced by ¢** given in closed form by
(2.19).

3. APPLICATIONS

Let us provided a numerical example.

Example 1. Let X =Y =R 20 =1, D={x : |t —xo| <1—-~}, v € {0,;>,and
define function F' on Uy by
F(x) =2® — 7. (3.1
The Kantorovich hypotheses for Newton’s method are [4], [7]:
I F'(z0)™" (F'(2) = F'(y) IS K e —yll, forallz,yeD  (3.2)

and
hg =2 Kn<l. (3.3)
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Using (3.1) and (2.60) (for x¢o = yo = 1), we obtain

n:%(l—’y) and K =2 (2—7). (3.4)

The Kantorovich condition is violated since:

4

1
§ (I-9)(2—=7v)>1 forall ye {0,2)

Hence, there is no guarantee that Newton’s method starting at o = 1 converges to t* =
.

However, the condition of our Theorem 4 under the conditions of Lemma 2 are satisfied,
say for v = .49.

Indeed, using (2.1), (2.40)—(2.43), (2.60), (2.61) and (3.1), we obtain:

v = 2.749087577,

64 = .0723581, o = .008401651,
51 = g_;,_, Voo = Vo = .0D733, and & = dg.

Then all hypotheses of Theorem 4 hold. Hence, Werner’s method (1.2) converges to x* =
v/.49 = .788373516.

CONCLUSION

We provided a semilocal convergence analysis for Werner’s method in order to approx-
imate a locally unique solution of an equation in a Banach space.
Using recurrent functions, a combination of Holder condition on the second derivative and
center—Lipschitz condition on the first derivative, instead of only Holder and Lipschitz
conditions [9], [10], we provided an analysis with the following advantages over the work
in [9], [10]: weaker sufficient convergence conditions and larger convergence domain.
A numerical example further validating the results is also provided in this study.
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