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Abstract. In this paper certain order properties are investigated
which the products of ordered linear spaces and ordered normed
spaces inherit from their component spaces.

1. INTRODUCTION

F. Riesz, H. Freudenthal, L.V. Kantorovitch, Kakutani and others initiated the
study of ordered linear spaces in the late 1930’s. The theory developed into a math-
ematical discipline around 1950’s. It is now one of the most important branches of
functional analysis being effectively used to solve such problems, which are posed in
more general setting. Several authors have studied regarding products of ordered
linear spaces. Bonsall [5], Peressini [12], Jameson [9], Dalen [7], Cristescu [6], Mar-
tin [11], Karim [10] and Hong [8] have significant contributions in this area. The
authors investigated [1] the inheritance of order properties from ordered product
spaces to their component spaces through projections. In [2] relatively uniform con-
vergence, order convergence etc., in product spaces of ordered linear spaces have
been discussed. Order-completeness and order-separability in product spaces of
ordered linear spaces were studied in [3].

A little work is done with reference to the order properties of ordered normed
spaces. The first author attempted to investigate the mutual relationship of ordered
product normed spaces and their component spaces in [4]. In section 3 of this article
we mainly discuss how a base for the wedge W of a product ordered linear space can
be investigated. Section 4 includes some order properties, which are closed under
the formation of products of ordered normed spaces.

2. PRELIMINARIES

A wedge is a non-empty subset W of a real linear space X such that

(W) W+WCw,
(Wy) oW C W for a >0,

The wedge W in X defines an ordering or preorder relation (a reflexive and tran-
sitive relation) ” <” on X by
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r<yesy—zeW
which is compatible with the linear structure of X , that is, 7 < 7 satisfies the
conditions:
(O1) ryeXx<y=>r+z<y+zforalze X
(02) r,y€ X,z <y,a>0=ar < ay

A wedge W in X is said to be a cone if WN(-W) =0ie,z,—z €W =z =0.
A cone C in X defines a partial order relation 7 < ” on X. If the partial order
(resp: ordering) on the real linear space X is due to a cone C' (resp: a wedge W)
then we call X an ordered (resp: a pre-ordered) linear space with cone C(resp:
wedge W). The element x of an ordered linear space (X, <) is said to be a positive
element if z > 0 and the set X = {x € X : © > 0}is referred to as a positive cone.

3. ORDER PROPERTIES OF PRODUCT SPACES OF ORDERED LINEAR SPACES

It is well known that if W, (resp: C, ) is a wedge (resp: cone) in the real linear
space X, where a € I then W =[] o; Wa (resp: C =[] ¢; Ca) is a wedge (resp:
cone) in the product linear space X = [],.; Xo - Thus the product linear space X
is a preordered (resp: ordered) linear space for the ordering (resp: order) generated
by the wedge W (resp: cone C).

Using the same order notation in each space, the ordering (resp: partial order)
associated with the wedge W (resp: the cone C) is given by

(T1,22, s Ty o) < (Y1,Y25 ooy Yny o) S Ty < Yo forall a €l

Theorem 1. Let X1, Xs, ..., X;, be preordered linear spaces with wedges
Wi, Wa, ..., W, respectively. Let X =[], Xo and W =[]\, W, , then
LHW-W=XeW,-W,=X,,a=1,2..n.
(2) (e1,e2,...,en) is an order unit in X < e, is an order unit in X, for every
a=1,2,..n.
(3) W is Archimedean < each W, (a=1,2,...,n) is.

Definition 2. Let X be a preordered linear space with wedge W. A base for the
wedge W is a convex subset B such that for each z in W — {0}, there exists A > 0
and b € B such that the representation z = A\b is unique.

Let X and Y be preordered linear spaces with wedges W and W' respectively.
Given the bases B of W and B’ of W’ , what the basis is of W x W'. A natural
suggestion would be to try B, = Bx B’ . Then given (x,y) € X XY there are unique
A,0>0and b e B,V € B such that x = \b and y = ob’ so that (z,y) = (Ab, ob’).
Obviously, this construction does not give us a base. For example, consider R?
with the usual positive cone. A base B is the line segment joining the points (1,0)
and (0,1) : a typical element has coordinates (z,1 — x) with 0 < z < 1. A base
B’ for R is the point 1, so that B x B’ = {(z,1 —,1) : 0 < < 1} which cannot
be a base for a cone in R3. On the other hand convex cover of the three points
(1,0,0),(0,1,0) and (0,0,1) is a base for the usual positive cone of R®. This leads
us to :

Theorem 3. Let X and Y be preordered linear spaces with wedges W and W'
respectively and B , B' be the bases for W and W' respectively. If 0 < X\ < 1, then
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B, ={(Ab,(1=X)V):be B,V € B'}
18 a base for W x W'.

Proof. Let A= (x,y) € W x W' then x € W and y € W’. By the definition of B
and B’ there are unique k,h > 0 and b € B,b’ € B’ such that x = kb and y = hb'.

Put)\:kJthsothatl—)\:Whh. Thus

bo = (Ab, (1 = \)V) € B, and (z,y) = (kb, hD).
Now
(x,y) = (k + 1) (325, 7250) = (k + R)(Ab, (1 = \)b') = (k + h)b,

By construction b, and k + h are uniquely determined from (x,y). Hence B, is a
base for W x W". O

Definition 4. Bonsall [5] defines a perfect subspace as a subspace E of an ordered
linear space X with an order-unit e, which satisfies the following condition:

7given x in E and € > 0, there exists y in F such that y +ce > x and y +ce > 07

Theorem 5. Let E; (i = 1,2,...,n) be perfect subspace of ordered linear space X;
with order-unit e;. If E = H?:l E; and X = H;L:l X;, then E is a perfect subspace
of X.

Proof. Since e = (ey,ea,...,e,) is an order-unit in X, therefore by Theorem 1(2),
the result follows. |

4. ORDER PROPERTIES OF PRODUCT SPACES OF ORDERED NORMED SPACES

If X;(i =1,2,...,n) is a normed linear space then X = [ | X; is also a normed

linear space with norm defined by
(@1, 225y zn)l| = [l ]l + |22l + - + [l2all
OR
(@1, 22, ...y zp)|| = max {[|z1], |2]], .., [2nll} or 1] V [lz2[[V ... V]zall

The two norms are equivalent and the choice as to which of the two is to be used
depends on the context.

In [4] the first author has studied inheritance of certain order properties from
product ordered normed spaces to their component spaces. In this section some

order properties have been studied which the product normed spaces inherit from
their component spaces.

Definition 6. A preordered normed linear space X is said to have the property
(Ry) if given z,y € X, ||z < |y|| whenever —y <z < y.

Theorem 7. Let X1, Xo,..., X, be preordered normed linear spaces with wedges
Wi, Wa, ..., W, respectively. Let X =[._, Xo and W =[[_, W, , then

(1) X has the property: ”Given x € X with ||| < 1, there is y > x, —x with
lyll < a” if each X; has this property.
(2) X has property (Ry1) if each X; has property (Ry);
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Proof. (1) If z = (21, 29,...,2,) € X with [|z|| < 1, then for every z; where
i =1,2,3,...,m, ||z < max{||lzi|, |22, |znll} = ||| < 1. Therefore,
by hypothesis there exists y; in X; with y; > x;, —z; and ||y;|| < «. Taking
y = (y1,Y2, -, Yn), We get
y 2z, —z and [jy|| = max{|[y1 ], [[g2[l, - llynll} < @

(2) Let z,y € X be such that —y < x < y. If z = (x1,29,....,2,) and y =
(Y1, Y2, -, Yn) then —y; < x; < y; where ¢ = 1,2,3,...,n. Since each X;
has property (Rp), therefore, ||z;|| < ||ly;|| for every i = 1,2,3,,n. Now,
2]l = [yl + [zl + .. + [lenll < lyoll + N2l + - 4 lynll = llyll -

Corollary 8. (1) Part (1) implies that X has the property: ”Given v € X

with ||z|| <1, there is y > z,0 with ||y|| < a” if each X; has this property.

(2) Part (2) implies that norm on X is monotonic if norm on each X; is mono-
tonic;

Definition 9. A subset D of a preordered linear space (X, <) is said to be directed
if for every piar of elements x,y from D there exist elements u,v in D such that
u>x,y and v < x,y.

Theorem 10. Let X; be a preordered normed linar space with wedge W;,i =
1,2,..,n. Let X =T[" | X; and W =[[,_, W, , then

(1) the open(closed) unit ball in X is directed if open(closed) unit ball in each
X, 1s directed;
(2) norm is additive on W if norm is additive on each W;.

Proof. (1) We show that open unit ball in X is directed whenever the open unit
ball in each of its component spaces is directed. The case for the closed unit
ball is similar. Let z,y € X with |jz| < 1, ||yl < 1. If x = (21,2, ..., 2p)
then for every i = 1,2,3, ..., n, ||| < max{||z1]], |lz2|], .., |zx |} = [Jz|| < 1.
Similarly, if ¥y = (y1,¥2, ..., Yn) then |ly;|| < 1. Since unit ball in each X is
directed therefore for each x;,y; of the unit ball in X; there exist u; and v;
in X; with [Ju;|| <1 and ||v;|| < 1 such that u; > x;,y; and v; < x;,y;. Tak-
ing u = (uy,us,...,u,) and v = (vy,va, ..., v,) we get ||Jul| < 1 and |Jv|| <1
such that v > z,y and v < z,y.

(2) Let 2,y e W. If & = (21,29, ..., x,) and y = (y1,Y2, ..., Yn) then z;,y; € W;
where 7 = 1,2,3,...,n. Since norm on each W; is additive, therefore, for
every i = 1,2,3,...,n, ||z; + uill = =il + vl -

Now
le+yl = [(z1+y1,22+y2, ., Tn + Yn)||
= lzr+uill + lz2 + yoll + .o + |20 + yul
= |zl + llyll

which shows that the norm is additive on W.

Definition 11. Let (X, |.||) be an ordered normed space with cone C'.
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(1) The cone C is said to be a -normal if |lu],||v]] < 1 and v < 2 < v imply
|z]] < « . In other words, the cone C' is said to be a-normal if u < z < v
implies that ||z|| < a max{||u|, ||v]}.

(2) The cone C' is said to be « -generating if given € X there are u,v € W
such that x = u — v with ||ul| + ||v]] < al|z]|.

(3) X is said to be («,n)-generating if given x1,zs,...,z, € X with [jz;|| < 1
(j=1,2,3,...,n) we have x > z; such that |z|| < a.

(4) X is said to be («, n)-additive if given x1, xo, ..., z, € X we have

n n
Dozl <a|d
j=1 Jj=1

Theorem 12. Let X1, X5, ..., X,, be ordered normed linear spaces with cones
Cy,Cy, ..., Cy, respectively. Let X = [[;, X; and C =[], C; , then

(1) C is o -normal if each C; is o -normal,

(2) C is a -generating if each C; is o -generating

(3) X is (o, n)-generating if each X; is (o, n)-generating,

(4) X is (o, n)-additive if each X; is (o, n)-additive.

Proof. (1) Let z,y,2 € X be such that y <z < z. If & = (21,29, ...,2,),y =
(Y1, Y2, -, Yn) and z = (21, 22, ..., 2, ) then y; < x; < z; wherei =1,2,3, ..., n.
Since each C; is a -normal, so ||z;|| < aomax{||y:|, ||z:]|}. Now,

el = llzall v sl Voo V|2
< a(lylvizalve () vizl) V.. va (yl Vi)
= a [max {{lysf|; [y2ll; - lynll} v max {[[z1]]; lz2]], -, [12a 1 }]

= o max {[ly[|, [|z]}
which shows that the cone C' is o -normal.

(2) Let © = (21, %2, ..., Tn) be an element of X. Since each C; is o -generating,
therefore for z; in X;(i = 1,2,3,...,n) there are u;,v; in C; such that
x; = u; —v; and ||u;]| + ||vil] < a ||@;||. Taking v = (uq,us, ..., un) and
v = (v1,v9,...,0,) then u,v € C for which x = u — v. Further,

n n n n
lull + Mol =Y sl + D lloall = D lull + [lvill) < @ Y llill = a |||
i=1 = i=1

i=1 ' i=1
which shows that the cone C' is « -generating.

(3) Let z1,29,....,2, € X with |lz;|| < 1 where j = 1,2,3,...,n. Then z; =
(gf,gg, ...,s}) where each gl](z =1,2,3,...,n) is an element of X;. Since for
each fixed j =1,2,3,...,n, ||z;|| = maxi<i<n ||§ZJ|| < 1, therefore, ||§Z]|| <1
for every i = 1,2,3,...,n. Also, since each X; is (a, n)-generating therefore
for each fixed i = 1,2, 3, ..., n there exists n; in X; such that n; > gg for all
j=1,2,3,..,n,and ||n;]| < « . Taking, x = (11,72, ..., n) We have, z > z;
forall j =1,2,3,...,n.

Furthermore,

2]l = maxi<i<n [[mil] < o
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showing that X is (a,n)-generating.

(4) Let 1,9, ...,x, € X. Then for each j = 1,2,3,...,n, z; = (s,¢},...,0),
where ¢/ € X;(i =1,2,3,...,n). Since each X, is (o, n)-additive, therefore,
for each fixed i = 1,2,3,...,n,

Yl < a 125 4l

Now,

§||xj||:§”:l(§\<g )=i(i!

= i=1 j=

S/

n n ) n
)<ad |Dod|| =l e
i=1 1 j=1

j=

which shows that X is (a,n)-additive.

Definition 13. Let (X, ||.||) be a normed linear space;

(1) A wedge W in X is said to have the property (G) with constant « if, given
z in X there exists y in X such that —y < z <y and ||y|| < al|z||.

(2) A wedge W in X is said to have the property (N) with constant « if,
—z <y <z implies that ||y| < a||z]|.

Theorem 14. Let X; be a preordered normed space with wedge W, i =1,2,....n.
Let X =], X; and W =[[;_, W, , then
(1) the wedge W has the property (N) with some constant o if each W; has the
property (N) with constant o;.
(2) the wedge W has the property (G) with some constant « if each W; has the
property (G) with constant «;.

Proof. (1) Let 2,y € X be such that —x < y < z. If z = (21, 22,...,2,)
and y = (y1,¥2,---,Yn) Where x;,y; € X; then —x; < y; < x;, for every
t=1,2,...,n. Since each X; has property (V) with constant «;, therefore
llyill < a||lxi]]. Now since,
sl = N9l + -+ lynll < aullon |+ azllzal] + .. + anllzal
therefore, ||y|| < a||z|| where @ = max{ay,as,...,an}.

(2) Let € X then z = (21,9, ...,x,) where z; € X; for every i = 1,2,...,n.
Since each X; has property (G) with constant «;, therefore, there exist y;
in X; such that —y; < x; <y, , and ||y;]| < ol

Taking o = max{ay, aa, ..., @, }, we obtain a point y = (y1,y2, ..., yn) in X
such that , —z <y < z, and ||y|| < allz|.

(]

Definition 15. Let X be a preordered linear space with wedge W. A subset D of
X is said to be decomposable if for each u in D there exist ui,us in D N W such
that ©u = aju; — agus for ag,as > 0 with a; + a3 = 1. A wedge W in a normed
linear space (X, ||.||) gives an open decomposition of X if given x in X there exist,
a >0 and uy,uz in W such that © = uy — ug and ||uq]|, ||uzl] < af|z]|.
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A wedge W in a normed linear space (X, ||.||) gives a bounded decomposition of
X if it gives an open decomposition of X [9].

Theorem 16. If the wedge W; in a preordered normed space X; gives a bounded
decomposition of X; for every i = 1,2,...,n, then the wedge W = H;L:l W; in
X = H?Zl X; gives a bounded decomposition of X.

Proof. Let x € X then = = (21,22, ...,x,) where z; € X; for every i = 1,2,...,n.
Since each W; gives a bounded decomposition of X; , therefore, there exist o > 0
and wgl) w!® in W; such that z; = wgl) - wl@) and ngl)H, ||wz(2)|| < a;l|z;i||. Let

? (2

wy = (wgl), wél), ...,wy(ll)) and wy = (wf),wém, ...,wg)) then wi,wye € W for which
x =w; —wsy and |Jwi]|, ||Jws|| < al|z| where o = max{ay, ag, ..., an}. O
CONCLUSION

Order properties are of much importance when studied with reference to the
context. For example, first duality theory in ordered linear spaces is due to « -
normal and a-generating wedges whereas second duality theory, which is concerned
with order-intervals of the form [—z,z], is due to order property (G) and order
property (N) of wedges. A rich theory of ordered linear spaces grows through these
order properties. This article discusses various order properties of ordered normed
spaces, which are closed under the formation of products. We also investigate how
product of two base-normed spaces would be a base-normed space.
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