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Abstract. We introduce the stratifications of an L-fuzzy topoge-
nous, proximity and uniformity. We investigate the relationships
between these structures and the stratifications of them.
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1. INTRODUCTION AND PRELIMINARIES

In [25] Csaszar introduce the concept of a syntopogenous structure to develop
a unified approach to the three main structures of set-theoretic topology: topolo-
gies, uniformities and proximities. This enabled him to evolve a theory including
the foundations of three classic theories of topological spaces, uniform spaces and
proximity spaces. In the case of the fuzzy structures there are at least two notions
of fuzzy syntopogenous structures, the first notion worked out in [13, 10] presents
a unified approach to the theories of Chang fuzzy topological spaces [4], Hutteon
fuzzy uniform spaces [7], Katsaras fuzzy proximity spaces [9, 8] and Artico fuzzy
proximity spaces [1]. The second notion worked out in [11, 12] agree very well
with Lowen fuzzy topological spaces [18], Lowen-Hohle fuzzy uniform spaces [19]
and Artico-Moresco fuzzy proximity spaces [1].Sostak [26] introduced the notion of
(L-)fuzzy topological spaces as a generalization of L-topological spaces( originally
called (L-)fuzzy topological spaces by Chang [4]). It is the grade of openness of
L-fuzzy set. Badard introduced the concept of smooth structure and gives some
rules and shows how such an extension can be realized [2]. In [22], Ramadan in-
troduced the similar definition of Sostak (L-)fuzzy topology [26] under the name
”smooth topology”. Also, in [21] Badard et al. introduced the concept of smooth
preuniform and preproximity spaces.
In this paper, we can obtain the stratified L-fuzzy topogenous( resp. proximity.
uniformity) from an L-fuzzy topogenous( resp. proximity. uniformity). It is called
straification. We prove that the L-fuzzy topogenous( resp. proximity) associated to
a stratified L-fuzzy uniformity U(resp. topogenous N) also are stratified. Moreover
the stratification of the L-fuzzy topology(resp. proximity) associated to U (resp.N)
coincide with the L-fuzzy topology (resp. proximity) associated to the stratification
of U (resp.N).
Throughout this paper, let X be a nonempty set. Let a complete lattice
L = (L,<,V,A,) be a completely distributive complete lattice with an order-
reversing involution on it, and with a smallest element 0 and largest element 1
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(0 # 1) [27]. Let X be a non-empty set L* denotes the collection of all mappings
from X into L. The elements of L¥ are called L-fuzzy sets on X. LX can be made
into a fuzzy lattice by including the order and involution from L = (L, <,V,A,).
We say that the fuzzy points z, belongs to a fuzzy set A i.e., z, € A iff @ < A(z),
for a € L, a(x) = a, for all x € X, and the set of all fuzzy points in L¥ is
denoted by Pt (L¥). Let Qx denote the family of all mapping a : LX — L% with
the following properties:

(i) a(0) =0, X < a(\) for each A € L,

(i) a(V;er M) = Vier a(Xi), for A; € L*.

For a € Qx, the mapping a=! € Qx and a Ab : LX — LX are defined by
a '(A) = Mp = alp) < A} and (a Ab)(p) = Aa(un) V bpz) = pa V p2 = p}.
Then (a7')™' = a and a3 < ag iff (a;)™! < (ag)~!. For any a,b € Qx and
p € L%, (a o b)(u) = a(b(p)) [16]. Notation and notion not described in this
paper are standard and usual.

Proposition 1. [3] For each a € L, define the mapping & : L — L% by
a(y) = { sup(\) : if sup(\) < a,

1 : ow

for each X € L, where sup(A) = \/,cx AM(®). Then

(i) a € Qx (i)a o @ =a for each o € L.

(iii) If o < B, then a@ > 8 for each a,B € L. (iv) a < 0 for each a € Qx.
Lemma 2. [3] Let ay : LX — LX be a mapping define as follows:

Aid < A
aA(’y):{ 1 :{).Z)._

Then ay € Qx and ay o ax = ay for any A € LX

Definition 3. [6, 20] A mapping 7 : LX — L is called an L-fuzzy topology on
X if it satisfies the following conditions:

(01) T(0) =T(1) =1,

(02) TNAp) > T(\) AT () for any A, p € L¥,

(03) T(Vyer M) = Ager T(W) for any {Ax}rer C LY.

The pair (X,T) is called an L-fuzzy topological space (L-fts, for short). An L-
fts (X, T) is called stratified if T(a)) = 1 for each o € L [?].

Let (X,T) and (Y,n) be L-fts’s. A mapping f: (X,T) — (Y, n) is called L-fuzzy
continuous if T'(f~1(pu)) > n(u) for all p € LY. Let Ty and Ty be L-fuzzy topologies
on X. We say that T is finer than Ty (T is coarser than T4) if To(X) < Ty (X), for
all A € LX.

Theorem 4. [15] Let (X, T) be L-fts. Define the mapping Ts : LX — L as follows:
for each A € LX,

T*(A) = V A T(N),
[ IRETFEN (), (s, €{ (ks ) [KET)

where N(A) = {{(Ax, ) | K €T} [ A=V cr(Ax Aay,). Then T the coarsest strati-
fied L-fuzzy topology on X which is finer than T. And T is called the stratification
of an L-fuzzy topology T on X.
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Definition 5. [5] A mapping § : LX x LX — L is said to be L-fuzzy quasi-
proximity on X, which satisfied the following conditions:

(FP1) 5(0,1) =0,

(FP2) 6(AV p, ) = 06(A, ) V 8(p, 1) and 6(A, puV v) = 6(A, p) V(A v).

(FP3) For any A\, u € LX, there exist p € L such that

SO = N\ 6\ p) v S(p, m))-

peLX

(FP4) §(\, 1) # 1, then A < p.

The pair (X, ) is called L-fuzzy quasi-proximity space. An L-fuzzy quasi-proximity
space (X §) is called L-fuzzy proximity space if (FP) §(\, u) = d(p, A) for any p, A €
L. Let (X,0;) and (X, d2) be L-fuzzy proximity space. A mapping f : (X, ;) —
(Y, 02) is L-fuzzy proximity continuous if satisfies 61 (X, u) < d2(f (), f()), for any
\ € LK.

Theorem 6. [17] Let {(X;, ;) }ier be a family of L-fuzzy quasi-proximity spaces,
X =1Ler X; a product set and, for eachi € T'. m; : X — X, a projection mapping.
Define the mapping I;erd; : LY x LX — L on X by for any A\, € L,

MWierdi(A, 1) = ALV A\ 8i(ms (), (i (i)}
j,k i€l

Where |\ is taken over all finite families {\; : A = \/; A\;} and {py : p =\, pu}-
Then Il;crd; is the coarsest L-fuzzy quasi-proximity on X which all 7; is L-fuzzy
quasi-prozimity continuous. Il;crd; is called the product L-fuzzy quasi-proximity
structure with respect to a family {m; : X — X, :i € T'}.

Definition 7. [23] A mapping N : LX x L* — L is said to be L-fuzzy topoge-
nous order on X. Which satisfied the following conditions:

(FN1) N(L1)=N(0,0) =1,

(FN?2) If N\, pu) #0,then A < p,

(FN3) If A<, <p, then N(Ay,p1) < N\ p),
(FN4) (i) N(Ar, p1) AN(A2, p2) S N(AxV Az, p1 Vopz),

(i) N(A1, 1) AN (A2, p2) < N(AA A2, pin A po).

The pair (X, N) is called L-fuzzy topogenous order space. The L-fuzzy topogenous
order N is called

(i) Symmetrical iff N(A, u) = N(u, A).

(ii) Perfect iff N(\/,;cp Nis Vier ii) = Nier N (Ni, ).

Let (X,N;) and (Y, Ns3) be L-fuzzy topogenous order spaces. A mapping f :
(X, N1) — (Y, N) is L-fuzzy topogenous continuous if satisfies
Nl(f_l()‘)uf_l(u)) > NQ(/\7M)7 for any A pe LY.

Theorem 8. [24] (i) Let N be a perfect L-fuzzy topogenous structure on X. Define
a mapping Ty : LX — L by Tn(\) = N(\,\). Then T is L-fuzzy topology on
X.

(ii) Let T be an L-fuzzy topology on X . Define a mapping Nt : LX x LX — L by

Ne(\p) = \/{T(v) : A < v < p}.
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Then N is perfect L-fuzzy topogenous order on X.

(iii) Let N be a symmetrical L-fuzzy topogenous on X. Define a mapping oy :
LX x LX — L by Sn(\, ) = (N(\, ). Then 0n is L-fuzzy prozimity on X.

(iv) Let § be an L-fuzzy prowimity on X. Define a mapping N5 : LX x LX — L
by Ns(A\, 1) = (0(A, pb)). Then Ns is a symmetrical L-fuzzy topogenous on X.
Theorem 9. [24] Let {(X;, N;) }ier be a family of L-fuzzy topogenous order spaces,
X =1Lier X; a product set and, for each i € T',m; : X — X; a projection mapping.
Define the mapping ierN; : LX x LX — L on X by for any p, \ € LX,

Wier Ni(A, 1) = \/{/A\ V Nilmi(Ag), (i) )},

4,k i€l

Where \/ is taken over all finite families {\; : A = \/; A\;} and {pp : p = Ny, purc}-
Then Il;crN; is the coarsest L-fuzzy topogenous on X which all m; is L-fuzzy to-
pogenous continuous. Il;erN; is called the product L-fuzzy topogenous structure
with respect to a family {m; : X — X; :i €T}

Definition 10. [16] A mapping U : Qx — L is said to be an L-fuzzy quasi-
uniformity on X if it satisfied the following conditions:

(FU1) for a,b€Qx, Ulanb) > U(aAb),

(FU2) for a € Qx, there exists a; € Qx with ay o a1 < a such that
U(a1) 2 Ufa),

(FU3) If a> ay such that U(a) > Ulay),

(FU4) there exists a € Qx such that U(a) = 1.

The pair (X,U) is said to be an L-fuzzy quasi-uniform space. An L-fuzzy quasi-
uniform space (X, U) is called L-fuzzy uniform space if the following is satisfies:
(FU) for a € Qx , there exists a; € Qx with a; < a~! such that U(a;) > Ul(a).
Theorem 11. [14] Let (X,U) be an L-fuzzy uniform space . Define dy (A, pn) =
N{(U(a)) : a(p) < A}. Then (X,0y) is L-fuzzy proximity space.

Theorem 12. [16] Let (X,U) be an L-fuzzy quasi-uniform space .For each o €
L, A e LY, Cu(\a) = N{a t(N) : Ula) > o} and Iy(M\ o) = \{p : alp) <
A for some U(a) > a}. Then Iy(\,a) = (Cy (X, @)). for any A € LX.

Consider the mapping Ty : LX — L define by

Ty(\) = \{a: Iy(\,a) = A}
Then Ty is an L-fuzzy topology on X.

2. Stratifications of L-fuzzy topogenous order spaces

An L-fuzzy topogenous order N : L* x L* — L is said to be stratified L-fuzzy to-
pogenous order on X, iff N satisfied the following conditions: (FNS) N (a,a) = 1,
for each @ € L. And the pair (X, N) is called stratified L-fuzzy topogenous order
space.
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Theorem 13. Let (X, N) be an L-fuzzy topogenous order space. We define for all
p, A€ L7

N2 (A p) = \V { A N, )}

(Nispino )[IENYEM (A ) (Agspa,0y) €4 Ni, i, ) [PEN}

where

M\ u) = {{(\,w, ;)i € N, N finite index set}|A< \/ (i AN ay),

ieN
p> \/ (i A ay)}e
iEN

Then N¥ is the coarsest stratified L-fuzzy topogenous order on X which finer than
N.

Proof. (FN1), (FN2) and (FN3) Obvious.
(FN4) (i) Suppose that there exist p1, p2, A1, Ao € L¥, such that
N (At pa) AN A2y p2) £ N1V Az, pin V paa).
By the definition of N, there are {\;, p;, ;)i € N} € M (A1, 1) and {(Aj,uj,gjﬂ,
j € K} € M()\g, us2) such that

NS(/\l\//\Q,Ml \/,UQ) 2 /\ N(/\lv,u'l)
()‘lnu'lﬁgl)e{(/\iuu'hgi)lieN}

A A N(An, pin)
(Arstns 2, )E{L( N5 pt5 ’Qj)\jGK}

= /\ N(Ama,um)

o span @ ) E{(Nistrin @ )s(Aj ot ) PEN GEK }

Since {(A;, tis ;)i € N} € M(Aq, pq) and {(Nj, 15, 8.)|7 € K} € M(Ag, o), then

5
we have

{()\17/J’7,7gz)7 ()‘]7uj7g])|l € N’] € K} € M()‘l \ )\27/’61 \/,UQ)
By the definition of N* we have

N¥(AV Ay i1 V p2)> /\ N(Am, pm)-
O stram s @y )€ (Nt )s (Aot B ) 1IEN, JEK}

It is a contradiction. Thus N*(A1, u1) A N°¥(Ag, p2)<NS(A1 V Ag, p1 V pi2).

(ii) Similar the proof of (i)

(FNS) since & = 1 A @, then N*(a,@)>N(1,1) = 1. Thus N¥(a,a) = 1, for each
a€ L.

Second since A < AA1, > uAL, then N¥(\, u) > N(\, p) for any p, A € L~X. Thus
N? is the stratified L-fuzzy topogenous order on X which finer than N.

Finally, consider N* is stratified finer than N, then N*(\,u) > N(\, u) for any
wA € LX.

We will show N*(\, ) > N*(\, ) for any pu, A € L. Suppose there exist pu, A € LX
such that

N*(A 1) # N*( ).
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By the definition of N¥, then there exists {(\;, ui, ;)i € N} € M (A, ) such that
N*(A, ) # A N\, )
(Aprs0) €4 (N i) [TEN}

On the other hand, we have

Y

N*(A )

N*(VL&A%LVUMA%O

i€EN ieN

v

/\ N (N Aay), (1 A ay)
1EN

/\ (N* (A, pi) A N™ (a5 24))

i€EN

v

v

N(Alaul)'
(Asprsap)€{(Ni,ps,aq) [iEN}

It is a contradiction. Thus N*® is the coarsest stratified L-fuzzy topogenous order
on X which finer than N. |

Example. Let X = {z,y}, be set, L = [0,1]. Let v,y € LX,v(x) = 0.5,v(y) =
0.5 and vy(z) = 0.3,v(y) = 0.7. Then we define the L-fuzzy topogenous order N on
X as follows:
for each \, pu € LX,

1 :A=0o0r pu=1,
03 :A<v<p,u?y,
05 :A<y<p ALy,
A<vVvy <y,

0.7 : A<vVvy <y,
tpEy, AEvY,

06 :A<vAy<u,,
0 :0.w.

) < p(x) for 0.5 < @ < 0.7 and A(y) <

since A aN)V(BA(vVY) = (aANl)V(BA

(N(L,1) vVy,vVy))VN(1)AN(y,vy) =0.7.

If A(x) pu(x) for 0.5 < a < 0.7 and A(y) < 8 < p(y) for 0.5 < a, 8 < 0.7
and o < 3, since A < (A1) V(BA(vVY) = (aAl)V(BAY) < u, we have
N#(A\, pu) = 0.7. By a similar method as the above cases, we can obtain the strat-
ifcation N* as following:

N, p) =

If ANz B < u(y) for each § > 0.7,
v) < p, we have N¥(\,pu) =

< a
< (a
AN(
<a<L

1l :A=aorpu=aq,

0.7 : Mz) < a < p(x),\y) <8 < uly),
s for 0.5 < a,0<0.7and a < 3,

0.5 : A(z) < o < (), Ay) < B < p(y),
: for 0.3 < a<05,05<8<0.7,

0.6 : A(z) < < p(x),A(y) < B < u(y),
:for 03<a,8<0.5 and a < 3,

0 :0.w.
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Theorem 14. (i) If N be an L-fuzzy topogenous order structure which is symmet-
rical, then the stratification N° of N also is symmetrical.

(i) If N be a perfect L-fuzzy topogenous order structure. T the L-fuzzy topology
associated to N, then Ty« = (Tn)®.

(iii) Let T be an L-fuzzy topology, Nt the L-fuzzy topogenous associated to T. Then
Nrs = (N7)® iff (N7)*® is perfect L-fuzzy topogenous order.

Proof. (i) Left to leader.

(ii) Since TR (o) = N*(a, ) = 1, for each o € L, then Ty is stratified finer than
TN, SO Tﬁf Z (TN)S.

Conwersly. suppose there exists A € L~ such that

Tne(A) = N*(A\A) £ (Tw)*(N).

By the definition of N*, there exists a family {(A;, \i,a)|i € N} € M(A, \) such
that

(Tw)*(N) % A N, \)
(A0 €{(NisAia;)[i€EN}
= A Tn(N)

(>\laAlvgl)e{(/\hAiaQi)lieN}

On the other hand, we have

(In)*(A) = (In)° <‘\/ (A AO@)
> /\(TN)S()\i/\%)
iEN
> A (@Tn) () ATn)* ()
iEN
> A Tn(N).

(A, A0 e{(Nidi,a;)|i€N}

It is a contradiction. Thus Tvs = (Tw)".
(iil) (<) Suppose (N7)® is perfect L-fuzzy topogenous order. We will show Nps =
(N7)%. Since Nps(a,a) > T?(a) = 1, for each o € L, then Nrps is stratified finer
than Np, so Nps > (Np)*.
Conwersely, Suppose there exist p, A € L* such that

Nre () < (N2)*Oh ).

By the definition of T, there exists a family {(v;,;)|i € T'} € N(v), where A <
v < p such that
A T() £ (N1)* (A, ).
(v, €{(vie;)|i€l'}
Since Np(v;,v;) > T(v;), for each i € T', then we have

A Neluw) £ (Vo) ).

(virey)e{(vira;)|iel'}
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On the other hand, since (N7)® is perfect L-fuzzy topogenous, then we have
(Nr)*(Ap) = (Nr)*(v,v)

(N7)® (\/(w Aay), \ (v A%))

i€l i€l

> /\(NT)S(Vi Aoy, Vi A oy)

> A7) (vi,v0) A (Nr)* (e, 7))
i€l
> /\ NT(Vl,l/l).

(vi,a)e{(vi,a;)|i€T}
It is a contradiction. Thus Nps = (Np)*.
(=) Obvious from Theorem 8(ii). O
Theorem 15. Let (X, N1) and (Y, N2) be L-fuzzy topogenous order spaces and N;
and N3 be stratification for N1 and No respectively. If f : (X,N1) — (Y, Na) is
L-fuzzy topogenous continuous, then f: (X, N;) — (Y, N5) is L-fuzzy topogenous
continuous.
Proof. Suppose there exist A, u € LY such that

NE(FTHN) FHR) 2 NS (O ).
From the definition of N5, there exists a family {(\;, pi, ;)i € N} € M (A, ) such
that
NPT £ () # A No(Ar, )
(Apr,ap) €{(Ni pisa,) [i€EN}

Since f: (X, N;) — (Y, Ny) is an L-fuzzy topogenous continuous, then
Ni(f=r(Ni), f~ (i) = Na(Ai, i), for each i € N. On the other hand, we have
a family {(f=1(N\;), f~ (1), ;)i € N} € M(f=1()\), f~(p)), by the definition of
N7, we have

NPT T ) 2 A Ni(A) i)
OFsufa)e{(F=1 (), fF~ (i), )\iEN}
> /\ Na(Ar, )-
(Aspasa) €4 (A i )\iEN}
It is a contradiction. Thus f : (X, N7) — (Y, N5) is L-fuzzy topogenous continuous.
|

Counterexample. Let X be any set, L = [0,1] and identity mapping Idx :
(X,N1) — (X, N2) define the L-fuzzy topogenous Ny and Na on X as follows:

1:A=0o0rpu=1,
N1()\7M):{ OIO.’LU_ s N

p N [a)
A
|53‘:
)
A
= !
AN
\:—‘

N2()"M) =

O wl=
Qo >
g2 Yl
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From Theorem we obtain

1:A<a<u foreachaeclL

S _ S _ = bl

Nl()‘7u) - N2()‘7M) - { 0:0.w

Clearly Idx : (X,N§) — (X, N3) is L-fuzzy topogenous continuous. But Idx :
(X, N1) — (X, N2) is not L-fuzzy topogenous continuous, where 0 = N1 (0.5,0.5) <
N5(0.5,0.5) = &.

Theorem 16. Let {(X;, N;)}ier be a family of L-fuzzy topogenous order spaces,
X =TIler a set and, for each i € ', m; : X — X; a projecition mapping and N is
the product L-fuzzy topogenous order structure with respect to a family {m; : X —
X, : 4 € T'}. If there exists a jo € T' such that Njo = N; and N; = N; for each
i€l —{jo}, then:

(i) W;er N; is the stratified L-fuzzy topogenous structure on X which is finer than
N.

(i) ;er N; = N*.

Proof. (i) By Theorem 9, Il;crN; is the L-fuzzy topogenous on X which all 7; is
L-fuzzy topogenous continuous. Since Il;erN;(a,a) = 1 for each a € L ( Indeed,
by the definition of IT;er N;, there exists a family {a},

HiEI‘Ni (a,a) > \/ Ni(m(g), 1-m(l—a)
i€l

> N]‘O(Q,Q) =N; (a,a) =1,

then IT;cr N, is the stratified. But N3 finer than N;,. Thus II;crN; is the stratified
L-fuzzy topogenous order on X which is finer than N. o
(ii) Since I;er N; is a stratified, then for any u, A € LX, N*(\, ) < Iier Ni(\, p).
Conversely, suppose there exist p, A € LX such that

Ns()‘7 N) } HiEFNi()‘7 :u’) (2 1)

From definition of I;er N;, there exist finite families {)\; : A = V;A;} and {py
=N bk}
N ) 2 N\ Ni(mi(g), (mi(u)))-
j,k i€l
Then there exists n € I' such that
N (X 1) # Na(mn(N), (mn (1))
On the other hand, if n # jg, then by definition of N* we have
N ) =N = N\ Nilm(hy), (i)
j,k i€T

- /\ \/ Ni(mi(N\p), (mi (k)

.k i€l
Nn (ﬂ'n ()‘)7 (ﬂ-n(:u)))

Y
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It is a contradiction for eq. 2. 1. If n = jy, N, = NZ. By the definition of N?,
then there exists a family {(Af, pf, ) \ k € N} € M(m, (), (mp(1))) such that

N\, ) # A N (i, )
Mg €{ (M) \KENY

Since 7, is L-fuzzy topogenous continuous, N(m, *(Af), 7, (1)) = Nu(Af, wf), for
each k € N,

N*(\ p) # A N (N, )
e e{(mn (L), mn (1)), ) \KEN}

On the other hand, since {(m;*(\;), 7 (1p), o) \ k € N} € M(A, u). By the
definition of N*® we have

N*(A\p) = A N (A, )
oo ) E{(mn (A (7)) \KEN}
Also, it is a contradiction for eq. 2. 1. Thus N*(\, p) > [T;cp Ni(A, 1. O

Corollary 17. Let (X, N1) and (X, N2) be L-fuzzy topogenous order spaces. We
define, for any p, A € LX

(N1 © No)(A\ p) = \//\{Nl j»ﬂk)ANQ(/\Jhuk)}

where \/ is taken over all finite famzlzes A=V N} and {pe 0 = Ny ot
Then

(i) Ni ® Ny and Ni ® N3 are stratified L-fuzzy topogenous on X, which finer than
Ny ® Ny.

(i1) N7 ® Ny = N7 © N3 = (N7 @ Ny)®.

Example.
Let X ={x,y,z}, Y = {p,q} be sets, L = [0,1] and a mapping f : X — Y defined
by f(x) = p,f(y) = f(2) = q. Let v € LX, v(x) = 0.2, v(y) = 0.4, v(z) = 0.5. Then
we define the L-fuzzy topogenous order N on X as follows: for each \, u € L¥.
1:A=00rpu=1,

N =9 3:0#A<v<p#l,
0: 0w

Let f(N) is the L-fuzzy topogenous order on Y, define by
F(N)(v,v) = N(f~1(v), f*(v)) for any v, € LY. Then we obtain
[ 1l:y=00rb=1,
e ={ 0 00
and from Theorem 2. we obtain
s | 1:y<a<0=1 foreachacl,
e ={ 5105
On the other hand, we have

1: A< a<u foreachacl,
CAFVAB for0.2 < B <1,

(N (A, p) = %:/\:V/\Q,uzy/\gforo.2<ﬂ§1,
v #a, for each a € L,
0:0.w.
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For A1 = v A 0.3, there exist v; € LY such that f~ 1( 1) = )\1 with y1(p) =
0.2, 7(q) = 0.3. Thus we have f(N*)(y1,71) = N*(f~" (), f~'(m)) = 3, but
(f(N)*(71,7) = 0. Hence f(N®) # (f(N))*.

3. STRATIFICATIONS OF L-FUZZY PROXIMITY SPACES

An L-fuzzy quasi-proximity (resp. proximity) § : LX x L*X — L is said to
be stratified L-fuzzy quasi-proximity (resp. proximity) on X, iff § satisfied the
following conditions: (FPS) §(a,1 — «) = 0, for each o € L. The pair (X,J) is
called stratified L-fuzzy quasi-proximity (resp. proximity) space.

Theorem 18. Let (X,d) be L-fuzzy provimity space. We define for all p, A\ € L,
¥ (A p) = A { A S(Auy )}
{ispina \iEN)FEN (A ) (Aryprsey ) €{(Nipina ) \iEN}

where W (A, ) = {{(Xi, pi, a;)\i € N, N finite index set}\X < \/,c n(NiAey), u <
Nien (i V ) }. Then §° is the coarsest stratified L-fuzzy proxvimity on X which
finer than 9.

Proof. (FP1), (FP2), (FP4) and (FPS) are similar to the proof of Theorem 2. And
(FP) Obvious.
(FP3) Suppose there exists A\, u € L such that

S #E (6N )V (p, ).

peLX

By the definition of §* there exists a family {(A\;, ui, ;) \ ¢ € N} € W(A, u), such
that

\V SO m) 2 N\ (PN p) V5 (p, ).
(Avspr,0p) €{(Nispisa )\IEN} peLX
Since § is L-fuzzy proximity. 6(A;, i) > A, crx (6(Ai, pi) VS (pi, pi)). Then we have
\/ (5(>\lapl)\/5(Ph,Ul)) 2 /\ (65()\7p)\/55(p,ﬂ))
(Ao E{(Nispisay )\PIEN} peELX
On the other hand, put p = A;cy(pi V @;). Then by the definition of §°

(A, p) < \V (6(Ae, 1), 6%(ps 1))
(>\1,p[,gl)e{()\rnpmgi)\iEN}

IN

S(pu, pur)-
(pr>prs0)E{(pispira; )\iEN}

Thus we have

N ) V(o) < 85N\ p) V6 (p,n)

peLX

IN

V (06(Ae, pi) V 0 (pu, pur))-

(Msprse) €{(Nispasa, )\PEN}

It is a contradiction. O
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Example Let X = {x,y}, be set, L = [0,1]. Let v,y € L*, v(z) = 0.5,
v(y) = 0.5 and v(x) = 0.4, v(y) = 0.6. Then we define the L-fuzzy proximity § on
X as follows: for each A\, u € L¥,

1 :A=0o0r p=1,

0.7 :A<v,p<v,pus,
05 A<y, u<y, ALy,
A p)=4¢ 03 :A<vVy,pu<(vVvey),
ALy, piy,

04 : A<vAvy,u<(vAYy),
0 : 0w

We can obtain the stratification §® as following;:

1 :A=qaorpu=q,
0.3 : Mxz) < o, p(z) <o, My) < 6, u(y) < B,
s for 0.5 < a,8<0.6 and a < 3,
N ) =4 00 A S aspl@) < a,Ay) < B uly) < B,
& : for 0.4 < a<0.5,05< 3<0.6,
0.6 : Az) < o, pu(z) < o, My) < 8, u(y) < B,
for04<a,6<05and a<pf,
0 :0w

Theorem 19. (i) Let § be an L-fuzzy proximity structure, Ng symmetrical L-fuzzy
topogenous order associated to 6. Then Ngs = (Ns)®.

(i) Let N be a symmetrical L-fuzzy topogenous order structure, dy the L-fuzzy
prozimity associated to N. Then dns = (dn)°.

Proof. (i) Since Nss(a,a) = (6°(a, ) = 1, for each a € L, then Ny is stratified
finer than Ns, so Nss > (Nj)*.
Conversely, suppose there exist p, A € L* and t € L — {0,1} such that

Nso (A, ) = (6°(A, 1)) > £ > (N5)*(A, ).
Since §%(\, 1) < t, then there exists a family {(A\;, ui, ;) \ i € N} € W(A, ), such
that 0(A;, ;) < t for each ¢ € N. Then Ns(\;, p;) = (6(N\i, i) > t for each i € N.
On the other hand, since {(\;, i, ;) \ @ € N} € M(\, p), then

(Ns) (A, p) = A Ns (A, pu) > t.
(Aspasa) €4 (Xispino; ) \iEN}
It is a contradiction. Thus Ns« = (Ns)®.
(ii) Similar (i). O
Theorem 20. Let (X,01) and (Y,d2) be L-fuzzy quasi-prozimity spaces, d5 and
85 be stratification for §1 and o2 respectively. If f : (X,61) — (Y,d2) is L-fuzzy
proximity continuous, then f:(X,05) — (Y,05) is L-fuzzy proximity continuous.

Proof. Similar of the proof of Theorem 15. O

Theorem 21. Let {(X;, ;) }icr be a family of L-fuzzy quasi-proximity spaces, X =
er X; a set and, for each i € T, m; : X — X; a projection mapping and ¢ is the
product L-fuzzy quasi-proxzimity structure with respect to a family {m; : X — X; :
i € '} If there exists a jo € I' such that ;, = 3, and 0; = 6; for eachi € T —{jo},
then:
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(i) W;erd; is the stratified L-fuzzy quasi-prozimity structure on X which is finer
than o.
(’ii )HieFéi = 0°.

Proof. Similar of the proof of Theorem 16. O

Corollary 22. Let (X,01) and (X,02) be L-fuzzy quasi-prozimity spaces. We de-
fine, for any p, A € LX

(610 8) (A ) = A\ L1 ) A S2(Ngs )
7,k

where )\ is taken over all finite families {\; : X = V;\;} and {pr : p = Vipur}.
Then:
(i) 5 Uy and 01 W 05 are stratified L-fuzzy quasi-proximity on X, which finer than
91 U da.
(’LZ) 5f W dy = dq @55 = ((51 @52)8.

4. STRATIFICATIONS OF L-FUZZY UNIFORM SPACES

an L-fuzzy quasi-uniformity (resp. uniformity) U : Qx — L is said to be strati-
fied L-fuzzy quasi-uniformity (resp. uniformity) on X, iff U satisfied the following
conditions: (FUS) U(&@) = 1, for each « € L. The pair (X,U) is called stratified
L-fuzzy quasi-uniform (resp. uniform) space.

Proposition 23. If (X,U) is stratified L-fuzzy uniform space and 0y L-fuzzy proz-
imity associated to U, then (X, dy) is stratified L-fuzzy proximity space.

Proof. Since U is stratified L-fuzzy uniformity, then U(a@) = 1, a(a) = « for each
a € L. By Theorem 11. dy(a,a) = A{(U(a)) : a(a) < a} = 0 for each o € L.
That is oy is stratified. O

Theorem 24. Let (X,U) be an L-fuzzy quasi-uniform space. Define for every
a € Qx,

sy | V{UD):a>bAa, ac L},
v (a){ 0 :0.w.

Then U? is the coarsest stratified L-fuzzy quasi-uniformity finer than U.
Proof. (FU1) Suppose that there exist a1, as € Qx such that
U*(a1 AN ag) 2 U?(a1) ANU®(az).
Form definition of U® there exist b; € Qx, o; € L with a; > b; A @;,7 = 1,2 such
that
Us(a1 Aag) 2 U(by) ANU(ba).

On the other hand, since a; A az > (by Aby) A @y or a; Aas > (by Ab2) A Qg, then
we have

Us(al /\ag) U(b1 /\bg)
U(by) ANU(bg).
It is a contradication. Thus U®(a; A az) > U®(a1) AU?(ag)
(FU2) Let a1 € Qx. Suppose that there exist a; € Qx such that

U*(a) & U*(ay).

>
>
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By the definition of U?, there exist b € Qx, a € L with a > b A @ such that
U(b) ¢ U®(a1). Then there exists ¢ € Qx such that ¢ o ¢ < b, U(c) > U(b). By
Proposition 1(ii),

(cha)o(cha)<(coc)ha<bAra<a.

This means that there is ¢ A @ = a1, with a1 0 a1 < a, U®(a1) > U(c) > U(b). It is
a contradiction. Thus U?®(a) < U*(aq).

(FU3) Obvious.

(FU4) There exists b € Qx such that U(b) = 1. Since b = b A 0, by Proposition
1(iv), then U*(b) = 1.

(FUS) Since @ A0 = @ for each a € L, then U*(a@) = 1 for each a € L. Thus U* is
stratified.

For each b € Qx, bA0 = b. Then U*(b) > U(b) for any b € Qx. Thus U* is finer
than U.

Finaly, consider U* be stratified L-fuzzy quasi-uniformity finer than U. Suppose
there exists a € Qx,

U*(a) £ U*(a).
from definition of U*®, there exist b € Qx, a € L with a > b A @ such that U*(a) #
U(b). Since U* is stratified, then
U*(a) > U*(bAa)>U"(b) AU (Q)
U*(b) =2 U(b)
It is a contradiction. Hence U*(a) > U?(a) for any a € Qx. Thus U? is the coarsest

stratified L-fuzzy quasi-uniformity finer than U. U?® is called the stratification of
an L-fuzzy quasi-uniformity of U on X. O

Example. Let X be any set, L = [0,1], define the L-fuzzy quasi-uniformity U
on X as follows:

- a = ap,
tag < a < agp,
0w

Ula) =

O l= =

where ay : LX — LX defined by Theorem 6. Since a, = @ for any a € L, we
obtain

l:a>a,for each ae L

U2(“):{ 0: 0w

Theorem 25. Let (X,U) be an L-fuzzy uniform space, 0y the L-fuzzy prozimity
associated to U. Then (0y)° = dys.

Proof. Since U* is stratified finer than U, then - is stratified finer than §y;. Thus
Sue (A, 1) < (60)* (A, ). for any p, A € LX.
Conversely, suppose there exist y, A € L*X and ¢t € L — {0, 1} such that

6U“()‘>M) <t< (6U)s()‘,ﬁ')'

By Theorem 11. there exists a € Qx such that dy= (A, p) < (U%(a))’ < t and
a(p) < N. Then there exists b € Qx with a > b A @ such that U%(a) > U(b) > ¢
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and (b A @)(u) < N. Hence
A<C N Gl vau) =\ (v Aa)
pn=p1Vp2 i€EN

1)) = A; Ior 1 € =1L1,2,3,...,nj. Put pu; = v; for eac
(b(u1)) =X fori e N ={1,2,3 }. Put p f h
)) and hence b(v;) < A;, for each ¢ € N. Then we

where (d(2)) = a,
i€ N, then p < Aoy V(2
have

)

du(Ai,vi) < (U(D)) <t, for each i € N.

On the other hand, from definition of (d;7)® we have
(0u)* (A p) < A du (A, m) < t.
(A,vn,a)€{(Niyvina )\iEN }
It is a contradiction. Thus dy= (A, 1) > (dv ) (A, ). O
Theorem 26. Let (X,U) be an L-fuzzy quasi-uniform space and Ty be an L-fuzzy

topology associated to U. Then the L-fuzzy topology Tys associated to U® coincides
with the stratification of Ty .

Proof. We will show Tys = (Ty)®. Since U®(a) = 1, a(a) = a, for each a € L,
then
Iys(a, ) = \/{u ca(p) < X for some U(a) > B} = a,

for each 8, € L. Hence Tys(a) = 1, for each o € L i.e Ty is stratified. By
Theorem 24, U® is finer than U. Then Tys is stratified finer than Ty. Thus
Tys > (Tv)*.
Conversely, Suppose there exists A € LX such that

Ty:(A) £ (Tv)*(N).
Then from definition of Ty, there exists « € L, Tys(\) > «. That is

Iys(M\a) =)A= \/{,u ca(p) <A\ U%(a) > al.
Since U®(a) > «, then there exist b € Qx, € L with a > b A B such that
Us(a) 2 U((b) > a.

On the other hand, by Proposition 1. B(u) =1 for each p € LX with sup(u) £ 3.
Then b(p) < X for each p with sup(p) £ 3 and therefore

A= Vb AB(r) <A UD) > a}
< V{w:b(u) <A sup(p) £ o, U(b) > o}
< IU()\,OZ)~
Hence Iy(A, ) = A ie Ty(A) > «. Hence (Ty)*(A) > «. It is a contradiction.
Thus Tys < (Ty)®. O

Theorem 27. Let (X,T) be a stratified L-fts. Define for each a € Qx,
U(a) =V /\ {T(\;) :a> /\ ax,; s
ieN iEN
where \/ is taken over all finite families {\; : a > N\;cy ax,}. Then
(i) U is stratified L-fuzzy quasi-uniformity on X. (it) Ty =T.
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Proof. (i) (FU1) Suppose there exist a,b € Qx such that
U(aAb) 2 U(a) NU(D).

Then by the definition of U, there exist two finite families {\; : @ > A,cy ax,}
{7 0> \jck ay; }s such that

Ulant) 2 \TODA N T().
ieN jeK

On the other hand, we have

anh> (/\axi> A e

ieN jeK

Then by definition of U,

U(anb) > (/\ T(&)) N WARACH

ieN jeK

It is a contradiction.

(FU2) Since ay 0 ay = a) by Lemma 2, then (FU2) holed.

(FU3) Obivous.

(FU4) There exists a(say) = a1 € Qx such that U(a) > T'(1) = 1.

(FUS) Since aq = @, then U(a) > T(a) = 1. Hence U(a) = 1 for each o € L.
Thus U is stratified.

(ii) Obvious Ty < T, by definition of U.

Conversely, suppose there exist A € LX and o € L — {0, 1} such that

Tu(\) <a<T(N).

Since ax(A\) = A, then U(ay) > T(A) > « and then Iy(A\, ) = V{p : a(p) <
A, for some U(a) > a} = A. Thus Ty(A) > a. It is a contradiction. Thus
Ty > T. 0

Theorem 28. Let (X,U;) and (Y,Us) be L-fuzzy quasi-uniform spaces and Ui and
Us be stratification for Uy and Us respectively. If f: (X,Uy) — (Y,Us) is L-fuzzy
uniformly continuous, then f: (X,U7) — (Y,Us) is L-fuzzy uniformly continuous.

Proof. We will show U3 (f!(b)) > Us(b) for each b € Qy, If U5(b) = 0, trivial. If
Us # 0, suppose that
‘(b)) £ U3 (b)

From definition of Uj, there exist ¢ € Qy, a € L with b > c A @,

'(b) £ Us(0)

Since f : (X,U;) — (Y,Us) is L-fuzzy uniformly continuous, U;(f!(c)) > Us(c).
From the definition of U}, we have

UR (f'(b) = Ui(f'(c) > Ua(c)

(f
It is a contradiction. Hence U;(f!(b)) > Us(b) for any b & Qy-. O
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Counterexample.
Let X be any set, L = [0,1] and identity mapping Idx : (X,U;) — (Y, Uz), define
the L-fuzzy quasi-uniformity U; and U on X as follows:

1:a=ay,
Ul(“):{ 0:0w

:a:ag,
:a%§a<ag,
: 0w

Ug(a) =

Swl=

where ay : LX — L¥ defined by Theorem 6. Since a, = @ for any a € L, then from
Theorem 2, we obtain

s R l:a>a, for each e L
vt =vie) ={ 3 625

Clearly Idx : (X,U7) — (X,U3), is L-fuzzy uniformly continuous. But Idx :
(X,U3) — (X,U3), is not L-fuzzy uniformly continuous, where 0 = Uy (f!(ag5)) <
U1 ((1075) = %

Theorem 29. Let {(X;,U;)}ier be a family of L-fuzzy uniform spaces, X a set
and, for each i e T, f; : X — X; a mapping. We define, for each a € Qx

U@ =\ A{U®):a> N\ o)},
JEN JEN
where \/ is taken over all finite index N C T'. Then
(i) U is the coarsest L-fuzzy uniformity on X for which all f;, are L-fuzzy uniformity
continuous.
(i) A mapping f : (X*,U*) — (X,U) is L-fuzzy uniformity continuous iff for
each i € T, f; o f is L-fuzzy uniformity continuous.

Proof. (i) (FU1) Suppose that there exist a,b € Qx such that
U(aAb) 2 U(a) NU(D).
By the definition of U there exist two finite families {a, : a > A,cn fi(an)},
{6 10> N\jex fi(bj)} such that
Ulanb) 2 (/\ Unlan)) ACN Ui ()
nenN jeEK
On the other hand, since a Ab > (A, ¢y fh(an)) A (Njex le»(bj)), then
Ulanb) > ( /\ Un(an)) A (/\ Uj(bj))-
neN jedJ

It is a contradiction. Thus U(a A b) > U(a) AU (D).
(FU2) Let a € Qx. Suppose that there exist b € Qx such that

U(a) £ U(b).

By the definition of U, there exists finite family {a,, : @ > A, cy f.(an)} such that

/\ Un(an) f U(b)-

neN
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Since Uy, (ay) > 0, for each n € N, then there exists b, € Qx
that U, (by) > Un(an). Put b= A, oy fb(by). Hence

b, o b, < a, such

n)

bob= /\ (fL(bn) 0 f1(bn))

neN

< /\ fylz(bn 0 by)

neN

< /\ frlz(an) <a.

neN
Then there exists b € Qx such that b o b < a and
U®b) > N Unlbn) = )\ Unlan).
neN neN

It is a contradiction. Thus U(b) > U(a).

(FU3) Obvious.

(FU4) There exists b € Qx;,,j € I' such that U;(b) = 1, put fjl»(b) = a. Then
Ula) =1.

(FU) Let a € Qx. Suppose that there exist b € Qx such that

U(a) £ U(b).

By the definition of U, there exists finite family {a, : a > A, cy f(an)} such that

/\ Un(an) ﬁ U(b).

neN

Since U, (ay) > 0, for each n € N, then there exists b, € Qx, ,b, < a, ! such that
Un(by) = Up(ay) for each n € N. Put b = A, oy fh(bn). Hence

bt = (N ST N\ SO TS A LY

nenN neN neN
< A fl@H ™ = A filan)

neN nenN
< a.

Then there exists b € Qx such that b < a~! and

U(b) > /\ Un(bn) > /\ Un(an)

neN neN

It is a contradiction. Thus U(b) > U(a).
Second, it is easily proved that, by the definition of U, for all i € T',

U(fL (b)) > Ui (b) for each b € Qx,.

Hence, for each f; : X — X; is L-fuzzy uniformity continuous.
Finally, if f; : (X,U*) — (X}, U;) is L-fuzzy uniformity continuous, then U*(fjl(b)) >
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U;(b) for each j € T'. We will show U* > U, from the following:

U@ = v A\N{U®):a> N F0)}

JEN JEN
< VAU ) ca> N o)
JEN JEN
< VU L) a> N £y}
JEN JEN
< U*(a).

(ii) Obvious.
(]

Definition 30. In a above theorem. U is called the initial L-fuzzy uniformity
structure on X with respect to a family {(X;, U;) }ier.

Corollary 31. Let {(X;,U;)}ier be a family of L-fuzzy uniform spaces, X =
MierX; a set and, for each i € I',m; : X — X; a projection mapping . We de-
fine, for each a € Qx

WierUi(a) =V A\ {U;(b;) :a> N\ 750},

JEN JEN
Where M is taken over all finite index N C T'. Then
(i) WicrU; is the coarsest L-fuzzy uniformity on X for which all 7;, are L-fuzzy
uniformity continuous.
(i) A mapping f : (X*,U*) — (X, WerU;) is L-fuzzy uniformity continuous iff for
each i € T, m; o fis L-fuzzy uniformity continuous.
The initial L-fuzzy uniformity uniformity structure I;cprU;is called the product L-
fuzzy uniformity structure of a family {(X;,U;) }ier,and (X, W;erU;)is called prod-
uct uniform space.

Theorem 32. Let U be a product L-fuzzy uniformity structure of a family {(X;, U;) bier
and X = Il;er X;. If there exists a jo € T' such that U]-O = U} and U,; = U,for each
iel — {jo}, then:

(i) WierU; is the stratified L-fuzzy quasi -uniformity on X which is finer than U.

(ii) WerU,; = US.

Proof. (i) From corollary 31, Il;crU; is L-fuzzy quasi -uniformity on X for which
all m;,1 € are L-fuzzy uniformity continuous. For each o € L, we have

WierU;(a) 2 Uj,(a) = Uj (@) = 1.
Thus I;erU;(@) = 1. Moreover, since U;is finer than IerU; is the stratified
L-fuzzy quasi-uniformity on X which is finer than U.

(ii) Since IL;erUiis stratified, then by Theorem 24, U* < I;erU; .
Conversely, suppose there exist a € Q2 x such that

Us(a) 2 HiepUi(a). (4 2)
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By the definition of I1;erU; , there exists a finite family {a, : a > A,,cy 74 (an)}such
that
U(a) # /\ U, (an)-
nenN
On the other hand, if jo ¢ N, then
U(a) > U(a) > /\ Un(an) = /\ Unlan).
neN neN

It is a contradiction for Eq. 4. 2. If jo € N, then Uj,(a;,) = U (aj,).
From definition of U; , there exists b;, € Qx, with aj, > bj, A @j, such that
U; (ajo) = Ujy(bj,). Since mj, : X — Xjjis L-fuzzy uniformity continuous, then

U(Wé'o (bjo)) > Ujo (bjo)' Now,
a 2 ﬂ-é'o (ajo) A ( /\ ﬂ-il(an))

neN—{jo}
> w b Aa) A N\ Th(an)
neN—{jo}
> (ﬂ.é (bjo) A /\ Fi(an») A ajo
neN—{jo}
Then we have
Us(a) > Ul (bi)A( N\ 7hian))
’I’LEN—{jo}
> Ul )~ Ulrh(an))
neN—{jo}
2> Ujo (bjo) A ( /\ Un(an))
neN—{jo}
= /\ U, (ay).
nenN
Also, it is a contradiction for Eq. 4. 2 . Thus U® > ;erU;. O

Corollary 33. Let (X,U;) and (X,Usy) be L-fuzzy quasi-uniform spaces. We de-
fine, for each a € Qx

(Ul m UQ)(G) = \/{Ul(bl) AN Ug(bg) ta> b A bg}

Then: (i) Uy mUs and U{ M Usare stratified L-fuzzy quasi-uniformity on X, which
finer than Uy m Us.

(i) Uy mUS = U MUz = (U; MUy)*

(iti) To, vy =Tu; v, = Tw, vy): = (Tvy v,)°.
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