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1. INTRODUCTION

The concept of fuzzy subset was introduced by Zadeh [15]. Fuzzy set theory is a
useful tool to describe situations in which the data are imprecise or vague. Fuzzy
sets handle such situation by attributing a degree to which a certain object belongs
to a set. The concept of fuzzy subgroup was introduced by Rosenfeld [11] and
was further studied by several authors [9, 6]. Liu [8] studied fuzzy ideals in rings.
Subsequently, many authors [10, 12, 14] fuzzified certain concepts on rings and
ideals. The theory of semirings has been studied by many authors [1, 3]. The fuzzy
ideal of semiring is a good tool for us to study the fuzzy algebraic structure. Dutta
and Biswas [4] studied different kinds of fuzzy ideals such as fuzzy k-ideals and fuzzy
prime k-ideals of semirings and characterized fuzzy prime k-ideals of semirings of
non-negative integers and determined all its prime k-ideals. Baik et al. [2] studied
further results on fuzzy k-ideals of semirings. Further, Zhan et al. [19] fuzzified the
concept of left k-ideals of semirings over t-norm and studied their related results.
Then, Jun et al. [13] extended the concept of L-fuzzy ideal of a ring to a semiring,.
Moreover, Zhan et al. [17] fuzzified the concept h-ideals of hemirings and studied
several results. Zhan [16] extended the concept of fuzzy left h-ideals of hemirings
to fuzzy left h-ideals of hemirings over t-norm and studied many properties. Also,
Zhan [18] introduced intuitionistic M-fuzzy h-ideals in M-hemirings. Kog and
Balkanay [5] introduced the concept of -Euclidean L-fuzzy ideals of rings.  Latha
and Williams [7] introduced a notion of §-Euclidean fuzzy k-ideals of semirings. In
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this paper, we study the factorization theorem on homomorphism for a #-Euclidean
fuzzy k-ideals in semirings.

2. PRELIMINARIES

In this section, we cite the fundamental definitions that are used in the sequel:
Definition 1. [1] An algebraic system (R;+,.) is said to be a semiring if it
satisfies the following conditions:

(1): (R;+) and (R;.) are semigroups,
(2): a.(b+¢)=ab+a.cand (b+c).a =b.a+ ca for all a,b,c € R.

A semiring R may have an identity 1, defined by 1.a = @ = a.1 and a zero 0,
defined by 0+a=a=a+ 0 and a.0 =0 = 0.a for all a € R.

In what follows,we denote z.y = zy, for all z,y € R.

Definition 2. [9] A non-empty subset I of R is said to be a left ideal(resp., right
ideal) if x,y € I and r € R imply that z +y € T and rz € I (resp., zr € I).

If I is both left and right ideal of R, we say I is a two-sided ideal, or simply ideal,
of R.
Definition 3. [4] An ideal I of a semiring R is said to be a k-ideal if a € I and
r€ R, andifr+a€l ora+x €1 thenx €.
Definition 4. [10] A fuzzy subset p: R — [0, 1] of a semiring R is said to be a
fuzzy left (resp., right) ideal of R if

(F1): p(z+y) > min{u(2),pu(y)}

(F2): p(xy) > p(y) (resp.right,p(zy) > p(x)) for all z,y € R.
Definition 5. [4] A fuzzy ideal of a semiring R is said to be a fuzzy k-ideal of R
if

p(x) = min {max {p (z +y), n(y +2)}, 1 (y)},
for all z,y € R.

If R is an additively commutative semiring then the condition reduces to

p(z) > min{p(z+y),p(y)}

for all z,y € R.

Definition 6. [7] Let R be a semiring and let § : R — [0,1] be a non-constant
fuzzy subset of R. A fuzzy ideal p: R — [0,1] is called a 6-Euclidean k-fuzzy ideal
if p satisfies the following axioms:

(F3): 4 () > min {max {j (2 + 1), (y + )} 1 (1)}, for all 2,y € R

(F4): For any x,y € R with y # 0, there exist elements ¢, € R such that
x = yq-+r, where either r = 0 or else max { (r),0 (r)} > max{u(y),0 (v)}
for all z,y € R.

Example
Let R be the set of Natural Numbers including zero and ¢ : R — [0,1] be a fuzzy
subset defined by

1 aif a=0,
¢pla)=<¢ % if a is non — zero even,
0 of a isodd.



On 0-Euclidean Fuzzy k-ideals.... 15

Let 6 : R — [0, 1] be a fuzzy subset defined by

0 if a=0,
0 (a) = % if  a=3,5,7, ..,
Tal otherwise.
Clearly ¢ is a fuzzy k-ideal of R, also ¢ is a -Euclidean fuzzy k-ideal of R.

Example
Let R be the set of Natural Numbers including zero and ¢ : R — [0,1] be a fuzzy
subset defined by

1 aif a=0,
¢pla)=1{ % if a is non — zero even,
0 iof a isodd.
Let 61 : R — [0,1] be a fuzzy subset defined by
0 if a=0
01 (a) = { ﬁ otherwise.

So ¢ is a fuzzy k-ideal but 6; is not a #-Euclidean fuzzy k-ideal of R.

3. Fuzzy QUOTIENT SEMIRING

In this section, we introduce the notion of fuzzy quotient semiring and study the
factorization theorem of homomorphism on #-Euclidean fuzzy k-ideal of semiring

R.

Definition 7. Let p be a fuzzy ideal of R. For all z € R | let x 4+ u be the fuzzy
subset of R defined by

(+np)(y) =ply—2)
for all y € R. The fuzzy subset « +  is called a fuzzy coset of the fuzzy ideal R.

R

The set of all such fuzzy cosets will be denoted by o Two binary operations

(denoted by + and .) on % are defined as follows:

@+p)+W+p =@ty +np
and
(@+p). (y+p =y +p
for all z,y € R. The above two operations are well defined and makes % into a
semiring, called the fuzzy quotient semiring of R by p [5].

Theorem 8. Let R be a semiring and p : R — [0,1] be a 6—Euclidean k-fuzzy

ideal, n : R — £ be the natural homomorphism. Also suppose that 6 (a) = 6 (b)

n

when a —b € kern, for all a,b € R . Let ¢ : Ri; — [0,1] be defined by

¢(a+ Ry) = p(a).
Then there exists a unique 0* (= n (0)) —Fuclidean k-fuzzy ideal ¢ : Ri; — [0,1]
with the property that p = ¢on .
Proof: First we shall show that the function ¢ is well defined. For all a4+ R, b+

R, € Rﬁ and a + R, = b+ R, , then there exists x € R, such that a — b = z .
"
Using the definition of R, we obtain
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p (@) = (0)
1 (0) = p(x)
11(0) = p(a—b)
0=yp(a)—p(b)
p(a) = (b)
¢a+Ry) =0 b+ Ry)

Hence ¢ is well defined.
(i) For any a + R,,,b+ R, € R%L,for all a,b € R then
¢lla+R,)+ (0+ Ry = o[(a+b)+ Ry

=p(a+b)
> min [p (a), p (b)], by(F'1)

Thus

¢lla+ Ry) + (b+ Ry)] =2 min[¢(a+ Ry) + ¢ (b+ Ry)l -
Also,we have

¢lla+Ry). (b+ Ry)| = ¢[(ab) + Ry] = p(ab) = u(b), by(F2)
Thus
¢lla+Ry). (b+ Ry = ¢ (b+ Ry).
(ii) For any a + R,,b+ R, € R—Ru, for all a,b € R, then

plla+Ry)] = pla)
> min{max{p(a+b),ud+a)},ud},

since p is a 86— Euclidean k-fuzzy ideal

— min {max {6 (a+b+Ry), 6 (b+a+ R} .6 (b+R,)}
— min{max {6[(a+ R,) + b+ R,)], 6[(b+R,) + (a+ B} 6 (b+R,)}

Thus, ¢ is a k-fuzzy ideal.
(ili) For any a + R, b+ R, € Ri; such that R, # b+ R,,, for all a,b € R, then

=b¢ R, = p(b) #p(0)
=b#0.

So 0 # b € R. Since p is a §—Euclidean fuzzy k-ideal of R, then there exist
elements ¢, € R such that a = bg + r where » = 0 or else max{u(r),0(r)} >

max {1 (8) 0 (b)}.

a=bq+r
a+R,=bg+r+R,
a+ R, = (bg+ Ry) + (r + Ry)
a+R,=(0b+R,)(q+R,)+(r+R,)

Ifr =0thenr+R, =0+R,,thusr+R, = R, Forallr,q € R,thenr+R,,,q+R, €

R

R,
Let 7+ R, = 7 If n(z) = 7" and n(r) =  then n(z—r) = 0. This means
z—r € kern. we get 0 (z) =6 (r). Thus

n (6) (r'> = U {9(2) |z en™? (7"/>} =0(r).
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If max {u(r),0(r)} > max{u(b),0(b)} , then

max {¢ (r + Ry,) ,n (0) (")} = max {¢ (b+ Ry),n (0) ().}
Thus

max {¢ (r+ R,),0" (r+ R,)} >max{¢(b+ R,),0" (b+ R,)}.
Hence, p is 8*—Euclidean fuzzy k-ideal from Ri; to [0,1] .
Also, for all a € p,pu(a) = ¢(a+R,) = ¢(n(a)) = (pon)(a). It means that
1 = ¢on. Now, we need to show that this factorization is unique. Suppose ¢’on = pu,
for some other 6* (= n (0)) —Euclidean fuzzy k-ideal ¢ : Ri; —[0,1].
Ifa+R, € Rﬂ , then
¢la+Ry)=p(a)=(¢'on)(a) =4 (a+ Ry),

for all @ € R. Thus ¢ = ¢ . Hence, is unique 6* (=n(0)) — Euclidean fuzzy
k-ideal from Riu into [0,1] with the property that u = ¢ on.

Corollary 9. Let p be a 60— FEuclidean fuzzy k-idealn : R — Ri“ be the natural
homomorphism.. Suppose that 0 (a) = 6 (b) when a — b € kern . Then there exists

a 0*— Euclidean fuzzy k-ideal from % —10,1].

Proof: Since u : R — [0,1] is a §—Euclidean fuzzy k-ideal from Theorem 8,

o 1% — [0,1] is a §*—Euclidean fuzzy k-ideal . Also, the semirings % and Riu are
isomorphic. So there exists a 8*—Euclidean fuzzy k-ideal from % to [0,1].
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