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Abstract. This paper studies the effect of time delay and harvesting on
the dynamics of the predator - prey model with atime delay in the growth
rate of the prey eguation. The predator and prey are then harvested with
constant rates. The constant rates may drive the model to one, two, or
none positive equilibrium points. When there exist two positive equilib-
rium points, one of them is possibly stable. In the case of the constant
rates are quite small and the equilibrium point is not stable, an asymptot-
ically stable limit cycle occurs. The result showed that the time delay can
induce instability of the stable equilibrium point, Hopf bifurcation and
stability switches.
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1. INTRODUCTION

The Lotka-Volterra model is one of the earliest predator-prey models to be based on
sound mathematical principles. It forms the basis of many models used today in the anal-
ysis of population dynamics and is one of the most popular models in mathematical ecol-
ogy. In both the analysis and experiment, the predator and prey can coexist by reducing
the frequency of contact between them, Luckinbill [13]. In the context of predator-prey
interaction, some studies that treat population can be extended by considering harvesting,
stocking, diffusion, and time delay. In the model with harvesting, some studies relate the
population to the economic problems. The time delay is considered into the population
dynamics when the rate of change of the population is not only a function of the present
population but also depends on the past population.

One predator-one prey system in Hogart et a. [10] where both the predator and prey are

harvested with constant yield has been considered and the stability at maximum sustain-

ableyield is established. Martin and Ruan [14] have analyzed generalized Gause predator-

prey models where the prey is harvested with constant rate while Kar [12] considered the
37



38 Syamsuddin Toaha and Malik Abu Hassan

predator-prey model with the predator harvested and suggested that it isideal to study the
combined harvesting of predator and prey population models. The effect of constant rate
of harvesting has been studied by Holmberg [11] and the results showed that the constant
catch quota can lead to both oscillations and chaos and an increased risk for over exploita-
tion. While the effects on population size and yield of different levels of harvesting of a
predator in a predator-prey system have been explored by Matsuda and Abrams [15] and
showed that the predator may increase in population size with increasing £shing effort.

Brauer and Soudack [3] have analyzed the global behavior of a predator-prey system
under constant rate predator harvesting. They showed how to classify the possibilities and
determine the region of stability. They found that if the equilibrium point is asymptotically
stable, which is determined by alocal linearization, then every solution whoseinitial value
isin some neighborhood of the stable equilibrium point tends to it as the time approaches
inEnity. There exists an asymptotically stable limit cycle when the constant rate is small
and the equilibrium point is unstable. A predator-prey model with Holling type using
harvesting efforts as control has been presented by Srinivasu et al. [17] and showed that
with harvesting, it is possible to break the cyclic behavior of the system and introduces a
globally stable limit cycle in the system.

The effect of constant rate of harvesting on the dynamics of predator-prey systems has
been investigated by many authors, see, for example, Brauer and Soudack [2, 4], Myer-
scough et al. [16], Dai and Tang [7], Xiao and Ruan [18]. Some interesting dynamical
behaviors have been observed such as the stability of the equilibria, existence of Hopf bi-
furcation and limit cycles. It is aso observed that in some cases, before a catastrophic
harvest rate is reached the effect of harvesting is to stabilize the equilibrium point of the
population system. In this paper we present a deterministic and continuous model for
predator - prey population based on Lotka - Volterra model which is extended by incor-
porating time delay and constant rates of harvesting of both populations. The objective of
this paper is to study the combined effects of harvesting and time delay on the dynamics
of predator-prey model.

2. THE PREDATOR - PREY POPULATION MODEL

We consider apredator - prey model based on Lotka - Volterramodel with one predator
and one prey populations. The model for the rate of change of prey population (z) and
predator population (y) is

dx x

ar S

g ra( K) axy

dy

= = — . 2.1
pr cy + Bry (21)

The model includes parameter K, the carrying capacity, for the prey population in the
absence of the predator. The parameter r is the intrinsic growth rate of the prey, c is the
mortality rate if the predator without prey, oo measures the rate of consumption of prey by
the predator, 3 measures the conversion of prey consumed into the predator reproduction
rate. All the parameters are assumed to be positive.

The equilibrium pointsof model (2.1) are (0, 0), (K, 0) and E* = (2*,y*) = (§, “E029),
In order to get a positive equilibrium point we assume that K3 — ¢ > 0. The Jacobian

matrix of model (2.1) takes the form

J— r—%—ay —ax .
By —c+ bx
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The characteristic equation of the Jacobian matrix J at the equilibrium point E* is
f) = A2+g—§(>\+§—§((ﬁK—c) and the eigenval ues have negativereal parts. It meansthat
the equilibrium points E* islocally asymptotically stable. Furthermore, since K3 —¢ > 0
then the equilibrium point £* is also globally asymptotically stable, see Ho and Ou [9].

3. THE PREDATOR-PREY MODEL WITH TIME DELAY AND CONSTANT RATE OF
HARVESTING

We consider the predator and prey populations of model (2.1) where both populations
are subjected to a constant rate of harvesting. Before we go to the model with time delay,
we need to analyze the stability of the equilibrium point of the model without time delay.
The model without time delay is

d

d_?; = z(r—bxr—ay)— H,

d

d—ZZ = y(—c+pzx)— Hy, (3.1
wherer, b = , o, ¢, 3, H,, H, are positive constants. The constants . and H,, denote

the rate of harvesting for the populations = and y respectively.
By setting 42 = 0 and % = ( then we have the relations

x(r—br—ay) = H, (3.2
y(—c+ pz) = H,. (3.3)

From (3.2) we have y = % which follows that 2 — 4bH, should be positive in
order to get the equilibrium point in the positive quadrant. Hence we have to assume that

2

H, < ;. Since H,, is positive, then from (3.3) we should assume that = > %.

¥

FIGURE 1. Phase plane and directions of the trgjectories

From the phase plane, we know that it is possible to get two, one or no equilibrium
points, Figure 1. There are two positive equilibrium points of the model when
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bBx3® — (rf + be)ax® + (H,B + Hya + rc)x — Hye < 0, for some positive z > 5. Let
the two equilibrium pointsbe E; = (21, y1) and E2 = (x2,y2). The equilibrium point £4
is possible to be asymptotically stable, while the equilibrium point Es is not stable, itisa
saddle point.

To analyze the stability of the equilibrium point £ we linearize the model around the
equilibrium point £, . The Jacobian matrix of the model is

J:<r—2bx—ay —azr )

By —c+ Pz
The characteristic equation of the Jacobian matrix at this point is
N —(P+8SA+PS+QR=0, (3.4)

where

P = r—2bx; — ay,

Q = ax,

R = py;, and

S = —c+ Bx1.

Then the equilibrium point E; is asymptotically stable when PS + QR > 0 and
P+S<O0.

Example 1. Consider model (3.1) with parametersr = 1, b = 0.01, « = 1, ¢ = 0.3,
8 =0.05, H, = 0.01, and H,, = 0.02. The equilibrium points of the mode! in the positive
quadrant are E; = (6.42819,0.93416) and E, = (99.56243,0.00428). The eigenvalues
associated with the equilibrium point £, are —0.02066 + 0.54633¢ and the eigenvalues
associated with equilibrium point Fs are —0.99177 and 4.67437. This reveals that the
equilibrium point £ is asymptotically stable while the eguilibrium point Es is a saddle
point and unstable.

Example2. Consider again model (3.1) with parametersr = 1,6 = 0.01,a = 1,¢ = 0.3,
8 =0.05, H, = 0.1, and H, = 0.2. There are two equilibrium points of the model in the
positive quadrant, they are, £y = (10.51819,0.88531) and Fy = (95.42203,0.04473).
The equilibrium point £, has eigenvalues —0.06512 + 0.66313: and the equilibrium point
E5 has eigenvalues —0.91354 and 4.43147. This means that both equilibrium points are
not stable.

From Examples 1 and 2 we know that the equilibrium E; may be astable or an unstable
equilibrium point. It depends on the values of the parameters and the level of constant
rate of harvesting. Apparently, the equilibrium point £ tendsto the equilibrium point £*
when the harvesting function H,, and H,, approach zero. If the equilibrium point £~ for the
non-harvesting model is asymptotically stable, then the eigenvalues of the Jacobian matrix
of the linearized system have negative real parts. Since the eigenvalues are continuous in
H, and H,, theequilibrium point £, isasymptotically stablefor sufEciently small H, > 0
and H, > 0. Onthe other hand, when the equilibrium point £ is unstable, there exists an
asymptotically stablelimit cycle. Theory of perturbation of periodic solutions, Coddington
and Levinson [5], shows that there is an asymptotically stable limit cyclefor small H, > 0
and H, > 0. Thus, the qualitative behavior of the system for i, = 0 and H,, = 0 carries
over tosmall H, > 0and H, > 0.
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Now we consider the predator - prey population model with time delay and constant
rate of harvesting. Both predator and prey populations are subjected to constant rate of
harvesting. The model is

d“’:l(tt) ra(t) — ba(t)a(t — 1) — ax(t)y(t) — H,,
di—iﬂ = —cy(t) + Bx(t)y(t) — Hy. (39

A predator-prey model with time delays in the growth rate of the predator population
and the prey harvested with constant rate has been analyzed by Martin and Ruan [14].
They showed that the time delays can induce instability, oscillations via Hopf bifurcation
and switching stability.

To linearize the model about the equilibrium point £, of model (3.5), let
u(t) = z(t) — z1 and v(t) = y(t) — y1. We then obtain the linearized model

u(t) = (r—bzry —ayr)u(t) — briu(t — 1) — aziv(t)
o(t) = Pyiu(t) + (—c+ Bzi)vu(?). (3.6)
From the linearized model we obtain the characteristic equation
ANT) = X2 +ade™ —agh — aze ™™ + ay, (3.7)
where

ar = bx
a = r—c—bry+ Pr1—ay
as = —bcri+ bﬂx%, and
ay = -—-rc+afry+ becxry+ bﬁx% — acy;.

For 7 = 0, the characteristic equation (3.7) becomes A% + (a; — a2)\ — a3 — a4 =
0. This characteristic equation is the same with the characteristic equation (3.7). The
eigenvalues of the characteristic equation are either real and negative or complex conjugate
with negative real partsif and only if

ap—ax >0 and —az+as>0. (3.8)

Hence, in the absence of time delay, the equilibrium point £, islocaly asymptotically
stableif and only if both conditionsa; — as > 0 and —a3 + a4 > 0 are satisted.

Now for 7 #£ 0, if A = iw, w > 0, isaroot for the characteristic equation (3.7), then
we have

w? + ajiw cos(wT) + aywsin(wT) — aziw — az cos(wr) + azisin(wr) + ay = 0.
Separating the real and imaginary parts, we get
—w? 4 a4 + aywsin(wr) — agcos(wr) =
—aow + ajw cos(wT) + agsin(wr) = 0,
or equivalently

—w?4ay = —aywsin(wr) + azcos(wr)

asw = aywcos(wr) + azsin(wT). (39
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Squaring both sides gives
w* — 2a40% + a2 = alw? sin®(wr) — 2a;1a3w sin(wT) cos(wT) + a3 cos? (wT)

a3w? = alw? cos? (wr) + 2a;1azw sin(wr) cos(wr) + a3 sin?(wT).

Adding both equations and regrouping by powers of w, we obtain the following fourth
degree polynomial

w* — (a? + 2a4 — a3)w? + a2 — a2 = 0. (3.10)

Then we obtain

1
5{(@? +2a4 —a3) + \/(a% + 2a4 — a3)? — 4(aj — a?)}. (3.11)

From the equation (3.11), it follows that if

W2 =

a3 —2a4 —ai >0 and aj —a3 >0, (312
then the equation (3.10) does not have any real solutions.

To £nd the necessary and suffcient conditions for nonexistence of time delay induced
instability, we now use the following theorem.

Theorem 3. (Kar, [12]). A set of necessary and suffcient conditions for an equilibrium
point (x.,y.) to be asymptotically stablefor all 7 > 0 is

(1) Thereal parts of all the roots of A(X,0) = 0 are negative,

(2) Forallreal wand ™ > 0, A(iw, ) # 0, wherei = /—1.

Theorem 4. If conditions (3.8), (3.12) and Theorem 3 are satisEed, then the equilibrium
point F; islocally asymptotically stable for all 7 > 0.

Again, if
ai — a3>0,a3—2a,—a?<0, and
(a3 — 2a4—a3)? > 4(a] —a3), (3.13)

hold, then there are two positive solutions of w?%. Substituting w? into equation (3.9) and
solving for 7, we obtain

w4 (a1w? — ajaq + azaz) 2km

+
4k —0,1,2,---. (314
ajasw?i + az(ay — wl) } Wy (3.14)

1
7, = — arctan{
w4t

Differentiating equation (3.7) with respect to 7, we obtain

2\ —as + are™ — (a1 X — age’)‘T))% = Mai\ —az)e 7,
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therefore
(@)71: 2\ — as n ai T
dr Mar A —az)e=™™  Aagh —az) A
From equation (3.7), we have e =" = W Then we obtain
(@)_1: 2)\—(12 + aq _z
dr A2 —agX —ag)  Magh—a3z) A
_ A—a a T
(%) ! = 7)\()\%70.2?\7044) + )\(al)\lfag) - X.
Thus,
d(ReA . dA, _
p BN eire(2)

2\ — as ai

— sign{R Lo Re(—— ),
sign{Rel T 1an = TR G —ag

-7

+ Re(T)A:w}

. 21w — a9 ai
sign{Re( —iw(—w? — agiw + a4)) e iw(ayiw — (13))
—T
+ Re(ﬁ)}
in{ a3 + 2w? — 2ay a? )
= sign — .
B2+ (o’ +an)?  ale? f a3

From equation (3.10), we know that
aw? + a3 = w* + (a2 — 2a4)w? + a2 = adw? + (—w? + a4)?,

then we obtain

sign{ d(Rel) s — sign{ a% + 202 — 2ay _ a% )
dr - adw? + (—w? + a4)?  adw? + (—w? + a4)?
= sign{2w? — (a? + 2a4 — a3)}. (3.15)

Theorem 5. Let T,jf be defned by equation (3.14). If the conditions (3.7) and (3.13) are
satisEed, then the equilibrium point £, is stablewhen r € [0, 7,7) U(7y , 77 ) U

~U(r, 4, 74) and unstable when 7 € [, 7, )U(r o )U - Um0 ), for
some piositive integer m. Therefore there are bifurcations at the equilibrium point £, when
T=7.,k=0,12,---.

Proof. Since the conditions (3.8) and (3.13) are satisEed, then to prove the theorem we
need only to verify the transversality conditions, see Cushing [6],

d(Re) d(Re)
(e)\:+>0 and (e)\:7<0,
dr Tk dr "=k
d(SfA)LZiT;’ >0 and d(S$A)|T:iTk_ <0.

From (3.15) and (3.11), it follows that
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d(Re))

sign{ baciw, = sign{2w? — (a] +2a4 —a3)}
= Sign{\/(a% + 2a4 — a3)? — 4(aj — a3?)},
therefore,
d(ReA
( ¢ )| _ __+>0,
dr W=Wy , T=Ty
wlw:uuﬂ‘r:ﬂj > 0.
Again,
. d(Re) .
sign{ (dT )},\ziwf = sign{2w? — (a 4+ 2a4 —a3)}
= sign{—\/(a% +2a4 — a2)? — 4(a3 — a3?2)},
therefore,
d(ReX)
- <0
dr |w:o.;_,7':‘r,C <
Hence, the transversality conditions are satisEed. This completes the proof. O

Example 6. Consider model (3.5) with parametersr = 3.5, b = 0.04, a = 1, ¢ = 0.3,
8 = 0.05, H, = 0.02, and H, = 0.01. The equilibrium point of the model is £; =
(6.06146, 3.25424). For 7 = 0, the Jacobian matrix of the model associated with the
equilibrium point has eigenvalues —0.11804 + 0.98570:. This means that the equilibrium
point of the model without timedelay is stable. The conditions (3.8) and (3.13) are satisEed.
Some trajectories of «(t) and y(t) with various time delays are given in Figures 2, 3, and
4.

From Figures 2a and 2b with time delay = = 1.2, the equilibrium point
(6.06146,3.25424) is stable. Figures 3a and 3b with time delay 7 = 1.53 show that the
equilibrium point (6.06146, 3.25424) is unstable. The £rst critical value of time delay is
T = Tgr = 1.37941. When 7 < 1.37941, the equilibrium point (6.06146, 3.25424) is
asymptotically stable; when 7 = 1.37941 the equilibrium point (6.06146, 3.25424) loses
itsstahility; and when + > 1.37941 but less then the second critical value of time delay, the
equilibrium point (6.06146, 3.25424) becomes unstable and thereis a bifurcating periodic
solution, see Figure 4. Following Theorem 5 we have

T = 1.37941, Ty = 5.39314,
T = 6.98104, 7, = 12.53884,
= 12.58266, 7y, = 19.68453,
5 = 18.68453, and T, = 26.83023.

Then we have 2 stability switches from stability to instability and to stability.
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FIGURE 2a. Trgjectory of prey with z(0) = 6.0715and 7 = 1.2
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FIGURE 2b. Trgjectory of predator with y(0) = 3.2642 and 7 = 1.2

4. DISCUSSION

In the analysis of the positive equilibrium point of model (3.1), it is quite dif£cult to
determine the value of the equilibrium points analytically. We just state that there exists
either one, or two, or none positive equilibrium points by inspection the phase plane of the
model. In the case of two positive equilibrium points occur, one of the equilibrium point
is possibly stable and the other is a saddle point. In this paper, we just analyze the case
of there exist two positive equilibrium points and focus on analyzing the effect of the time
delay on the stable equilibrium point. Actually we may also try to analyze the effect of the
time delay on the stability of the unstable equilibrium point.
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FIGURE 3b. Tragjectory of predator with y(0) = 3.2642 and 7 = 1.53

Thereis till alot of work to do in the predator-prey models with time delay and har-
vesting. For example, it would be interesting to consider time delay and harvesting in gen-
eralized Gause-type predator-prey model and in some another generalized predator-prey
models as in Martin and Ruan [14]. It would also be interesting to study the Wangersky-
Cunningham model with some delaysin both the predator and prey model asinthe Bartlett's

model, see Bartlett [1] and Hasting [8].
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