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ZENO’S ARROW IN IMPOSINFIBLE
SPACE AND TIME
F. A. SHAMSI"

- So many philosophers had already written on Zeno’s paradoxes
of motion that in his article published in 1885, in which he made
quite an important contribution, Victor Brochard had to begin with an
apology for writing that article.' And the number of philosophers
who have since undertaken a consideration of these paradoxes is
legion.” Nevertheless, it seems that there is some room for further
consideration.

Motion and rest are phenomena that are directly experienced and
intuitively apprehended by us, and although space and time as such
do seem to be involved in such apprehension, the nature of the
composition or structure of space or time does not appear to be
involved at all. In fact, Professor Jonathan Barnes maintains that his
discussion of the Arrow has shown the falsity of the supposition that
this ‘paradox carries with it some philosophical theory about the
nature of time’ and is contemptuous of Zeno’s commentators who
‘rf:%ularly adduce rival theories in the course of their reflections upon
it’,” and Professor Malcolm Schofield holds that “His argument (i.e.,
Zeno’s Arrow) requires no determinate assumption about the
structure of space and time.”* We hope that in this article we shall
conclusively see that theories about the structure of space and time
are not only relevant to a discussion of the Arrow, they in fact
determine the answers to the questions involved in this argument.

Before we proceed any further, let us first define the terms
which must be used in very precise senses.

The view that space and time are constituted of indivisible
elements is and shall be referred to as the ‘atomistic hypothesis’. The
view that space and time are divisible ad infinitum is designated the
‘infinite divisibility hypothesis’, and will here be abbreviated as
‘infibility hypothesis’. The view that there are indivisible,

Dr. F. A. Shémsi, Formerly Professor, Department of Philosophy, Karachi
University, Karachi (Pakistan).



12 F. A. Shamsi

magnitudeless points and instants, a non-denumerable infinity of
which constitutes any spatial/temporal interval shall be called the
‘infinzer-atomicity hypothesis’. The view that there are indivisible
elements of space and time each of which is of unit magnitude and
any (finite) spatial or temporal interval is composed of a finitude of
them shall be referred to as the ‘finpos-atomicity hypothesis’. The
view that space and time are infinitely divisible and there is nothing
spatial or temporal which is not a component of space or time shall
be called the ‘imposinfibility hypothesis’. (We may put it this way.
The hypothesis that (i) for any value of x, if x is a part of space or
time then x is divisible, and (ii) for any value of x, if x is a spatial or
temporal term, then there is a y such that y is a part of space/time and
y is the referent of x, is said to be the imposinfibility hypothesis.) The
view that space and time are infinitely divisible and that there are
points and instants each of which is magnitudeless and is a potential
boundary between any two consecutive spatial/temporal intervals
shall be referred to as the ‘posinfibility hypothesis’. (We have not
considered it worthwhile to mention the hypothesis of infinitesimal
magnitudes because it has been discarded by the 20™ century
mathematicians.)

We thus have four prima facie viable hypotheses about the
structure of space and time, and Zeno’s paradoxes have to be
examined on each of these hypotheses. '

In this article we are examining one of Zeno’s paradoxes,
namely, the Arrow Argument — to the effect that at any time during
its flight the arrow must occupy a space equal to its volume, but to
occupy a space equal to one’s volume at any time is to be at rest at
that time, and hence, the arrow in flight is throughout at rest. — on
one of the four possible hypotheses, namely, on the hypothesis that
space and time are imposinfible in structure. (We hope to examine
the Arrow Argument on the other three hypotheses in other articles.)

The imposinfibility hypothesis is the pristine form of the
hypothesis of infibility of space and time to which two recent
philosophers, A. G. Walker and C. L. Hamblin, appear to subscribe.®
Hamblin has worked out a ‘logic of intervals’ (i.e., the various
relations in which intervals of time stand to one another) totally
independently of the notion of a magnitudeless and indivisible
instant, in fact, he has defined the relation between instants in terms
of relations between intervals;’ and this supplies a logically
satisfactory foundation to the imposinfibility hypothesis. Hamblin
seems to regard this hypothesis as better than the modem
mathematico-physical hypothesis of infinzer-atomicity of space and
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time.® David Hume’s critique of infibility makes sense only 1f it is
regarded as directed against the hypothesis of imposinfibility.” The
claim made by Henri Bergson and Theodor Gomperz that a body in
motion does not occupy any space or coincide with anything
immobile'® — a view flatly in contradiction with commonsense and
the opinion of all other Phllosophers,” a view held by Earl Russell to
be plainly paradox1cal and dubbed by Vere Chappell as pre-
philosophical® — as we shall presently see, is true on the
imposinfibility hypothesis, and, as such, this article may be regarded
as an interpretation and justification of this view. A. P. Ushenko and
Milic Capek, two recent philosophers, also deny that a body in
motion occupies a space, but they do this on the supposed scientific
fact that the corpuscular theory has been discredited, and that the
mobile body gets diffused into something like a cloud." It is
contended that both of them consciously or unconsciously adopted
the imposinfibility hypothesis, but also shared in the general belief
that a body must ever occupy a space whether at rest or in motion,
and seeing that a body in motion (on the imposinfibility hypothesis)
could not be located in a proper place'® in any part of the period of its
motion, thought that the only rational alternative was to regard the
mobile body as having ceased to be a body given in a determinate
volume of space, and as having been diffused in an indeterminate
region of space. The imposinfibility hypothesis, moreover, has the
virtue that, if one adopts it, Zeno’s Arrow is clearly and indisputably
seen to be fallacious, and it is also clearly and incontrovertibly seen
as to which of Zeno’s premises is/are false — a virtue which has so far
eluded the other viable hypotheses.

I

On the hypothesis of imposinfibility of space and time, intervals
of space and time are divisible into components of shorter and shorter
magnitudes, and no indivisibles of any kind or sort are or can in any
manner be contained or occur in any interval of space or time. In
particular, ‘time’ and ‘times’ and ‘place’ can refer only to finite
stretches of space or time; hence, if ‘moment’, ‘now’, ‘instant’ and
‘point’ etc. are assumed to be spatial and temporal terms, then these
must refer to lengths of space and periods of time and thus be words
like ‘minute’ and ‘yard’ standing for some measure of space or time,
and if these are not supposed to refer to spatial or temporal intervals
then these cannot be spatial or temporal terms at all — these must be
descriptively functionless.

We shall therefore take the following propositions as
axiomatically true:
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There are intervals of space and time.

For any value of x, if x is an interval of space or time then x
is divisible.
For any value of x, if x is a spatial or temporal term, then

there is a y such that y is an interval of space or time (as the
case may be) and y is the referent of x.

For any value of x, ‘at place x’ and ° at time x’ mean the
same as ‘in spatial interval x” and ‘during period of time x’,
respectively.

We shall moreover take the following propositions as postulates.
These are entailed by the imposinfibility hypothesis or are required
by Zeno’s argument:

M

(1D

(1)
Iv)

V)

(VD)

For any values of B and ¢, if B is a.body and ¢ is a period
of time, then ‘B exists during #’, means the same as ‘there
is an s such that s is an interval of space and B is in s
during £’.

‘B is in motion during ¢’ implies ‘B is in existence during
t,
“To be in space x’ means the same as ‘to occupy x’.

Nothing can ever occupy a space greater than its own
volume.

Nothing can ever occupy a space less than its own
volume.

‘To be at rest during a given period of time £ means ‘to
remain in the same proper place'” throughout ¢,

(VII) ‘Body B is in continuous motion during (the period of

time) £’ implies ‘For any value of x, if x is a part of ¢, then
B is in motion during x’.

(VIID) For any value of x, if x is a period of time and a given

(IX)

X)

body B is in existence during x, then B is either at rest or
in motion during x.'®

‘For any value of x, if x is a part of a period of time ¢, then

body B is at rest at x implies ‘B is at rest throughout #."”

‘To be in motion during x’ means the same as ‘to traverse
a distance during x’.
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(XI) Body 4 is in continuous motion during the period of time
L.

11
We may now present Zeno’s Arrow Argument' as follows:

(T.1) [From I, II, III, IV, V and XI] At any time during ¢,, 4
occupies a proper place (a place equal to itself). -

(T.2) [From I, I1I, VIII and X] ‘To occupy a proper place at any
time #’"is ‘to be at rest at time £’.

(T.3) [From IX, T.1, and T.2] 4 is (throughout) at rest during ¢,.

(T.4) [From XI, and T.3] 4 is both in (continuous) motion and
(throughout) at rest during ¢,.

I

Zeno’s main thesis, that at any time during z,, 4 occupies a space
equal to its volume (T.1), is based upon propositions which appear to
be only too true and which we have accepted as postulates. From XI
and II we conclude that 4 is in existence during ¢,. It follows, via I,
that 4 is in a space x during t,, and, via III, that 4 occupies a space x
during the period ¢,.. Now, since at no time can 4 occupy a space
greater than its volume (IV) or a space less than its volume (V), it
follows that the x which 4 occupies at any time during #, must be
equal to 4’s volume, or, in Aristotle’s words, must be a proper place
of A. In other words, Proposition T.1 has been validly deduced. Now,
as we shall see in the sequel, if Proposition T.1 is granted then T.2 (to
occupy a proper place at any time ¢ is to be at rest at £) and T.3 (4 is

- at rest during ¢,), and hence, T.4 (4 is both in continuous motion and-
throughout at rest during ¢,) would follow of necessity. This means
that we have to have a more careful look at T.1, and, consequently, at
the postulates from which it has been derived.

First of all, it is required to examine Postulate IV to the effect
that nothing can ever occupy a space greater than its own volume,
since Professor Max Black holds that (1) the expression ‘to occupy a
space’ is ambiguous and may mean one of three things, (i) the space
reserved by a body during a period of its motion (by which Black
means a space equal to the body’s volume plus the space through
which the body moves during the given period of time, which he also
calls the least space to which a body is confined during a period of
time), or (ii) the space held by a body during a given period of time
(by which Black means the one and the same space taken up by a
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body at rest throughout the given period), or (iii) the space which
marks the extension of the body, or, in other words, the space with
which a body is coincident or congruent, and that (2) the space
reserved by a body during any period is necessarily greater than or
equal to that body, always greater than the body in any period during
which the body is in motion.'® If Black is right then the postulate that
nothing can ever occupy a space greater than its volume is false, and
Zeno’s claim that at any time during ¢, the arrow occupies a space
equal to itself (T.1), which is based on this postulate, is false: in any
part of the period during which the arrow is in continuous motion, it
occupies or reserves a space greater than its volume. If so, we may
even take occupation of a space greater than one’s volume during any
period as definitory of the body’s being in motion: a body B is in
motion during a period of time ¢, if and only if B reserves a space
greater than itself during ¢, or, in other words, if and only if the least
space to which B is confined during # is greater than the volume of B.
Thus, if Black is right, Zeno stands refuted: at no time during ¢, does
the arrow occupy a space equal to itself; in any sub-period of ¢, the
arrow occupies a space greater than its volume. In other words,
Postulate IV must be given up, and with it T.1.

Professor Max Black has indeed given us a very useful concept
that of the least space to which a body in motion is confined during a
given period or the space it reserves during that period. It is now
required to give a more precise definition of that concept than we
have given above. Let there be a straight track / along which a body
B moves. At an instant m;, B occupies a volume of space p; which
has /| as its length. During a given period of time # body B traverses a
distance /, and at instant m, B comes to occupy volume p, which has
a length of /. Instants m, and m, are the end-points of ¢, and /, is the
distance between the foremost tips of p; and p;. Then the least space
to which B is confined during ¢ is a cylindrical volume s having a
length equal to /; + L. This notion, in all its details, is not applicable
to imposinfible space and time. For, there are no such things as
indivisible moments if time is imposinfible in character, However, an
analogous definition of being confined to a space during a period of
time can be formulated. Let us assume that the body, B, occupies p,
during the period of time #,, moves during the following period of #,,
and occupies p; during the following period of #;. Then s is the least
space to which B is confined during ¢,.

The above definition assumes that B is at rest during #, as well as
during #;. (No other analogous definition is possible on the
imposinfibility hypothesis.) Hence, it is evident, the concept of being
confined to a least space has only a restricted usefulness on the
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imposinfibility hypothesis. If 7 is a period of time, and B is assumed
to be in continuous motion during ¢, then, unless B is at rest during a
period that precedes ¢ as well as during a period that succeeds ¢, there
is no means whereby the least space to which B is confined during ¢
can be determined. Thus, we cannot say to what least space Jupiter
remained confined during the year 1993, or during the 28™ of July,
1994 even though both the volume and the orbit of Jupiter (and,
hence, the least space to which it ever remains confined) be known.
For, the position at 0.00 O’clock on 1.1.1993 or on 28.7.1994 cannot
be determined. To be able to determine the least space to which
Jupiter remained confined during 1993 or during the 28™ of July,
1994, we shall have to repudiate the imposinfibility hypothesis and
embrace one of the other three hypotheses and confront the problems
that arise on that hypothesis.

On the imposinfibility hypothesis, therefore, Max Black’s
refutation of Zeno is only partial. With regard to periods of time ¢ that
are immediately preceded and followed by periods of motion, it
cannot be determined whether the body occupies a space equal to its
extension or greater or less than itself. In other words, to periods such
as ¢ the concept of the least space to which a body is confined is not
applicable at all, if one has adopted the hypothesis of imposinfibility.

A modern supporter of Eleaticism can go even further. He may
say that even if the fact that Max Black’s refutation is only partial is
overlooked, there remains the objection that Black’s victory is only a
verbal victory and commits the fallacy of the strawman. [The fact is
that Max Black was not proceeding on the imposinfibility
hypothesis.] The primary and the proper meaning of the expression
‘to occupy a space’ or ‘to take up room’ is that of occupying a proper
place or a space equal to one’s volume, and in this sense, Max Black
cannot claim that a body occupies a space greater than its volume.
The expression ‘to be in a space’ can perhaps be said to have the
three meanings of reserving, holding and coinciding with a given
space, and Max Black would have been better advised to claim that
‘Body B is in space x during time # means the same as ‘B reserves, or
holds, or occupies, x during #’. However, the linguistic question is of
no import here. Zeno has only to adopt Black’s terminology and
rephrase his proposition: At any time during ¢, the arrow occupies a
space in Black’s third sense of occupying a space which he found so
illusive and difficult to define because he had tried to widen the
notion of occupying a space which, in ordinary parlance, has the
clear and precise meaning of occupying a space equal to one’s
volume, or coinciding or being congruent with a space equal to
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oneself. In this sense Postulate IV is self-evident: nothing can ever
coincide with or be congruent with a space greater than its extension.

In ordinary parlance, when a body is said to be ‘in a space’ it is
implied that it occupies a space equal to its volume.'® But, it is also
said that ‘He is in the house’ and ‘She is in Canada.” Hence, ‘B is in
space x during ¢’ can be made to bear each of the three meanings of
reserving, holding or occupying x during ¢, as well as the fourth
meaning of ‘B is in x during ¢, if B occupies or is in y during ¢ and y is
a part of x’. If so, it would seem that the offending postulate is
Postulate III, ‘to be in space x” means the same as ‘to occupy x’. If to
occupy x implies to have the extension of x, and to be in space x may
mean to reserve x during ¢, then the claim that ‘to be in space x’
means the same as ‘to occupy x’ is quite manifestly false. The
difficulty, however, is that even if this Postulate is rejected, Zeno
does not stand refuted on the imposinfibility hypothesis. Zeno would
agree to abandoning Postulate III, but would ask us to slightly
rephrase Postulate I to read

For any value of B and ¢, if B is a body and ¢ is a period of
time, then ‘B exists during #’ means the same as ‘there is an
s such that s is an interval of space and B occupies s during
t (in Black’s third sense of occupying a space).’

Then T.1 would remain valid, although it would now be deduced
from Postulates (reformulated) I, II, IV, V and XI.

The above reformulation of Postulate I, however, makes us
immediately suspect it as the offending postulate which leads to the
absurd conclusion that the arrow is at rest during the period of its
flight. The proposition ‘there is an s such that s is an interval of space
and B occupies s during ¢ actually means ‘there is an s such that s is
an interval of space and B occupies s throughout # which is
equivalent to ‘there is an s such that s is an interval of space, and B
coincides and is congruent with s throughout t* which cannot but
mean ‘B is at rest at (i.e, during) . In other words, (the
reformulated) Postulate I says that to exist is to be at rest which is in
flagrant contradiction with the self-evident Postulate VIII to the
effect that a body may be at rest or in motion in any period during
which it exists.

We now clearly see that Proposition T.1 either leads to an
impossible demand — viz., that 4 should be, contra hypothesis, at rest
at any time ¢ during ¢, (where time ¢ is of necessity a sub-interval of t,
as per Axiom 3, and, as such, divisible as per Axiom 1) — or it is quite
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unintelligible (when time t is assumed, contra Axiom 3, to be an
indivisible something).

The word ‘time’, if it is really to be a temporal term, must on the
present hypothesis refer to a component of time which is both
magnitudinous and divisible; but if it does not refer to a component
of time then it cannot be a temporal term, and in that case Proposition
T.1 would be an unintelligible jumble of words. If ‘time” in T.1 is to
be a temporal term, then, as we shall presently see, a body in motion
cannot occupy any space at (or, rather, during) any time: on the
present hypothesis, a body in motion is literally just nowhere during
any part of the period of time for which it is in motion, and hence for
a thing to exist it is by no means necessary that it should coincide
with or occupy some space, that it should be somewhere; all that is
necessary for a body to exist is that it should either occupy some
place or be in motion in some specifiable region of space. The reason
is very simple: on the imposinfibility hypothesis, there being only
periods and sub-periods of time (and each such period and sub-period
being in principle divisible), the demand that the body in motion
should occupy or coincide with some space during some part of the
period of its motion is the demand that for some sub-period of the
period in question the body should remain in the same place, which
(on the present hypothesis) can only mean that, contra hypothesis, the
body should not be in motion during that sub-period of time.

To be able to clearly see the validity of the claim made above,
let us suppose that the arrow moves in a closed room from one wall
to the other. Let the arrow start from a state of rest and let it once
again replace into the same state after having crossed the room. Now,
during the interval of time it is in motion, it is nowhere outside the
room; before and after its flight, it is indubitably somewhere in the
room, and, is nowhere outside the room. Now, if during the period of
its flight it is supposed to be nowhere, then two questions appear to
suggest themselves. Firstly, what happens to the arrow when
supposed to be in motion? Does it continue to exist? If so, where?
Inside or outside the room? Secondly, is there any essential difference
between saying that the arrow (when in flight) is nowhere outside the
room and saying that it is nowhere inside the room?

To begin with, we are unable to accept that the arrow goes out
of existence altogether when in a state of motion. What is supposed
to be in a state of motion, if not the arrow? And if the arrow becomes
non-existent, how is it that it nevertheless is in a state of motion? Are
‘to be’ and ‘to be in a state of motion’ contradictories of each other?
In fact, the arrow continues to exist, and, therefore, it must be
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somewhere. Since the room is closed and it cannot get out of it, it
must throughout have been within the room. But where exactly,
granted that it is in the room? And this is the crux of the problem:
determining the position of the arrow at a given moment, just as it
can be done if space and time are supposed to be atomic in
composition. Let us defer the answer to this question and take up the
other question, viz., is there any essential difference between being
nowhere outside the room and being nowhere inside the room?

To begin with, there must be some fundamental difference
between the two statements. For, obviously, it cannot be in the same
sense of ‘nowhere’ that the arrow is nowhere in or outside the room.
When at rest, the arrow is in a specifiable region of space within the
room, and, is nowhere outside the room in such a sense that if the
arrow were not in the room it would simply not exist. But now it is
nowhere in the room and yet it continues to exist, even thought it is
nowhere outside the room in the same sense in which it was nowhere
outside the room. In other words, the arrow must be in the room even
though it is, at the same time, nowhere in the room, while it neither is
outside the room (in a general way) nor anywhere outside the room.
To make the difference more striking, whereas it is possible to let the
arrow pierce our hand in the room and be visible to us throughout the
period of time in question, it is not possible to let it do.so outside the
room (since outside the room the given arrow simply does not exist),
and, yet, it is nowhere either in the one or the other, i.e. the space
inside or the space outside the room. (If, for the time being, we adopt
the infinzer-atomicity or posinfibility hypothesis, then the desired
distinction can be effected quite satisfactorily: The arrow is nowhere
outside the room in the sense that at no instant during the given
period/interval of time does the arrow occupy any space outside the
room, and it is throughout .in the room in the sense that at every
instant of the given period of time it occupies a specifiable volume of
space inside the room.)

In short, there must be, as said earlier, some fundamental
difference between the two even though on the chosen hypothesis we
are unable to see how to state this difference. Let us, therefore, defer
for the time being a definitive answer to this question.

It is evident that, on the finpos-atomicity hypothesis, there is no
essential difference between ‘being in a state of motion’ and ‘being
in a state of rest” — each being relative to the period of time taken into
consideration, so much so that there may be a sub-period of rest
within the period of a body’s continuous motion.”’ But, on the
infibility hypothesis, there is a fundamental disjunction between
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‘being in a state of motion’ and ‘being in a stat of rest’. To be in a
state of motion, is, of course, to be so for a given period of time —
but, during this period of time, to be in a state of motion is to be in
motion throughout the whole of the relevant period. Therefore, in
contrast to being in a state of rest (i.e., occupying a given proper
space during the whole period), to be in a state of motion is to ‘be
traversing a distance all the time, ie., not to occupy the same -
(proper) space during any part of the period of time concerned.

Now in discussing the first of the two questions posed above, we
held that since the arrow does not go out of existence or even out of
the room, it must be somewhere inside the room. Let us now see what
our position involves in the light of the definitions given above of ‘a
state of rest’ and ‘a state of motion’. ‘To be somewhere’, obviously
means ‘to be somewhere during a given period of time’; and ‘to be
somewhere during a given period of time’ means ‘to occupy a given
space during the whole of a given period of time’, which on our
present assumptions, can mean nothing other than ‘to occupy the
same space during the whole of a given period of time’. (For, if it is
not the same space that is occupied throughout the whole of the given
period, then this period can and should be divided into two periods,
the one throughout which the given space is occupied, and the other
in no part of which is the given space occupied.) Now, on our
definitions, ‘to occupy the same space -during the whole of a given
period of time’ is ° to be in a state of rest in the given place
throughout the whole of the given period of time’. Hence, ‘to be
somewhere’ actually means ‘to be in a state of rest’.

We thus see that we are forced either to give up the position that
the arrow during its flight is in the room, or to effect a distinction
between ‘being nowhere in the room’ (during the period of its flight)
and ‘being nowhere outside the room’ — in which case our position
shall have to be that whereas the arrow is nowhere in the room it
nevertheless is in the room, that is, effecting a distinction between
‘being in x” and ‘being somewhere in x or occupying some part of x’.
The first alternative, however, is not open to us: the arrow is; it is not
outside the room; therefore, it must be inside the room. We are
therefore obliged to adopt the second alternative. (For, otherwise, we
would be obliged to maintain that ‘being nowhere’ and ‘being non-
existent’ are not the same - that 4 may exist yet it may not be
anywhere. Secondly, a distinction between merely ‘being in space x’
and ‘being somewhere in x = occupying x or a specifiable region of
space in x’ already exists — as said earlier, the arrow may pierce our
hands in x but it cannot do so outside of x.)
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Now, the desired distinction becomes possible if ‘to be in x
space’ is taken to mean ‘to occupy x space or specifiable part of x, or,
to be in motion in x space’. It remains, however, to explain what it is
to be in motion in x space. Suppose that the arrow traverses x length
of space in a given period of time, say, . Now, we may say that the
arrow is in motion in x space during time ¢, and that it is in motion in
the first half of x during the first half of ¢ and in the second half of x
during the second half of #, and that it is not in motion outside of x
during any part of time ¢, and that it is not in motion in the second
half of x during the first half of ¢ or in the first half of x during the
second half of ¢. (It would be wrong to suppose that the vagueness in
the concept of ‘being in motion’ can be removed by suitable
subdivisions of x and z. We may take as small a part of x as the length
of the arrow will permit, but the vagueness will persist, for the simple
reason that vagueness can be obviated only if that part of x is chosen
which is equal to the length of the arrow — and this cannot be chosen,
for it will arrest the motion of the arrow.)

Let us tarry a while to see to what our analysis has obliged us. In
ordinary parlance, and as per commonsense as well as almost all
philosophers, and intuitively, to exist means to occupy a space, and
not to occupy space means not to exist. But, on the imposinfibility
hypothesis, to exist does not imply to occupy a space, it only implies
to be in some specifiable region, i.e., to occupy a space or be in
motion in some specifiable region. Nor does ‘not to occupy space’
imply ‘not to exist’, it only implies ‘not to exist or to be in motion’.
In other words, the imposinfibility hypothesis obliges us to postulate
a special category of being, viz. being in a state of motion, which is in
no way reducible to the other category, that of occupying a space
(equal to one’s extension). It further shows that even the space
involved in motion is not specifiable (or, in other words, no point-
instant correspondence is possible), with the result that an element of
vagueness becomes inevitable. However, the above analysis, it is
hoped, has conclusively shown that no mystery or paradox or
unintelligibility is involved anywhere and that the element of
vagueness involved is but a logical consequence of the fundamental
assumption of the hypothesis under consideration.

It is evident that Bergson’s claim that if ever during its motion
the arrow occupied any space or coincided with anything immobile it
would not be in continuous motion, its motion would be interrupted
by stoppages, and its simple, continuous, motion would really be a
series of flights and stoppages, and that at the most the arrow can be
said to pass through a given proper place where it mjght but does not
stop,?! is entailed by the imposinfibility hypothesis.
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We thus reach the conclusion that Postulate III must be amended
to read,

(IIT) “To be in space x’ means the same as ‘to occupy x, or
to occupy a specifiable part of x, or to be in motion
inx’.
Given this emendation, Postulate I remains true, but the thesis that at
any time during #,, 4 occupies a space (equal to its volume) can no
longer be validly inferred from the fifteen propositions taken by us as
axioms and postulates. From XI and II we still conclude that 4 is in
existence during #. But, via III, we can only conclude that 4 occupies
x or a part thereof or is in motion in x, and not that 4 occupies x.
Hence, postulates IV and V, though self-evident, now only say that if
A occupies x, then it cannot be in motion, not that 4 does occupy a
space. ~

We should note that Axiom 4, though axiomatically true,
pinpoints an unfortunate practice which facilitates the derivation of
the paradoxical conclusion that the flying arrow is at rest, viz., our
habit to use the expressions ‘at place x* and ‘at time #* even on the
imposinfibility hypothesis. On this hypothesis, T.1 ought to be stated
as,

(T.1) A occupies a proper place during any sub-period of
tx.

But, if so formulated, the fallacy would be quite manifcsf or, at least,
one would demand a proof to show that if ¢ is a part of ¢, then A4 does
occupy a proper place during ¢.

In passing it may be remarked that Prof. Lazerowitz puts the cart
before the horse in claiming that “if motion implies change of place
in the now, then .... the now .... will have to have duration” and then
demanding the Justlﬁcatlon for the antecedent (viz., for the
proposition that motion implies change of place in the now) On
the imposinfibility hypothesis, it is because the now, if “now” be a
temporal term, must have duration that motion in the now would
imply change of place in the now: if the now has duration then
motion in the now implies change of place in the now. If, however,
the now or the moment is supposed to be indivisible and hence not to
be a component of time, then no motion can take place in the now.
The word “motion” does not imply change of place in the now. In
fact, if the ordinary sense of ‘moment’ or ‘now’ (‘the present
moment’) is adhered to, these words cease to have any descriptive
function.
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On the imposinfibility hypothesis, Zeno’s thesis that to occupy a
proper place at any time is to be at rest at that time (T.2) is not only
valid, it is really a characteristically imposinfible statement and is
acceptable on other hypotheses only by analogy or reinterpretation,
or by effecting a convention.

On the imposinfibility hypothes1s ‘at any time’ or ‘at any
moment’ really means ‘during any interval (or sub-interval) of time’.
Now, on any hypothesis, ‘to occupy space x’ is necessarily an
abbreviation for ‘to occupy x at or during time #’. Hence, on the
present hypothesis, ‘to occupy space x’ must mean ‘to occupy x
during £'. Now, again on any hypothesis, ‘to occupy space x’ is ‘to
occupy a proper volume’, for, we so use the word ‘occupy’ that it
would be linguistically impermissible to say that a body occupies a
larger space than its volume or that it occupies a smaller space than
its volume. Hence, on the present hypothesis, ‘to occupy space x’ is
an abbreviation for ‘to occupy a proper space x during an interval .
Now, on the imposinfibility hypothesis, any interval is divisible ad
infinitum. Hence ‘A4 occupies x’ must of necessity be an abbreviation
for ‘4 occupies a proper space x during the whole of interval £ which
can also be formulated as ‘4 occupies the same proper space x during
the whole of #°, since to occupy x during ¢ is the same as to occupy x
during ¢, and during ¢, where ¢, + £, = t. On any hypothesis, to occupy
a proper space during the whole of an interval ¢ is undoubtedly to be
at rest during ¢. Hence, on the present hypothesis, ‘to occupy space
x’, which is an abbreviation for ‘to occupy space x during interval ¢’,
implies ‘to be at rest in x during ¢’.

Interestingly enough, if on the imposinfibility hypothesis an
effort were made to define motion as being in different places at
different times, then Prof. Lazerowitz’s exclamation to the effect that
no sane person could equate ‘a succession of static states of rest” with
motion,” would be only too justifiable, and so would be Bergson’s
wonder as to how and when motion can take place.”* If x and y be
two adjacent proper places of a given body B, and if B be in x during
interval ¢, and in y during &, then, notwithstanding the fact that #,
succeeds ¢; immediately, B cannot manage to be in y without getting
into a state of motion and gradually traversing the length of x over a
certain period of time. If B were to coincide with x during ¢, and with
y during f,, then this would indeed be miraculous, i.e., inconsistent
with the hypothesis of imposinfibility, and necessitate God’s
intervention for the re-creation of B in y to be able to exist during #,.
This shows why we are so averse to accepting ‘at — at’ space — time
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correspondence as motion: we unconsciously conceive of motion
imposinfibly, and finding at — at correspondence incompatible with
it, we reject it as miraculous or absurd.

v

Proposition T.3 does follow from Propositions T.1 and T.2. If it
is true that at any time during a given period ¢, body B occupies a
proper place, then it would follow (via T.2) that at (or, more properly,
during) any sub-interval of ¢, body B is at rest, which would be
another way of saying that during no sub-interval of t is B in motion,
and it would quite validly follow that B is throughout at rest during ¢.-

It may however be mentioned that ‘B is at rest throughout ¢’
follows directly from ‘B is at rest during any sub-period of ¢ (since
the latter is a derivative of the former, and its truth presupposes that
of the former), and that, in particular, the proposition ‘B is at rest at
all times during (or at all moments or sub-periods of) ¢’ is neither
required as an intermediate link nor is it valid -in itself. The
proposition ‘B is at rest during any sub-period of #’, means that no
matter how we do divide ¢, whichever part we may obtain, we shall
find that B is at rest during that part of ¢ since B is known to be at rest
during ¢. There are no x’s such that the x’s are the parts, and the word
. any assures that no matter which portion is taken as a part.such and
such a thing is true of that part. The use of the expression “all sub-
intervals”, if it does not mean ‘just any sub-interval’ — in particular, if
it is taken to mean ‘all the sub-intervals, a, b, c, ..., n’ — then it would
lead to a fallacious conclusion.

VI

If proposition T.1 (that at anytime during #,, 4 occupies a proper
place) were valid, proposition T.4 (that 4 is both in continuous
motion and throughout at rest during #,) would have followed of
necessity, and Zeno’s argument would have been valid. But, T.1 is
not valid; a fortiori T.4 is not valid.

vl

We trust, the above discussion has conclusively shown that
although commonsense, our intuitive feeling, and the generality of
philosophers are agreed that a body in continuous motion, like a body
at rest, must ever occupy a proper place, on the imposinfibility
hypothesis a body in continuous motion cannot occupy a (proper)
space during any part of the period of its motion, and that if it did, its
motion would indeed be a series of starts and stoppages. It would
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also seem to have become established that commonsense, our
intuitive feeling, and the generality of philosophers have erred in
taking the proposition ‘at any time during its flight the arrow must
occupy a (proper) space’ as a truism or a self-evident truth, and that
this proposition can only be conditionally true — true on, or relatively
to, such and such a hypothesis regarding the structure of space and
time.

For a paradox of motion it is' not necessary that it should
proceed on a precisely defined hypothesis about the structure of
space and time. In fact, the less a paradox proceeds on an explicitly
defined hypothesis, the more paradoxical will it appear to be. There
is a general agreement among philosophers that, as suggested by
Plato, * Zeno’s arguments were ad hominem. But as to who was the
homo against whom the arguments were directed, there are almost as
many views as the writers who have considered this question. Paul
Tannery, e.g., holds that the arguments were directed against the
Pythagoreans’ view that bodies were constituted of points;?
Cornford elaborates that for the Pythagoreans of Zeno's time, a body
was infinitely divisible as well as made up of particles which both
had the attribute of a mathematical point and were things having
some magnitude.”’ Moritz Cantor holds that the discovery of
incommensurable magnitudes led Zeno to set up his paradoxes 28
Windelband holds that Zeno opposed Leucippus or Anaxagoras.”
Renouvier maintains that Zeno’s paradoxes constitute a dilemma, the
one horn directed against the infinite divisibililty, and the other
against the atomicity, of magnitudes.”® Evellin claims that the
paradoxes fail against atomicity but succeed against infinite
divisibility.’' Noél holds that the net result of the paradoxes is that
motion must be conceived of as a becoming.’> Bergson argues that
the paradoxes were directed against the cmematographlc (the at-at)
notion of motion (later) espoused by Bertrand Russell.”” Earl Russell
argues that the paradoxes were directed against the view of motion
(later) held by Bergson The reason for such interpretations and
reinterpretations is plainly due to the fact that these paradoxes do not
proceed on any explicitly stated hypothesis. Had they proceeded on
one given hypothesis, there is no doubt that Aristotle, who, in any
event, came very close to resolving the paradox of the arrow, would
have definitively refuted them long ago, and these would have
become a historical curiosity, and not been a living issue for us. (In
this sense, Professor Schofield entirely is justified in his view that the
Arrow - argument requires no determinate assumption about the
structure of space and time.)
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However, in attempting to resolve a paradox of motion it is
absolutely necessary to proceed on a finely defined and explicitly
stated hypothesis. What, after all, is an assumption about the
structure of space and time? Merely a definition of the spatial and
temporal terms — such as point, line, interval or region, and, instant,
moment, times, period or interval — and of the relations assumed to
hold between them — between the point and the interval, and between
the instant/moment and the period/interval. To use such words as
“instant/moment”, “point” and “interval”, but to insist on not
adopting a hypothesis about the structure of space and time, is
manifestly to insist on using undefined spatial and temporal terms,
and to assume such relations as ‘point/instant is contained in an
interval’, is to insist on using undefined terms yet assuming (not very
well determined) analytic relations between them.

If this article has not been an exercise in futility, one point has
become indisputable, that two assumptions cannot be made together,
namely, (1) that space and time are imposinfible, and (2) that a
mobile body must occupy a space. It is indeed evident that those
philosophers who (unconsciously) proceeded on the imposinfibility
hypothesis but failed to resolve the paradox of the arrow, failed only
because they also proceeded on the assumption that the flying arrow
must occupy a space.

Had Zeno really proceeded on the present hypothesis, then
indeed he would have, consciously or unconsciously, played a trick
upon us. The trick would have consisted in using an expression (‘at
any time during’) which appeared to be a temporal expression but
which, in fact, was not a temporal expression at all.

In conclusion, we find that Zeno’s argument of the arrow is not
valid on the imposinifibility hypothesis, and that this is so because
the claim that at any time during ¢, the arrow must occupy a proper
place is demonstrably false.
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